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This textbook like the rest of the 
series is compiled from lectures 
delivered by the author to students 
at Moscow State University, 

The audience was made up of final 
year students and postgraduates, 
and as a consequence, a certain 
level of knowledge (for example, 
the properties of manifolds) is 
assumed, 

The lectures fall into five parts. 
The first covers the basic concepts 
of Lie groups, Lie algebras, and 
the Lie algebra of a given Lie 
group. The second part deals with 
“locality theory”, the third 
generalizes these ideas. 

The first three sections could 

be used as a foundation course in 
Lie algebras for beginners. 

The fourth part considers Lie 
subgroups and Lie factor groups. 
The final part has a purely 
algebraic character, and is practically 
independent of the preceding four 
parts; it considers a proof of 
Ado's theorem, which is interesting 
in itself. 

This book will be useful for 
mathematics students taking courses 
in Lie algebras, because it contains 
all the major results and proofs 

in compact and accessible form. 





M. M. OCTHUKOB 
JIEKWMM IO TEOMETPHN 
CEMECTP 5 


TPYIIIbI H AJITEBPHI JIN 


MOCKBA «HAYKA» 


TaaBHaa pezaKkyMA pusHkKO-MaTeMaTuyecHor 
nuTepaTyphi 


M. POSTNIKOV 
LECTURES 
IN GEOMETRY 


SEMESTER V 


LIE 
GROUPS 
AND 

LIE 
ALGEBRAS 


Translated from the Russian 
by Vladimir Shokurov 


MIR PUBLISHERS 
MOSCOW 


First published 1986 
Revised from the 1982 Russian edition 


Ha adukeautickom aasuKe 


© [nabwaa pexaknuA u3uko-mMaTemaTuyeckKoOH muTepatTy phi 
n3fatenpcTBa «Hayka», 1982 
© English translation, Mir Publishers, 1986 


CONTENTS 


Preface 


Lecture 4 


Smooth and topological groups. Relaxing the conditions 
defining Lie groups. Examples of Lie groups. Cayley trans- 
formation. Further examples of Lie groups. Connected and 
arcwise connected spaces and groups. Reduction of any 
smooth groups to connected groups. Examples of connected 
Lie groups 


Lecture 2 


Left-invariant vector fields. Parallelizability of Lie groups. 
Integral curves of left-invariant vector fields and one- 
parameter subgroups. Lie functor. An example: a group of in- 
vertible elements of an associative algebra. Functions 
with values in an associative algebra. One-parameter 
subgroups of the group G (Æ) 


Lecture 3 


Matrix Lie groups admitting the Cayley construction. 
A generalization of the Cayley construction. Groups pos- 
sessing In-images. Lie algebras. Examples of Lie algebras. 
Lie algebras of vector fields. The Lie algebra of a Lie group. 
An example: the Lie algebra of a group of invertible ele- 
ments of an associative algebra. Locally isomorphic Lie 
groups. Local Lie groups. Lie functor on the category of 
local Lie groups 


6 Contents 


Lecture 4 Ti 


The exponent of a linear differential operator. A formula 
for the values of smooth functions in the normal neighbour- 
hood of the identity of a Lie group. A formula for the values 
of smooth functions on the product of two elements. The 
Campbell-Hausdorff series and Dynkin polynomials. The 


convergence of a Campbell-Hausdorff series. The recon- 
struction of a local Lie group from its Lie algebra. Opera- 


tions in the Lie algebra of a Lie group and one-parameter 
subgroups. Differentials of internal automorphisms. The 
differential of an exponential mapping. Canonical coordi- 
nates. The uniqueness of the structure of a Lie group. Groups 
without small subgroups and Hilbert’s fifth problem 


Lecture 5 98 


Free associative algebras. Free Lie algebras. The basic lem- 
ma. The universal enveloping algebra. The embedding 
of a Lie algebra into its universal enveloping algebra. 
Proof of the fact that the algebra I (X) is free. The Poin- 
caré-Birkhoff-Witt theorem. Tensor products of vector 
spaces and of algebras. Hopf algebras 


Lecture 6 116 


The Friedrichs theorem. The proof of Statement B of 
Lecture 4. The Dynkin theorem. The linear part of a Camp- 
bell-Hausdorff series. The convergence of a Campbell- 
Hausdorff series. Lie group algebras. The equivalence of 
the categories of local Lie groups and of Lie group algebras. 
Isomorphism of the categories of Lie group algebras and of 
Lie algebras. Lie’s third theorem 


Lecture 7 134 


Local subgroups and subalgebras. Invariant local subgroups 
and ideals. Local factor groups and quotient algebras. Reduc- 
ing smooth local groups to analytic ones. Pfaffian systems. 
Subfiberings of tangent bundles. Integrable subfiberings. 
Graphs of a Pfaffian system. Involutory subfiberings. 
The complete univalence of a Lie functor. The involuted- 
ness of integrable subfiberings. Completely integrable 
subfiberings 


Contents 


Lecture 8 
Coverings. Sections of coverings. Pointed coverings. Coamal- 
gams. Simply connected spaces. Morphisms of coverings. 
The relation of quasi-order in the category of pointed 
coverings. The existence of simply connected coverings. 
Questions of substantiation. The functorial property of 
a universal covering 


Lecture 9 


Smooth coverings. Isomorphism of the categories of smooth 


and topological coverings. The existence of universal smooth 
coverings. The coverings of smooth and topological groups. 


Universal coverings of Lie groups. Lemmas on topological 
groups. Local isomorphisms and coverings. The description 
of locally isomorphic Lie groups 


Lecture 10 


Local isomorphisms and isomorphisms of localizations. 
The Cartan theorem. A final diagram of categories and 
functors. Reduction of the Cartan theorem. The globaliza- 
bility of embeddable localigroups. Reducing the Cartan theo- 
rem to the Ado theorem 


Lecture 11 


Submanifolds of smooth manifolds. Subgroups of Lie groups. 
Integral manifolds of integrable subfiberings. Maximal 
integral manifolds. The idea of the proof of Theorem 14. 
The local structure of submanifolds. The uniqueness of the 
structure of a locally rectifiable submanifold with a coun- 
table base. Submanifolds of manifolds with a countable 
base. Connected Lie groups have a countable base. The local 


rectifiability of maximal integral manifolds. The proof of 
Theorem 1 


Lecture 12 


Alternative definitions of a subgroup of a Lie group. Topo- 
logical subgroups of Lie groups. Closed subgroups of Lie 


159 


183 


197 


208 


228 


‘8B Confents 


groups. Algebraic groups. Groups of automorphisms of 
algebras. Groups of automorphisms of Lie groups. Ideals 
and invariant subgroups. Quotient manifolds of Lie groups. 
Quotient groups of Lie groups. The calculation of funda- 
mental groups. The simple-connectedness of groups SU (n) 
and Sp (n). The fundamental group of a group U(n) 


Lecture 13 247 


The Clifford algebra of a quadratic functional. Z,-grad- 
uation of a Clifford algebra. More about tensor multiplication 
of vector spaces and algebras. Decomposition of Clifford 
algebras into a skew tensor product. The basis of a Clifford 
algebra. Conjugation in a Clifford algebra. The centre of a 
Clifford algebra. A Lie group Spin(n). The fundamental 
group of a group SO(n). Groups Spin(n) with n < 4. Ho- 
momorphism y. The group Spin(6). The group Spin(5). 
Matrix representations of Clifford algebras. Matrix representa- 
tions of groups Spin(n). Matrix groups in which groups 
Spin(n) are represented. Reduced representations of groups 
Spin(n). Additional facts from linear algebra 


Lecture 14 286 


Doubling of algebras. Metric algebras. Normed algebras. 
Automorphisms and differentiations of metric algebras. 
Differentiations of a doubled algebra. Differentiations and 
automorphisms of the algebra |H. The algebra of octaves. 


The Lie algebra al. Structural constants of the Lie alge- 


bra g,. Representation of the Lie algebra ¢, by genera- 
tors and relations 


Lecture 15 306 


Identities in the octave algebra Ca. Subalgebras of the 
octave algebra Ca. The Lie group Ga. The SH teat prin- 
ciple for the group Spin(8). The analogue of the triplicity 
principle for the group Spin(9). The Albert algebra Al. 
The octave projection plane 


Contents 9 
Lecture 16 327 


Scalar products in the algebra Al. Automorphisms and 
differentiations of the algebra Al. Adjoint differentia- 


tions of the algebra Al. The Freudenthal theorem. Conse- 
quences of the Freudenthal theorem. The Lie group F,. 


The Lie algebra f,. The structure of the Lie algebra pt 


Lecture 17 346 


Solvable Lie algebras. The radical of a Lie algebra. Abe- 
lian Lie algebras. The centre of a Lie algebra. Nilpotent Lie 
algebras. The nilradical of a Lie algebra. Linear Lie nilal- 
gebras. The Engel theorem. Criteria of nilpotency. Linear 
irreducible Lie algebras. Reductive Lie algebras. Linear 
cs ala Lie algebras. The nilpotent radical of a Lie al- 
gebra 


Lecture 18 360 


Trace functional. Killing’s functional. The trace func- 
tional of a representation. The Jordan decomposition of 
a linear operator. The Jordan decomposition of the adjoint 
operator. The Cartan theorem on linear Lie algebras. Proving 
Cartan’s criterion for the solvability of a Lie algebra. 
Linear Lie algebras with a nonsingular trace functional. 
Semisimple Lie algebras. Cartan’s criterion for semisim- 
plicity. Casimir operators 


Lecture 19 377 


Cohomologies of Lie algebras. The Whitehead theorem. The 
Fitting decomposition. The generalized Whitehead theo- 
rem. The Whitehead lemmas. The Weyl complete reduc- 
ibility theorem. Extensions of Abelian Lie wigehiras 


Lecture 20 391 


The Levi theorem. Simple Lie algebras and simple Lie 

groups. Cain and unimodular groups. Schur’s lemma. The 

centre of a simple matrix Lie group. An example of a non- 

cats Lie group. De Rham cohomologies. Cohomologies 

4 the Lie algebras of vector fields. Comparison between 
e cohomologies of a Lie group and its Lie algebra 


10 Contents 


Lecture 24 404 


Killing’s functional of an ideal. Some properties of differ- 
entiations. The radical and nilradical of an ideal. Exten- 
sion of differentiations to a universal enveloping algebra. 
Ideals of finite codimension of an enveloping algebra. The 
radical of an associative algebra. Justification of the 
inductive step of the construction. The proof of the Ado 
theorem. Conclusion 


Supplement to the English Translation. Proof of the 
Cartan theorem by V.V. Gorbatsevich) 418 


Bibliography 431 
Subject Index 433 


PREFACE 


The theory of Lie groups relies on Cartan’s theorem on 
the equivalence of the category of simply connected Lie 
groups to that of Lie algebras. This book presents the proof 
of the Cartan theorem and the main results. The branches 
of the theory of Lie groups which rest on the Cartan theorem 
remain outside the limits of our exposition. The theory of 
Lie algebras has been developed to an extent necessary for 
the Cartan theorem to be proved. 

This book like the previous ones of this series* is a nearly 
faithful record of the lectures delivered by the author at 
Moscow University to students (and postgraduates) of the 
Faculty of Mathematical Mechanics. However, while books I 
and II were based on lectures of a compulsory course, 
this book is a record of an elective course, which makes it 
essentially different in a number of respects. 

Designed for senior and postgraduate students (these 
lectures conditionally belong to the fifth semester since 
students who attended the lectures were uniformly distrib- 
uted over all senior courses) the lectures allowed the 





* M. M. Postnikov. Lectures in Geometry: Semester 1. Analytic 
aot, Mir Publishers, Moscow, 1981), Semester 2. Linear 
S ata and Differential Geometry. Mir Publishers, Moscow, 1982). 
(Referred to as I and II respectively in what follows.) 
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presentation during teaching period of 90 minutes of much 
more material than had been possible in books I and II 
intended for first-year students. The volume of the lectures 
was increased due to the fact that they became two hours 
long (120 minutes) while the breaks became shorter and 
the lectures continued after the bell had rung. All this 
almost doubled the actual volume of each lecture. Of course, 
with a less intense pace of teaching, under the conditions 
of, say, a one-year and not a one-semester course, each lec- 
ture virtually extends into a lecture and a half or even two 
lectures. This book, therefore may be better regarded as 
a record of a one-year elective course (but I managed some- 
times—under particularly favourable circumstances—even 
in one semester), especially since for various reasons it is 
usually possible to give not more than twelve or thirteen 
lectures during a semester, although the curriculum requires 
eighteen lectures. 

Because of the acute shortage of time, in teaching an elec- 
tive course, one has more often than in a compulsory course 
to confine oneself to the mere idea of a proof, leaving the 
details for the students to prove. It suffices to formulate, 
with references to the literature, the auxiliary statements 
from other branches of mathematics and merely to describe 
the examples illustrating the general theory, leaving their 
detailed analysis to the students. When, however, a lecture 
is committed to paper, it is not necessary to meet these 
demands, and what is more, all the proofs should be carried 
out in detail, the examples completely analysed and con- 
structing the “outside” lemmas proved. This sometimes leads 
to a two or three-fold increase in the volume of a recorded 
lecture. 

Every lecturer, presupposing a certain stock of knowledge 
in his students, is nevertheless compelled to recall at least in 
short particularly important facts. In written form one has 
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to expand them into a systematic, sometimes rather large, 
section for the reader’s convenience. 

This accounts for the surprisingly large volume of some of 
the lectures in the book. Yet, with account of the foregoing, 
each lecture here is in fact a record of a real lecture (within 
which occur self-understood shifts of the initial and terminal 
pieces of neighbouring lectures). 

All the lectures virtually break down into five series. The 
first series (Lectures 1, 2 and 3) introduces, and explains 
by way of examples, the basic notions: Lie groups, Lie 
algebras and the Lie algebras of a given Lie group. 

The next series (Lectures 4 to 7) is devoted to the “local 
theory” of Lie groups, Lectures 4 and 6 establish the equiva- 
lence of the category of Lie algebras to that of analytic 
local Lie groups. The necessary algebraic tools are developed 
in Lecture 5. In Lecture 7, it is proved that analyticity may 
in fact be assumed without loss of generality. Local sub- 
groups and local factor groups are also considered here. 

Extension from the local to the global theory is carried 
out in Lectures 8, 9 and 10. Lecture 8 presents the theory of 
coverings (in the sense of Chevalley, i.e. “without paths”). 
In Lecture 9 a universal covering group is constructed. In 
Lecture 10 the Cartan theorem is formulated and discussed. 
No proof of the theorem is constructed, it is only reduced to 
the Ado theorem on the existence of an exact linear repre- 
sentation for any Lie algebra. 

These three series may serve as a miniature course in the 
theory of Lie groups for beginners. 

Lectures 11 and 12 expound subgroups and quotient groups 
of Lie groups. Lecture 13 is devoted to Clifford algebras 
and spinor groups. For the first timein educational literature, 
particular Lie groups G, and F, together with the neces- 


sary algebraic tools are considered in detail in Lectures 
14 to 46. 
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The last lectures, 17 to 21, are of a purely algebraic char- 
acter and are practically independent of all the foregoing 
material (except for Lecture 20 which stands somewhat by 
itself). Formally they are devoted to the proof of the Ado 
theorem, but in fact they comprise a very large fragment of 
the theory of Lie algebras (Cartan’s criteria for solvability 
and semisimplicity, the Whitehead lemmas, the Weyl and 
Levi theorems) which is of independent interest as well. 

In conclusion I wish tovexpress my gratitude to V.L. Popov 
whose contribution to the improvement of the original 
manuscript of the book has greatly surpassed the usual duties 
of an editor. 


M.M. Postnikov 
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Let G be at the same time a group and a smooth manifold*. 
Definition 1. The group G is said to be a Lie group (or 
a smooth group) if the mappings 


(1) G X G—G, (a, b) ab, 
and 
(2) G— G, ara, 


are smooth mappings. 

Let G and H be Lie groups. The mapping G— H is said 
to be a morphism of Lie groups (or their smooth homomor- 
phism) if it is their homomorphism as abstract groups and 
their smooth mapping as manifolds. 

All Lie groups and all their homomorphisms form a cate- 
gory. We shall denote this category as GR-DIFF. 


* We assume known the preliminaries of smooth manifold theory 
envisaged by the syllabus of the compulsory course of geometry for 
the third Semester of the Faculty of Mathematical Mechanics of Moscow 
State University. To familiarize oneself with them before Semester 3 
of these lectures” appears in print the reader may use any of the 
numerous available expositions. 

i ver the necessary information on group theory see, for example, 
‘saa ostrikin, Introduction to Algebra, Moscow, Nauka Publishers, 
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Remark 1. There is a countable family of categories GR- 
DIFF depending on C’-smoothness (where either 2< r< oo 
or r = œ) we require of the manifolds under consideration. 
In fact, however, practically nothing depends on r, since, as 
is shown in Lecture 7, any C’-smooth group is C’-isomor- 
phic to the analytic (class C®) group. 

Remark 2. Some authors find slight differences between 
Lie groups and smooth (in particular analytic) groups. We 
shall consider both terms to be synonymous, preferring the 
former as more common and traditional. 

Similarly the group G which is at the same time a topolog- 
ical space is said to be a topological group if mappings (1) 
and (2) are continuous for it. The homomorphism G—» H of 
topological groups is said to be continuous if it is a continuous 
mapping. Topological groups and their continuous homo- 
morphisms constitute the category GR-TOP. 

Recall that the topological space M is said to be Hausdorff 
(or separable) if any two of its distinct points have disjoint 
neighbourhoods, i.e. if, in other words, the diagonal A 
(the subset of the product M X M which consists of points 
of the form (z, xz), x € M) is closed in M. A topological 
group (as well as a smooth manifold) should not necessarily 
be Hausdorff. 

Lemma 1. A fopological group G is Hausdorff if and only 
if its identity is closed. ` 

Proof. In a Hausdorff space any point is closed, so that 
this condition is necessary. But since the diagonal Ac 
Gx G is the inverse image of the identity under the 
continuous mapping G X G—> G, (a, b) — ab-1, it is also 
sufficient. O 

Corollary. Every Lie group is a Hausdorff topological 
group. (] 

In defining smooth groups the condition that map- 
ping (2) should be smooth is in fact unnecessary: 

Proposition 1. If fora group G, which is at the same time 
a smooth manifold, mapping (1) is smooth, then so is mapping 
(2) and hence the group G is a Lie group. 

Notice that for topological groups a similar statement is 
false. 

A key to the proof of Proposition 1 is the following lemma 
from the theory of smooth manifolds: 
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Lemma 2. Let M, N and R be smooth manifolds and let 
go M x R>N 


be a smooth mapping such that for any point r€ R the 
mapping 
p: M>N, « > ọ (x r), x€ M, 
is a diffeomorphism of M onto the manifold N. Then the map- 
ping 
1p: N xXx R> M 
defined by the formula 


1p (y, r) = ¢7* (y), yEN,rER, 


is a smooth mapping. 
Proof. Let the mappings 


D:M x R>NXxXR, F:N xR>MXxXR 
be defined respectively by the formulas 
D (z, r) = (p (z, r) r) = (Pr (2), r), zEM,rER, 
Y (y, r) = Myr), = (7 U) r) YyEN,rER. 


It is clear that these mappings are smooth if and only if so 
are the mappings ọ and » respectively. Thus, under the 
hypothesis the mapping ® is smooth and it is necessary to 
prove that so is the mapping W. 

To this end we notice that by definition 


(Fo D) (x, r) = Y (p, (2), r) = (07° (pr (2)), r) = (z, r) 
for any point (z, r)€ M X R and similarly 
(D o F) (y, r) =O"), r) = (pr (7%) r) = U, r) 


for any point (yr) E N x R. This means that the mappings 
D and ¥ are inverse to each other and hence both are bijec- 
tive mappings. 

The statement about the smoothness of ¥ therefore is 
equivalent to the statement that the smooth bijective map- 
ping ® is a diffeomorphism. 

ut it is clear that a smooth bijective mapping is a diffeo- 
morphism if and only if it is a local diffeomorphism, i.e. is 
2—0450 
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an étal mapping (i.e. at each point its differential is an 
isomorphism). 

Everything has thus boiled down to calculating at each 
point (a, rhe MXR the differential (d®),,,) of the 
mapping ® which may be regarded as a linear mapping of 
the form*. 


(3) Ta (M) ® T, (R)> To (N) @ T, (R), where b = g (a, r). 


Graphically every mapping (3) is given by a matrix of 
the form 


(4) ( >) i where 


A: Ta (M)—> Ty (N), B: T, (R)> Te (N), 
C: Ta (M)—> T, (R) D: T, (R)> T, (R) 


are linear mappings defined in an obvious way. In particu- 
Jar, for the mapping (d®),,,,) the mapping A is nothing 
but the differential at a point a of the mapping 9, : M— N, 
the mapping C is the differential of the constant mapping 
(and consequently it is a zero mapping) and the mapping D 
is the differential of the identity mapping (and hence it is 
also an identity mapping). Thus for the differential (dD,q,,) 
matrix (4) is of the form 


Ps 


(the mapping B is of no concern to us). Since the differential 
(d~,), is an isomorphism by the hypothesis of the lemma, it 
follows that the differential (dM),,,,) is also an isomor- 
phism. 0O 

For every group G any element a € G defines by the for- 
mulas 

bet = Ay, Rar = 2a, LEG 

two mappings 


E ER R,:G>G 


* By Tą (M) we denote the tangent space to the manifold M 
at a point rE M. 
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which are called shifts by an element a (the mapping L, is 
called a left shift and the mapping Ra a right shift). 
The following properties of shifts are obvious: 


Le = Re = id, where e is the identity of the group G 
(this is exactly the same as stating that e is an identity) 
Ly o La = Loa: R, o Ra = Rap, Lae Roe = Robo La 
(each of these equations is equivalent to the associativity of 

multiplication in a group). 

In particular (since L, o La- = La-: 0 La = Le = id and 
R, o Ra = Ra: ° Ra = Re = id), we see that every shift 
is a bijective mapping, with 

LS = IET R7! => Ra-ı 


for any element a €G. 

If Gis a topological (smooth) group, then the mappings 
L, and R, are continuous (smooth) and therefore they are 
homeomorphisms (diffeomorphisms). 

Now we are in a position to prove Proposition 1. 

Proof of Proposition 1. The smoothness of mapping (4) 
implies the smoothness of shifts L, and hence the fact that 
they are diffeomorphisms. The corresponding mapping 
L : (x, a) > L, (x) = ax is nothing but mapping (1) and is 
therefore smooth. We are thus under the hypotheses of 
Lemma 1 (for M = N = R = G) and consequently by 
that lemma the mapping 


L: G X G>G 
defined by the formula 
L oe G) ae 


is smooth. To complete the proof it remains to notice that 
the mapping a +> a-! is the composition of the smooth map- 
ping G>G x G,a+>(e, a), and of the mapping L’. There- 
fore it is also smooth. O 


Examples of Lie groups. 


Example 1, Any abstract (discrete topological) group is 


a Lie group as a zero-dimensional smooth manifold. 


9k 


= 
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Example 2. Any finite-dimensional vector space is a Lie 
group under addition. 

Example 3. A unit circle §! : |z | = 1 whose points are 
complex numbers z = e?® is a Lie group under multiplica- 
tion, 

A Lie group under multiplication is similarly a unit 
sphere §* in the space of quaternions whose points are 
quaternions ¢ for which | ¢ | = 1. 

We can show that if a sphere S” is a Lie group, then it is 
necessary that n =1 or n= 3, so that §' and S? are 
the only spheres admitting the structure of a Lie group. 

Example 4. The direct product G x H of two smooth (or 
topological) groups G and H is a smooth (respectively, 
topological) group. 

In particular, any torus T”, n> 1, is a Lie group. 

Example 5. A full linear group GL (n) is a Lie group. The 
group Aut F of all automorphisms (nonsingular linear 
operators) of an arbitrary n-dimensional vector space J’, 
which is isomorphic to the group GL (n) is also a Lie group. 


To obtain more interesting examples, it is first necessary 
to consider one general construction. 

Definition 2. An nxn matrix A is said to be nonexception- 
al if det (E + A) #0. For such a matrix there is a matrix 
A# = (E — A) (E + A): 

called the Cayley image of A. 

It is clear that the set R (n)? of all nonexceptional matri- 
ces is open in the manifold R (n) = R (n, n) of all square 
n x n matrices and that hence it is a smooth manifold. 

Proposition 2. The mapping A +» A# is the involutory 
autodiffeomorphism of the manifold R (n)°, i.e. for any non- 
exceptional matrix A the matrix A* is also nonexceptional, 
the mapping A —> A* of the manifold R (n)? into itself is 
smooth and the Cayley image of A¥* coincides with A: 

AĦ#Ħ# = A. 
Proof. Let B = A¥. Then 
E + B = E+ (E — A) (E + AJ’ 
= [(E + A) + (E — A) (E + AY? 
2 (E + A)! 
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and similarly 
E — B = 2A (E+ 4A)". 
Therefore, firstly, det (E + B) = 0 and secondly 
B# = (E — B) (E + BY =A. 
It is obvious that the mapping A +> A¥*Ħ# is smooth. O 


Further examples of Lie groups. 

Example 6. Suppose as ever that O(n) is the group of all 
orthogonal n X n matrices. We show that in the group 
O(n) the smoothness is naturally defined with respect to 
which O (n) is a Lie group. 

Let A be a nonexceptional orthogonal matrix and let 
B=A*. Then AT = Am and therefore, by the well- 
known rules of handling the transposed matrices, 


BT = (E + ATE — At) = (E + A-*)*(E—A) 
= (E + A“)-1471 A (E — A”) 
= (A (E + A-*))* (A — E) 
= (A + EYA — E) = — (E — A) (E + AY! = — B, 
Conversely, if BT = — B, then 
AT = (E + BY) (E — BT) = (E — B)“ (E + B) 
= (E + B) (E — B)? = A~! 


and consequently A is an orthogonal matrix. We thus see 
that a nonexceptional matrix is orthogonal if and only if its 
Cayley image is a skew-symmetric matriz. 
Since skew-symmetric matrices form a vector space 
( of dimension 7 C= 2) it follows that the mapping A —> A# 
may be considered as a coordinate function (mapping); the 
collection O (n)? of all orthogonal nonexceptional matrices 
which obviously contains a unit matrix Æ) is the corre- 
sponding coordinate neighbourhood and its image is the colle- 
ction of all skew-symmetric nonexceptional matrices. 
ow let C be an arbitrary orthogonal matrix. The set 
O(n) C consisting of all ‘matrices of the form AC, where 
z € O (n)°, contains the matrix C and is its neighbourhood. 
ut the mapping AC +» A# is a coordinate mapping of that 
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neighbourhood onto an open set of nonexceptional skew- 
symmetric n X n matrices. Thus the entire group O (n) 
turns out to be covered with charts of the form O (n)°C. If, 
however, A,C, = A,C,, where A,, A, € O (n), and C, and C, 
are fixed matrices, thenA# = f (A#), where f is some rational 
matrix function dependent on C, and C,. The explicit ex- 
pression for f can be written out without difficulty, but it 
is not necessary since (for our purposes) it is sufficient to 
make an obvious remark that each element of the matrix A# 
is a rational and hence a smooth function of the elements of 
the matrix A#. It follows from this remark that any two 
charts of the form O (n)°C are compatible with each other and 
hence they all make an atlas. Since the Cayley image of the 
product of two matrices is obviously a rational function of 
the Cayley images of the factors, the corresponding smooth- 
ness on O(n) is compatible with multiplication, i.e. the 
group O (n) provided with that smoothness is a Lie group. 

The trick with Cayley images is easily seen to have a very 
general character. Indeed, throughout the foregoing the 
specific character of orthogonal matrices was manifested 
only in that the Cayley images of nonexceptional orthogonal 
matrices constitute an open set of a vector space. A matrix 
group, therefore, will be a Lie group if the Cayley images of 
its nonexceptional matrices constitute an open set of some 
vector space of matrices. 

Matrix groups having this property will be said to admit 
a Cayley construction, and the corresponding vector space of 
matrices will be called the Cayley image of a group. 


Example 7. A matrix 
a a) 
A, A, 


of even order n = 2m is said to be a symplectic matrix if: 
(a) ATA, and ATA, are symmetric matrices, and 
(b) ATA, — ATA, = E. 

These conditions are equivalent to a single matrix equation 


(5) AVIA = J, 
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where 


0 E 
(6) s= z > 


The symplecticity of the matrix implies that it preserves 
the bilinear skew-symmetric form 


(21Ynt1 — TraY1) ++ ~~ F (EnYan — Lenn): 


In a more general way we can consider matrices A satis- 
fying relation (5) for an arbitrary (but fixed) matrix J: 
When J = E we obtain orthogonal matrices (ATA = E) 
and for this reason matrices A satisfyng (5) for a given 
matrix J are called J-orthogonal matrices.: Thus symplectic 
matrices are J-orthogonal matrices corresponding to a ma- 
trix J of the form (6). 

The relation 


(AB)T J (AB) = BT (ATJA) B 


directly implies that the product of two J-orthogonal matri- 
ces is a J-orthogonal matrix. If J is nonsingular, then passing 
in (5) to the determinants we at once see that det A = +1 
and in particular that any J-orthogonal matrix is invertible. 
In view of the equation 


(A7)TJA- = (A“T(ATJA) AA = J 


the inverse matrix A~! is also a J-orthogonal matrix.This 
proves that if J is a nonsingular matriz, all J-orthogonal 
matrices form a group. In particular, symplectic matrices 
form a group. 

We shall denote the group of J-orthogonal matrices of 
order n by QO, (n) and the group of symplectic matrices of 
order n = 2m by Sp (m; R). 

The group Sp (m, R) is called a real linear symplectic 
group. 

It is easy to see that a nonexceptional matrix A is 
J-orthogonal if and only if its Cayley image At is a 

-skew-symmetric matrix, i. e. if 


(7) (A#)TT = —JA#. 
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Indeed, if (5) holds, then 
(A#)TJ = (E + AT)? (E — AT)J 
= (E + JAIJ (E — JA) 
= J (AA + AYA -tA — A7!) 
= J (A + E)” (A — E) = — JAH. 


Conversely, it follows from (7) (assuming B = A# and 
using the relation B¥ = A) that 


ATJA = (E + BT)-(E—B1)J -(E—B) (E + By? 
= (E + BT)? .J(E+B)-(E+B)\(E — B) 
= (E+B1)*.J(E—B) = (E+B1y'.(E+B1) J 
=J. 0 


Since condition (7) is linear and hence defines a vector 
subspace in the space of all matrices, this proves that 
every group O; (n) (and, in particular, the group Sp (m, R) 
admits the Cayley construction and is therefore a Lie group. 

Since, as is easily seen, the vector space of matrices which 
is defined by condition (7) (with a matrix J given by formu- 
la (6)) has dimension m (2m + 1), we deduce in particular 
that Sp (m; R) is of dimension m (2m + 1). 

Example 8. The intersection Sp (m; R) N O (2m) is called 
an orthogonal symplectic group. The Cayley images of non- 
exceptional matrices of this group are of the form 


8) o>? 


where D is a symmetric matrix and C is a skew-symmetric 
matrix. Since matrices of the form (8) also constitute a vec- 
tor space, Sp (m; R) N O (2m) is a Lie group. Its dimen- 
sion is m. 

Example 9. A Lie group can be constructed not only of real 
matrices but also of complex ones. For any n> 1, the com- 
plex vector space C” can be identified with the space R?” by 
writing out real and imaginary parts of the vector compo- 
nents in C” in a fixed order. This defines in C” (and hence 
in its any open subset) a structure of a smooth manifold of 
dimension 2n (independent, of course, of the order of writing 
out the real and imaginary parts of vector components in C”). 
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The set C(n, m) of all complex n x m matrices can be 
identified with C”™ and is also found to be a smooth mani- 
fold. A subset GL (n; C) of the set C (n) = C(n, n) 
consisting of nonsingular matrices is also a smooth mani- 
fold. Since the real and imaginary parts of the elements of 
the product of two complex matrices are smooth func- 
tions of the real and imaginary parts of the elements of the 
factors, the manifold GL (n; C) is a Lie group (of dimen- 
sion 2n?). 

The concept of Cayley image with all its properties is 
directly extended to the complex case. The same applies to 
J-orthogonal matrices. In particular, we thus obtain complex 
orthogonal and complex symplectic matrices. They constitute 
the Lie group O (n; C) and Sp (m; C) of dimension n (n —1) 
and 2m (m + 1) respectively. 

Example 10. Of quite another type of complex matrices 
are J-unitary matrices A of order n which are characterized 
by the relation 


ATJA =J. 


They make a group U; (n). When J = E we obtain usual 
unitary matrices and their group U (n). When J is a matrix 
(6), (and n = 2m) the group U; (n) has no generally accepted 
notation. We shall denote it by Up (m). 

By essentially the same calculations as earlier, we can easi- 
ly prove that a nonexceptional complex matrix A is J-unitary 
if and only if its Cayley image A* satisfies the relation 


(A#)TJ = — JA*. O 


Since this relation is linear (over the field R the group 
U; (n) (and, U (n) and Up (m), in particular) is a Lie group. O 
The group U (n) is of dimension”n?, and Up” (m) is of di- 
mension 47m?. l 
Notice that U (n) is naturally isomorphic to the orthogonal 
symplectic group Sp (n; R) N O (2n). The isomorphism is 
realized by the correspondence 


A B 
( p) = A+B, 


The intersection of U (2m) and Sp (m; R) is ọbviọusly an 
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orthogonal symplectic group: 
Sp (m, R) N U (2m) = Sp (m; R) N O (2m) 


(and so it is isomorphic to U (m)). 

Example 11. The intersection Sp (m; C)N U (2m) is 
called a unitary symplectic group (or simply a symplectic group) 
and denoted by Sp (m). It is a Lie group of dimension 
m (2m + í). 

The intersection of Sp (m) and O (2m) is an orthogonal 
symplectic group Sp (m) N O (2m). 

Example 12. The group U (m) may be interpreted as a group 
of all invertible linear transformations of C” space which 
preserve the Hermitian form x,y, +... + ZnYn. Similarly, 
by replacing the field C by the quaternion field H we can 
introduce the group U" (n) of all invertible and linear 
(with respect to, say, premultiplication) transformations of 
the quaternion space H” which preserve the quaternion 
Hermitian form 


(&, n) = Em + e. œ + Enn, 
where § = (&,, ..-, E,)E H”, n= Me, oo NM) EH”. 


Since any quaternion § can be identified with a pair (u, v) 
of complex numbers (by the formula Ẹ = u + vj) and 


hence the space H” with the space C?”, the group U" (n) is 

naturally interpreted as a group of complex matrices. If 
Ey = 2 + inilen En = Zn + Zonj, 
Ni = Yi + Until +>» Nn = Yn + Yon, 

then (since u + vj = u — vj and vj = jv) 

Em tee. Enn 

= (ayy, +... F EnYn + EntYnti be) + Zenon! 
+ Lln tY — Ynt) H -e + (EanYn — EnYan Jj. 


Therefore, every element of U” (n) interpreted as a com- 
plex matrix preserves the Hermitian form x,y, H+... + 
LonYon (is a unitary matrix) and the skew-symmetric form 


(Zn 411 L1Yn +1) T e.. R (LonYn a LnYon) (is a sym- 
plectic matrix), i.e. it is in the unitary symplectic group 
Sp (n). Conversely, if a matrix A is unitary and symplectic, 
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then, if interpreted as a transformation of the space H”, it 


obviously preserves the form §,, ni + ...-—+ Ennn. Moreover, 
this transformation is linear. Indeed, it obviously turns 
a sum into a sum, so that it is only necessary to prove that it 
commutes with the operation of multiplication by an arbi- 
trary quaternion ¢. But for any vectors § = (&,,..., En) € 
H? and yn = (nis, -- +: Nn) E H” we have 


= (CE, n)— CG, n) = 9, 


from which it follows (since any vector in H” can be repre- 
sented in the form An) that A (C&) = CA&. 


This proves that the group uh (n) is isomorphic to the 
unitary symplectic group Sp (n). O 


Recall that a topological space X is said to be connected, 
if it cannot be represented as aunion of twononempty disjoint 
and closed (open) sets, and arcwise connected, if for any 
points a, b € X there is a path that joins them, i.e. a con- 
tinuous mapping u: [0, 1]— X such that u (0) = a, u (1) = 
b. It is intuitively obvious (and easy to prove within 
the framework of any rigorous theory of real numbers) 
that the interval [0, 1] is connected from which it immediate- 
ly follows that any arcwise connected space is connected. 

It is obvious that the set of all (arcwise) connected subsets 
of an arbitrary topological space X is inductive (satisfies 
the hypothesis of Zorn’s lemma). Therefore every point a € X 
is contained in the maximal connected subset C, called 
a component of (arcwise) connectedness of X. It is easy to 
sce that any component of connectedness Ca Œ X is closed 
in X (but not open in general). The space X is (arcwise) 
connected if and only if C, = X for any point a€ X. 

The topological space X is said to be locally (arcwise) 
connected if every point a € X has a fundamental system of 
(arcwise) connected neighbourhoods, i.e. in other words, if 
every neighbourhood of a contains a (arcwise) connected 
neighbourhood. An example of a locally arcwise connected 
space is an arbitrary manifold. 

In a locally (arcwise) connecled space any component of 


28 Semester V 


(arcwise) connectedness is obviously open (for together with 
every point it contains a certain neighbourhood of it). In 
particular, it follows that if a space is connected and locally 
arcwise connected, it is also connected. In other words, for 
locally arcwise connected spaces (in particular, for manifolds) 
the concepts of connectedness and arcwise connectedness 
coincide. 

Example 13. The manifolds R” and R (n, m) are, obvious- 
ly, connected. The manifold GL (n) is not connected: no mat- 
rix with a negative determinant can be continuously deformed 
(connected bya path) into a unit matrix. Let GL* (n) be the 
space of all square n X n matrices with a positive determi- 
nant. We show that the space GLt (n) is connected. 

By the theorem on polar factorization (see II, 21) any 
nonsingular operator is the product of a positive operator P 
and an isometric (orthogonal) operator U. In matrix terms 
this implies that any nonsingular matrix A is of the form 
A = PU, where P is the matrix of the positive operator 
and U is an orthogonal matrix. On the other hand, by the 
theorem on the reduction to the principal axes the matrix P 
is of the form VDV-!, where V is an orthogonal matrix 
and D is a diagonal matrix with positive diagonal elements. 
Hence A = VDV“—U, i.e. A = VDW, where W = VU. 
But it is clear that the correspondence t +» (1 — t) D + tE 
is a continuous path in GL (n) connecting D with a unit 
matrix E. By multiplying that path from the right and 
from the left by the orthogonal matrices V and W we obtain 
a continuous path joining in GL (n) the matrix A to the 
orthogonal matrix B = VW. Thus any nonsingular matrix A 
can be joined to the orthogonal matrix B by a continuous path 
in GL (n). If det A >0, then det B >0, i.e. det B = 4 (an 
orthogonal matrix with a positive determinant is unimodu- 
lar). To prove that the group GL* (n) is connected, therefore, 
it suffices to verify that any unimodular orthogonal matrix B 
can be joined to a unit matrix E by a continuous path (in 
GL+ (n)). We prove even more, namely that this joining 
can be realized in the group SO (n) of all unimodular orthogonal 
matrices. To this end notice that according to the fundamen- 
tal theorem on orthogonal operators (see II, 21) every 
unimodular (i.e. orientation-preserving) orthogonal operator 
(rotation) is the direct sum of an identity operator and 
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“two-dimensional rotations” with matrices of the form 


(o 0 —sin 0 
sin@ cos 5) l 
By replacing in each of these matrices the angle 0 by 10 we 
obtain a continuous family (path) of orthogonal operators 
which joins a given operator (resulting when ¢ = 1) to the 
identity operator (resulting when t = 0). To complete the 
proof we have to pass from operators to matrices. Q 

The established statement implies that the group GL (n) 
consists of two components: the subgroup GL+ (n) and its coset 
GL- (n) consisting of matrices with negative determinants. 


For every topological group G we shall use the symbol G, 
to denote the component of its identity e. If a € Ge, then 
a € La (Ge) (since e €G.) and hence Ge N La (Ge) £ Ø. 
Therefore in view of the connectedness and maximality of Ge, 
and hence of La (Ge), we have La (Ge) = Ge. It can be proved 
in a similar way that R, (Ge) = Ge if a € Ge and that 
G:! = Ge. This means that Ge is a subgroup of group G. 
Moreover, any endomorphism 7 of G turns G, into a conne- 
cted subgroup T (Ge) which intersects G,. By the same 
considerations, therefore, T (Ge) Œ Ge. This means that the 
component of identity Ge is a completely characteristic sub- 
group of G and is, in particular, invariant. 

According to the foregoing the component of identity of 
the group GL (n) is the group GL+ (n). 

Notice that for every smooth group G the component Ge is 
automatically a smooth group. 

It is natural to introduce into the factor group G/G, 
a topology of identificaion, i.e. a topology in which the 
subset Cc G/G, is open (closed) if and only if so is its com- 
plete inverse image in G. Since the inverse image of the 
identity of G/G, is the component Ge, we see in particular 
that the identity of the factor group G/G, is isolated (is both 
an open and closed set), in other words G/G, is discrete, if 
and only if G, is open (it is always closed). In particular, 
this is clearly so if the group G is locally connected (if it is 
a smooth group, for example). 

Thus any locally connected (in particular, any smooth) group 
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G is an extension of a connected group (of its component of 
identity Ge) by means of the discrete group G/G,. 

In this sense the theory of any locally connected groups 
reduces to the theory of connected groups and to the theory 
of discrete (abstract) groups. 

For this reason in the general theory we shall always 
assume all Lie groups under consideration to be connected. 


Example 14. According to the foregoing SO (n) is a con- 
nected group and hence the component of identity of the 
group O (n). In particular, we see that SO (n) is a Lie group. 

At the same time we see that O (n) is not connected and 
consists of two components: the group SO (n) = O+ (n) of 
proper (unimodular) orthogonal matrices and its coset O- (n) 
whose elements are improper (with determinant —1) ortho- 
gonal matrices. 

Example 15. On the contrary, U (n) is a connected group. 
Indeed, we know (see II, 24) that any unitary operator is 
orthogonally diagonalizable, all its eigenvalues equaling 
unity in absolute value. In matrix terms this means that any 
unitary matrix is of the form UDU-, where U is some uni- 
tary matrix and D is a diagonal matrix with diagonal 


elements of the form e*’*. By replacing all angles 
0, by £0, we obtain a continuous family (path) of unitary 
matrices which joins a given matrix resulting when ¢ = 1 
to a unit matrix resulting when ¢ = 0. (For orthogonal 
matrices see the above reasoning). O 

That U (n) is a connected group can be proved in a differ- 
ent way, using the following general lemma: 

Lemma 3. A topological group G is connected if it contains 
a connected subgroup H with a connected factor space G/H. 

Proof. Notice first that a natural mapping n: G—> G/H 
is open, i.e. it turns open sets into open sets. Indeed, if 
Uc G, then by definition of factor topology a set n (U)C 
GIH is open if and only if so is x (x (U))C G. But it is 
clear that the latter is the union U xH of all cosets zH, 


xEU 
x€ U, and hence coincides with the union U Uh of all 


h€ H 
shifts of U by the elements h € H. Therefore, if U and hence 
any Uh is open, then the set n! (n (U)) and hence x (U) 
are open. 
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Now let G = U U V, where U and V are nonempty sets. 
Then G/H = n (U) Ux (V), where x (U) and x (V) are also 
nonempty and open. Therefore, n (U) N x (V) # @ is non- 
empty either (since the space G/H is assumed to be con- 
nected). Let = (a) € n (U) fN n (V). The inclusion sx (a) € 
z (U) implies that the coset n (a) = aH intersects 
and the inclusion x (a) €x (V) implies that the coset 
intersects V. We have, aH = ULN V;, where U,” 
aHQ U and V, = aH f) V are open in aH (and non- 
empty according to the foregoing). Since aH (together with H) 
is connected, this is possible if and only if U, N V, # Ø 
and hence UN V Æ Ø. Consequently G is connected. O 

To apply the lemma we consider a mapping U (n)— 
which associates the last column with every matrix. The 
image of U (n) under the mapping consists of all vectors of 
space C” of length 1 and hence can be identified with a unit 
(2n — 1)-dimensional sphere S$?! of R?” = C”. The 
inverse image of every such vector in U (n) is obviously 
a coset relative to the subgroup U (n — 1) which is the 
inverse image of the vector (0, 0, . . ., 0, 1). Consequently; 
the mapping in question induces a bijective mapping 
U (n)/U (n — 1)— S?™-1 of the factor space U (n)/U (n — 1) 
onto S?2"-! which is easily verified to be a homeomorphism. 

Since §?"-! = U (n)/U ( n — 1) is in an obvious way 
connected, it immediately follows from Lemma 2 that U (n) 
is connected if so is U (n — 1). Since U (1) is in a natura! 
way identified with the group S' and is therefore connected, 
the connectedness of all groups U (n) is found, by induction, 
to be proved anew. 

Example 16. A similar reasoning applies also to the 
symplectic group Sp (n) = UH (n). In this case the factor 
space Sp (n)/Sp (n — 1) is identified in a natural way with 
a unit sphere S4"-! of R4" = H” and hence it is also 
connected. But Sp (1) = U" (4) is identified with the group 
©? of quaternions & for which | | = 1. Consequently 
for any n> 1 the group Sp (n) = UË (n) is connected. 

The same reasoning can also be applied to the group 
SO (n) whose connectedness we have established earlier on 
the basis of other considerations. Indeed, in this case 
SO (n)/SO (n — 1) is identified in the same way with 
a unit sphere S”-! of R” which, for n> 2, is connected. 
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Moreover, SO (2), the group of rotations of a plane, is 
known to be isomorphic to the group Șt and hence it is also 
connected. For n> 2, therefore, SO (n) is connected. 

The analogue of SO (n) in U (n) is the subgroup SU (n) of 
unimodular unitary matrices. Since, as is easily seen, 
SU (n)/SU (n — 1) = U (n) /U (n — 1) and, being a unit 
group, SU (1) is connected, the same reasoning shows that 
for any n> 1 the group SU (n) is connected. It will be possible 
to establish whether it is a Lie group, however, only in 
Lecture 3, after we have developed the necessary tools. 

The same applies to the group SL (n) of all unimodular 
matrices. 

Notice that there is no analogue of the group SU (n) 


for U4 (n). 
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Left-invariant vector fields-Parallelizability of Lie groups In- 
tegral curves of left-invariant vector fields and one-parameter 
subgroups-Lie functor-An example: a group of invertible 
elements of an associative algebra -Functions with values in 
an associative algebra-One-parameter subgroups of the group 


G (A) 


Recall that by T,(/) we denote a tangent space to a mani- 
fold M at a point a € M. All tangent spaces Ta (M), ,a € M, 
constitute a smooth 2n-dimensional (n = dim M) manifold 
T (M) projecting in a natural way onto M. The projection 


n: T(M)—> M 


associates the “point of application”, i.e. a point a € M for 
which A € T (M) with every vector A so that T, (M) = 
n! (a). The sections of this projection, i.e. the smooth 
mappings 


X: M+ T(M), ar>X,, ac M, 


for which n o X = id, i.e. X, € T, (M), are called vector 
fields on M. These vector fields form in a natural way a linear 
(infinite-dimensional) space which will be denoted by a (M). 

Differentials (d@),: T,(M)— To, (N) of an arbitrary 
smooth mapping ®: M— N constitute a smooth mapping 
T (®): T(M)—> T (N) for which we have a commutative 
3—0450 
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diagram 
T(o) 
T(M) ——> TIN) 
T T 
M N 
p 


and the correspondences M +> T (M) and ® — T (®) are 
obviously a functor from the category DIFF of smooth mani- 
folds into itself. 

If M is a diffeomorphism, then for any vector field X in 
a (M) a field 


O,X = T (D) o X o D-! 


from a (N) is defined and for any vector feld Y from a (N) 
a feld 


D*Y = T (D)! o Y o D 


from a (M) is defined. It is clear that the mappings ®, and 
@* are linear, and since 


Da = (D*) = (O)* and OF = (P, = 3), 


they are reciprocal isomorphisms of vector spaces. 

If, in particular, M = N = G, where G is some Lie group, 
then for any element a € G and any vector field X € a (G) 
a vector field LEX € a (G) is defined. 

Definition 1. A field X € a (G) is said to be left-invariant 
if LX = X for any element a € G, i.e. if 


(1) X» = (dLa-1)ab (Xab) for any elements a, b € G. 


It is clear that all left-invariant fields form a subspace of the 
space a (G) of all vector fields. We shall denote that subspace 
by 1 (G) or g. 

It is easily seen that a field X €a (G) is Left-invariant if 
and only if 


(2) Xa = (dLa)eXe 
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jor any element a € G. Indeed, relation (2) is a special case 
(for b = e) of formula (4) and is therefore satisfied if X is 
left-invariant. Conversely, if (2) is satisfied, then for any 
elements a, b EG 


Xab = (dLav)e (Xe) = ((dLa)o © (dLy))e(X e) = (dLa)o(Xo), 


which is equivalent to (1). O 

It follows that the linear mapping X +> X. of g into 
a tangent space T,(G) is an isomorphism. Indeed, for any 
vector A € T.(G) the mapping a > (dL,),A, a €E G, is easily 
seen to be a vector field on G (it is only necessary to verify 
smoothness which can be at once discovered if we express the 
mapping in local coordinates) which has property (1) and 
hence is left-invariant. To complete the proof it remains to 
notice that the resulting mapping T,(G) +> g is obviously 
the inverse of the mapping X +> X.. O 

As a rule, we shall use X +> X, to identify g = 1 (G) 
with T,(G). 

Since dim T,(G) = n, where n = dim G, we see, in par- 
ticular, that for any Lie group G the space g = í (G) of 
left-invariant vector fields is finite-dimensional and is of 
dimension n = dim G. 


Let F (M) be the algebra of all smooth functions on 
a smooth manifold M. For any function f € . (M) and any 
field X €a(M) the formula 


(fX)a = f (a) Xa, a €M, 


obviously defines some field fX € a (M) and a straight- 
forward verification shows that with respect to the operation 
({, X) +» fX the vector space a (M) turns out to be a mod- 
ule over F (M). If that module is a free module of rank n, 
i.e. if there is a system X,,..., Xn of vector fields (a basis of 
the 7 (M)-module a(M)) on M such that any field 
X €a(M) is uniquely represented as 


X =X, +... +X 


Where fl, ..., J” € F (M), then the manifold M is said to 
he parallelizable. 
Proposition 1. Any Lie group G is parallelizable. 
Proof. We prove even more, namely that every basis 
3f 
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Xis -++, Xn of a vector space { (G) is a basis of the F (M)- 
module a (G). 

For every point a € G, vectors (X,),, ..-» (Xn), form 
a basis of a vector space T, (G). Therefore, the vector Xa 
of an arbitrary vector field X € a (G) is uniquely expanded 
with respect to the vectors (X,),, .-.-, (Xn)a. This means 
that for every vector field X € a (G) there are functions 
f :a 1 ÔF (a), @€G, such that X = fX +... + f"X,. 
It is only necessary therefore to prove that f* € F (G) for 
all k=, a. OF 

Let (U, zt, ..., 2") be an arbitrary chart of the mani- 
fold G. Since the fields X,,. . ., Xn are smooth, on U there are 


Smooth functions Xi, ..., Xi, i=1,..., n, such that 
X;=Xj oe for any j=1,...,7. 
Oxt 
In addition, since for, every point a € U vectors (X,)q, ..- 


-, (Xn)a form a basis of T, (G), we have 
det (Xj) 40 on U, 


and therefore on U there are smooth functions y} such that 
xiy? = ô, ij, k=1,...,m 
Under the hypothesis X = f/X; and hence 





X = f/X; 

as dxi ’ 
i.e. PX} i = 1, ..., n, are components of X in local coor- 
dinates z!, ..., x” and are therefore smooth. But 


ft = f8} = (PXPYI 
and since f/X} and Y? are smooth so are (on U) f*. 


Being smooth functions on every coordinate neighbourhood 
U, functions f* are smooth on the entire manifold G. O 


Recall that a smooth curve t +> @ (t) on a manifold M is 
said to be an integral curve of a vector field if 
dg (t) 
dt 
An integral curve is said to be maximal if it is not a restric- 
tion of an integral curve defined on a larger interval of the 





= Xm for any t. 
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real axis. It easily follows from the standard theorem on the 
existence and uniqueness of the solution of a system of 
differential equations with smooth right-hand sides and 
from elementary properties of Hausdorff spaces that if the 
manifold M is Hausdorff (which, as we know, is automatically 
satisfied for a Lie group), then for any point a € M there 
exists a maximal integral curve Q, of X, passing for t = 0, 
through point a, i.e. such that 9, (0) = a. 

If for every point a € M the curve q, is defined on the 
entire axis R then the vector field X is said to be complete. 

It is easy to see that a vector field X on a Lie group G is 
left-invariant if and only if for any two points a, b € G 


(3) Qab = La o Dp 


i.e. Pap (t) = ag, (t), t€ R. Indeed, for any fixed a €G 
the formula p, (t) = Q,-1, (t) defines for any point b EG 
a certain curve £ > 1p, (t) passing, for ¢ = 0, through b and 
it is clear that by setting 


__ di (t) 
Y, = dt lo 





we obtain on G a certain vector field Y: b > Y+. By the rules 
for calculating tangent vectors to smooth curves, for any 
point b € G, we have 


dpa (t) d (La ° Pa-:ıp ($) 
Oa |= dt = 
dP p (t 
= (dL,)a-1 (a — (dL4)a-1» (Xo-1). 

Therefore, if (3) is satisfied and consequently p, = p (and 
hence Y, = X,), then X, = (dLa)a-1b (Xq-1p) and in partic- 
ular, Xa = (dLa)e (Xe). Consequently the field X is left- 
Invariant. Conversely, if X is left-invariant (and hence satis- 
fies relation (1)), then Y, = Xp, for any point b € G, i.e. Y = 
X. But it is clear that ¢ ++ 1, (t) are integral curves of Y 
(which are automatically maximal) and therefore in view of 
the equation Y = X these curves coincide with the integral 
curves f +> q, (t) of X. Thus ə» (t) = aq,-1y (t), which is 
equivalent to (3). O 

Definition 2. A smooth curve B: R->G is said to be 





| 
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a one-parameter subgroup of a Lie group G if 
Bt + s) = P (t) B (s) 


for any ft, s€ R. In other words, a one-parameter subgroup 
is a homomorphism of the additive group R of real numbers 
(which is treated as a Lie group) into the Lie group G. 

It should be noted that a one-parameter subgroup is thus 
not a subset but a mapping. 

It is obvious that for t = 0 every one-parameter subgroup 
B passes through the identity e of G: 


P (0) = e. 


Proposition 2. Every one-parameter subgroup B is an inte- 
gral curve of some left-invariant vector field X. 
Proof. The formula 


Pa (t) c= ap (t), a EG, tER, 


defines on G a smooth curve t +> pa (t) passing, for t = 0, 
through point a. We set 


_ dẸa (t) 
Xa = dt |t=0° 





A direct check shows that the mapping a +> X, is smooth, 
i.e. is a vector field on G, and that curves p, are integral 
curves of that field. An integral curve is thus the curve 
Pe = P. Finally, since 


Pab (t) = (ab) P (t) = a (bP (t)) = ag, (t), 


the feld X is left-invariant. O 

The converse of Proposition 2 is also true: 

Proposition 3. A maximal integral curve B of a left-invariant 
vector field X € g which passes, for t = Q, through point e is 
a one-parameter subgroup of a Lie group G (and is, in par- 
ticular, defined on the entire axis R). 

Proof. Since X is left-invariant, its integral curves Qa 
satisfy relation (3). Thus the interval J, of the axis R on 
which an integral curve @, is defined, coincides with the 
interval J = J, on which an integral curve p = q, is defined. 
Furthermore because for any fixed s€ R the curve t +> 
Pe (t + $) is an integral curve of the field X, which passes 
through point b = e (S) and hence e(t + s) = ọpọ (t), 
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we have 

(A) P (s +t) = PB (t +s) = pe ( +s) 
=p (t) = bpe (t) = Pe (8) Pe (t) 
= f (s) B (£) 


for any s, t € J such that s + t € I. To prove Proposition 3 
therefore, it is only necessary to show that ß is defined on 
the entire axis R, i.e. that J = R. 

Let JR. For any ¢€ there is an integer n such 


that < € I. We define the curve P for any t € R by setting 
t\n og t 
Bi) =B(+)", if Sel. 
This definition is correct. Indeed, if —€ I and = El, then 


—€I and hence, by relation (4), 


t \n t \myn t \nJm t \m 
B()"=[8 law)” =[8 Cae) 8 (ae): 
Thus the curve Bf is extended to the entire axis R. It is clear 
that the curve thus constructed is smooth and satisfies rela- 
tion (4) for all ¢, s € R, i.e. it is a one-parameter subgroup. 
Assuming J =4 we arrive at a contradiction to the assump- 
tionif we show that the curve f on the entire axis R is an 
integral curve of the field X. 


Let #,€R and let a= (tọ). By definition the tangent 


vector Bo) to B at point aacts on the functions * f € O, (G) 
according to the formula 


aB (to) p 4 (f° B) (D 
dt 


dt t=," 


*For any smooth manifold M and any of its points a we denote by 
©a (M) the set of all functions smooth at point a, i.e. defined in some, 
function-dependent, neighbourhood of a and smooth in the neighbour- 
hood. (Strictly speaking, by ©, (M) we should understand a vector 
space of the germs of such functions, but we are not going to be over- 
strict.) 

By © (M) we shall denote the set of all functions f defined and 
Smooth in some, function-dependent, open set W (f) c M. 
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Similarly the tangent vector 





TO at point e acts on the 
functions f €©. (G) according to the formula 
aU d (fo ao Hpoj. 
dt 
Consequently, for any are, rs (G) 
[aLa “ES ela O (fo La) 








tfo La mak oO) = eo 
_ of (B ca ___4f (P (4) | pies dp (to) y 





i.e. 








d 
(dLo)e i 0 ae A Ato} 


But fort € J the curve f is an integral curve of the field X. 
In particular 


dB (0 
PO X= Xe. 


In addition, since X is left-invariant, we have (dLa)eX e = 
Xa = Xoga. Hence 


d 
X glio) = Pto ’ 


co that B is really an integral curve of the vector field X. O 
Corollary. Every left-invariani vector field X is complete. Q 
According to Propositions 2 and 3 left-invariant fields X € 

{(G) and one-parameter subgroups f are in a natural 

bijective correspondence. If desired, therefore we may take 

one-parameter subgroups as the elements of a vector 

space (í (G). 

Comparing the above said, we see the validity of 

Theorem 1. A space g = { (G) admits the following three 
equivalent interpretations: 

(i) The elements of g are the left-invariant vector fields X 

on a Lie group G. 

(ii) The elements of g are the tangent vectors A toG at point e 

(the identity of G). 
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(iii) The elements of g are the one-parameter subgroups 
B of G. 

The passage from the first interpretation to the second one is 
given by the correspondence 


X e Xe, 


the passage from the third interpretation to the second one is 
given by the correspondence 


dB (0) 
Per; 


and the passage from the first interpretation to the third one is 
given by the correspondence 


X +> Qe; 


where Qe is an integral curve of the field X passing, fort = 0, 
through point e. O 

The first and the second interpretation provide linear oper- 
ations in g relative to which g is an n-dimensional vector 
space. How to obtain these linear operations in the third 
interpretation is to be discussed in Lecture 4. 


Let ©: G — H be a homomorphism of Lie groups. Since 
iD (e) = e, the differential T. = (dD), of that homomor- 
phism at the point e is a certain linear mapping of space 
Te (G) = í (G) into space T, (A) = í (A). 

It is clear that correspondences G — í (G) and Dr 
(dM), form a certain functor 


(5) í : GR-DIFF — LIN, (R) 


from the category GR-DIFF of Lie groups into the category 
LIN, (R) of finite-dimensional vector spaces over the field R. 

Definition 3. Functor (5) will be called a Lie functor. 
For the unity of notation, the mapping (d®). will also be 
denoted by { (®). 

We have defined the mapping { (MD) using the interpreta- 
tion of spaces { (G) as tangent spaces at point e. The question 
arises as to how to define the mapping {(@) in the other 
interpretations. 

Recall that vector fields X € a(M) and Y € a(M) are 
Said to be M-connected, where M is some smooth mapping 
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M —> N, if 
(6) Yoa = (dM), (X,) for any point a € M. 


In the interpretation of vector fields as linear differential 
operators f —> Xf (differentiations on M) ®-connected- 
ness means that for any function f (defined and smooth on 
some open set of the manifold N) we have X (f o ®) = 
Yf o D 

If ©: M —N is a diffeomorphism, then every field Y € 
a (N) is ®-connected with the field ©*Y € a (M). 

Proposition 4. In the interpretation of the elements of spaces 
( (G) as one-parameter subgroups the mapping 1(®) is 
given by the formula 


1 (®) (P) = ® of. 


For any left-invariant vector field X € í (G) and any homo- 
morphism ®: G — H there is a unique left-invariant vector 
field Y on a group H which is D-connected with the field X. 
In the interpretation of spaces | (G) as spaces of left-invariant 
vector fields the field Y is precisely the image {| (®)X of the 
field X €1(G) under the mapping | (®). 

Proof. By definition 


(d@), ( cai 0) eee mi i 


Consequently, when a eee subgroup f is identi- 
fied with a vector A = ae) the one-parameter 
subgroup Ọ o B is identified with’ “the vector (dM),A = 
((D)A. This proves the first statement. 

Thesecond statement follows immediately from an obvious 
fact that for left-invariant vector fields X €{(G) and 
Y €1 (A) relation (6) (for M = G and N = H) is equiva- 
lent to the equation 

Y. = (d®O,)X,. O 


It is clear that tangent spaces Te (G) and Te (G,) of a 
group G and its components of the identity Ge coincide. This 
means that 





1(G) = 1 (Go). 
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In the study of the Lie functor it is, therefore, possible to 
restrict oneself to only connecfed smooth groups G. 

To illustrate the introduced notions we give an important 
specific example. 


Recall first some general-algebraic notions which we 
shall constantly use. 

Let K be an arbitrary field (in this case the field R of 
real numbers) and let 4 be a vector space over K. Suppose 
that for any two elements xz, y € Æ there exists some third 
element z € Æ denoted by xy and called the product of 
elements x and y. Then every element a € A will define two 
mappings 

La: +> ax, Ra: £ œ> xa 


of A into itself. 

Definition 4. A vector space .4 with a multiplication x, y —> 
xy given on it is said to be an algebra (over a field K) 
if for every element a € #£ the mappings La : ÆA —> A and 
R,: Æ—> A are linear, i.e. if 


(7) a (x + y) = ax + ay (x + yja = za + ya 
for any elements z, y € #& and 
(8) k (ax) = a (kz), k (xa) = (kx) a 


for any element +€.4 and any element k € K. 

Condition (7) (together with the first four vector space 
axioms) implies that the set Æ with the operations of 
addition and multiplication on it is a ring. It may be said 
therefore that an algebra is a ring that is at the same time 
a vector space in which condition (8) is satisfied, i.e. the 
condition 


(9) k (xy) = (kz) y = = (ky) 


that must hold for any elements z, y € Æ and any element 
kER: 

A homomorphism of algebras is a linear mapping of one 
algebra into another that sends a product into a product (is 
a ring homomorphism). 

It is clear that’ algebras (over a given field X) and all their 
homomorphisms form a category. We shall denote that 
category by ALG. 
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A vector subspace .# of an algebra 4 is said to be a subal- 
gebra of A if zy € B for all elements z, y € Æ. It is clear 
that any subalgebra is automatically an algebra. 

Definition 5. An algebra in which multiplication is asso- 
ciative is called an associative algebra. 

All associative algebras form a complete subcategory 
ALG-ASS of the category ALG. (A subcategory B of a cate- 
gory C is said to be a complete subcategory if for any objects 
B,, B€ B every morphism B,— B, of C is in B.) 

Every subalgebra of an associative algebra is itself asso- 
ciative. 

Associative algebras having an identity (i.e. an element 
e such that ae = ea = a for any element a € Æ) will be called 
unital algebras. They form a complete category ALG,-ASS 
of the category ALG-ASS. 

An exampleof a unital algebra is the matrix algebra K (n). 

An element aof a unital algebra Æ is said to be invertible 
if in there is an element a~* such that aa™ = aa = e. 
The set G (A) of all invertible elements of 4 is obviously 
a multiplicative group. 

It is clear that the element a is invertible if and only if so 
is the linear operator La, i.e., when Æ is finite-dimensional, 
if det La #0. 

For K = Rit follows that for a finite-dimensional algebra 4 
the set G (A) is open in A and is, hence, a smooth manifold 
(of dimension n = dim Æ). 

Thus G (4) is both a group and a smooth manifold. Since 
multiplication in this group is bilinear, it is clearly smooth 
and hence (Proposition 1 of Lecture 1) G (.4) is a Lie group. 

We find for this Lie group a vector space [ (G (A)). 

To this end recall that for any finite-dimensional vector 
space 7 (considered as a smooth manifold) and any point 
ve the tangent space T, (7) is naturally identified 
with 7: the identifying isomorphism 


(10) Y — T, (7) 


associates with every vector a € 7 a tangent vector at point 
t — 0 to a curve t >v + ta. Therefore, in particular, 
Te (4) = A. On the other hand, since G (4) is open in #, 
we have Te (G (4)) = Te (4). Consequently, (here we use 
the interpretation of the vector space {(G) as a tangent 
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space Te (G)): 
(11) 1 (G (4) = A. 


It is interesting to interpret equation (11) within the 
framework of the other two interpretations of the space í (G). 

Let VY’ be a finite-dimensional vector space and let 
A:V—~>WD be a linear operator. Since A is obviously 
a smooth mapping of a smooth manifold 7° into itself, its 
differential (dA), : T, (Z) > Ta, (Z`) is defined for any 
point v € Y’. By definition this differential turns the tan- 
gent vector to the curve £ —> v + ta into the tangent vector 
to the curve +> A (v + ta) = Av + tAa. This means that 
by virtue of identifications T, (V7) =F and T4, (V7) = 
(V7) the differential (dA), coincides with the operator A. 
Thus a differential of a linear operator is the linear operator 
itself. 

In particular, we see that (dLa)e = La for any element 
actA. 
On the other hand, by virtue of the same identifications any 
vector field X on G(.4) is nothing but some smooth mapping 
G (A)— A. The condition of left-invariance (1) for a vector 
field treated in this way is, by virtue of the remark just 
made, of the form 


(12) Xb = Le X ab, where a, b € G (4) 


from which, for b = e, it follows that X, = LaXe, i.e. that 
the field is of the form a +> ab, where b = X. € A. Since 
any such field clearly satisfies condition (12), we see, on 
changing somewhat the notation, that all left-invariant vec- 
tor fields G(A)— A on a Lie group G (A) are of the form 
Lr» xa, xz €G(A), where a is an element of 4. 

Discussion of equation (11) within the framework of the 
third interpretation of vectors of í (G(4)), i.e. their 
interpretation aS one-parameter subgroups, requires some 
breaking of the ground. 


The norm given in an algebra 4 (over a field R) is said 
to be multiplicative if 


lab IS llall - ell 


for any elements a, b € Æ. 
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Lemma 1. In any finite-dimensional algebra A over the 
field R there is a multiplicative norm. 


Proof. Given a basis @,, ..., €n in Æ, the formula 
(13) lall = max (Ja*|,..., |a"]), 


where ai, . . -» @” are the coordinates of an element a in the 
basis €,, . + +» En» will obviously define some norm in .4. We 
show that with an appropriate choice of the basis e}, . . ., ep 
norm (13) is multiplicative. 

Suppose first that the basis e4, .. . , €» is arbitrary and that 


ejej = Chen i,j,k =1,..., 0. 


Then for any elements a = ate; and b = bie; we have 


. j ae k ° ° 
| ab || = | ck a'b Ch Il T TR |c?.a°b?| 
n 
< È max lef] -max [a?|-max |6#| =C- || a [- Bl 
i, I= 


k è 
where C =n" mar |c?,|. Hence for the norm 


lall =A max (a |, ..., | a" |), 
where A>C (this norm is norm (13) corresponding to the 


P | 1 h 
basis F is e e 7 Cn} We have 


lab IKA lall b< abl, 


ie. this norm is multiplicative. [0 

Notice that in Lemma 1 the algebra Æ is not assumed to 
be associative. 

This remark will be used later on, and for the time being 
we apply Lemma 1 to a finite-dimensional associative unit 
(with an identity e) algebra 4. For any element a € 4 we 
consider an infinite series 

t?a2 trar | 


(14) e+tat -y t... + Peene 








n |! 


With respect to a multiplicative norm this series is absolutely 
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convergent, i.e. the number series 
e+ [eat] |-+---+ Be 


is convergent (since it is majorized to the series for eœ !lall). 
However, the standard proof (usually given for series with 
numerical terms but preserved for series with vector terms as 
well) shows that any absolutely convergent series converges 
(in the norm and hence also coordinatewise, which in a finite- 
dimensional vector space is equivalent). Consequently, 
series (14) converges. 

The sum of series (14) is denoted by e'? and an -valued 
function t +> e' is called an exponential function in an alge- 
bra A. (Of course, the letter e here has nothing to do with 
the identity e in the algebra Æ.) 

In particular, for 4 = R (n) we obtain a matrix exponen- 
tial function t -»etA, A E R(n). 

For -valued functions t — a (t) it is possible to repro- 
duce practically all the constructions of elementary analy- 
sis. For example, the derived function t —> a’ (t) is defined 
by the formula 


15 'ay— li a (t+ At)—a (t) 
( ) a ( ) ay At 


and if the function f+» a (t) is sufficiently smooth, then 
(16) a (t) = a (to) + (t — to) a’ (to) + O (t — h). 


It is also possible to regard every function t +> a (t) as 
a curve in a smooth manifold .4 and hence to speak of its 


tangent vector aa at point t, which, by virtue of the 


general isomorphism (10), can be thought of as a vector 
In Æ. 
It turns out that these two approaches coincide, i.e. 
j da (t 
a’ (t)= a) 
Indeed, by formula (15) the tangent vector to t +» a (t) at 
point ¢ = tọ coincides with the tangent vector to t > 
a (to) + (t — to) a’ (to) which by virtue of isomorphism 
(10) is thus identified with the vector a’ (to). O 
In practice, however, definition (15) is undoubtedly more 


trar 
n! 








t?a? 
2 




















for any t. 
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convenient, since it yields at once all usual formulas of 
differentiation calculus (for instance the formula of differ- 
entiation of the product (a (t)b (t))’ =a’ (t) b (t)+ 
a (i) b’ (t)) provided all the necessary precautions result- 
ing from a possible noncommutativity of multiplication in 
algebra Æ are observed (because of this, say, the formula 
for the derived function t+» a(t) assumes the form 
(a- (E) = —a™ (t) a’ (t) a (2)): 

If, however, the values of an -valued function t +> a (t) 
commute, i.e. a (t) a (s) = a (s) a (t) for any t and s, then no 
reservations are necessary. Therefore, in particular, for any 
polynomial 


f (X) = ao + aX +... + amX" 


and any -valued function a+ >a (t) with commutative 
values there is a formula 


d ; ' 
(17) a $ (0) =f (a (t)) a’ (t), 
where 
F (X) = a + 2a, + ... F MamX”-. 

This formula remains valid also when f (X) is the sum of an 
infinite power series 
(18) f (X) = ao + aX +... + aX” +....ľ 
since in this case the necessary interchange of two passages 
to the limit is obviously valid (if it is assumed, of course, 
that || a (t) || is in the circle of convergence of series (18)). 

For series made up of .4-valued functions the usual rules 


for their termwise differentiation are also valid. In parti- 
cular, series (14) admits a termwise differentiation. Therefore 


deta > (magn 
g m ltta +... Goan as 
{r-1gn-1 
—— ate oo o == ta 
a(ettat...+7—+ ae‘, 
Thus, an exponential function t œ> e'* has the property that 


(19) 7 all 








for any t. 
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It follows that the solution of the A-valued differential 
equation 





(20) a0 = ax (t) 
subject to the initial condition 
x(0) =c 
is expressed by the formula 
x (t) = e!, 


In fact, according to formula (17) 
x’ (t) = (e!*)’c = aec = ax (t) 


and x (0) = c. On the other hand, for the vector z (t) equa- 
tion (20) reduces to a system of linear differential equations 
with constant coefficients; therefore the solution z (t) exists 
and is unique. O 

Now it is easy to see that for any s and t 


(21) e(tts)a — e!tesa, 


Indeed, for every fixed s the function t+» z (t) = et+9a 
satisfies equation (20) with the initial condition x (0) = e*. 
Therefore z (t) = ee". C] 

It follows from relation (21) in particular, that the 
function t —> &° is a function with commutative values. 
Hence (see formula (17)) for any power series (18) there is 
a formula 


(22) -E f (eta) =f" (e"°) ae! 
(if, of course, the series for f (e’*) is absolutely convergent). 
Now let us return to the vector space { (G) with G = 


G (A). 

One-parameter subgroups of the group G (4) are nothing 
but smooth -valued functions z +> z (t) satisfying the 
relation 


(23) x(s+ t)=z(s)z (t) S, tER. 
The general solution of this functional equation can now be 


easily found. Indeed, on differentiating (23) with respect to s 
and then putting s = 0 we obtain for z (t) the already known 


4—0450 
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differential equation (20) with a = z’ (0). In view of the 
initial condition x (0) = e we, therefore, get x (t) = e'e. 
Since by formula (21) this solution satisfies (23), this proves 
that any one-parameter subgroup of G (4) is of the form 
tr > e. 

Denoting a one-parameter subgroup t — eta by B, we 
thus obtain a bijective correspondence a +> P, between the 
elements of an algebra æ and one-parameter subgroups of 
a Lie group G (A). This is precisely correspondence (11) in 
the third interpretation. 


Lecture 3 





Matrix Lie groups admitting the Cayley construction-A general- 
ization of the Cayley construction. Groups possessing ln- 
images: Lie algebras. Examples of Lie algebras-Lie algebras 
of vector fields. The Lie algebra of a Lie group-An example: 
the Lie algebra of a group of invertible elements of an associative 
algebra-Locally isomorphic Lie groups-Local Lie groups: Lie 
functor on the category of local Lie groups 





The results obtained at the end of the preceding lecture also 
apply to the full linear group GL (n) = G (R (n)) as well. 
In particular, we see that one-parameter subgroups of GL (n) 
are the matrix exponential functions t > etA and only these 
functions. 

Definition 1. A subgroup G of GL (n) is said to be a matrix 
Lie group if: 

(a) a smoothness is introduced on G with respect to which it 
is a Lie group; 

(b) the embedding ut: G+» GL (n) is smooth (and hence 
it is a homomorphism of Lie groups). 

Every one-parameter subgroup of the group G is automat- 
ically a one-parameter subgroup of GL (n) and so is of the 
form t+» etA. This defines an injective mapping { (G)— 
( (GL (n)) = R (n) which (see Proposition 5, Lecture 2) 
is nothing but the mapping { (1). Thus, for any matrix Lie 
group the vector space g = 1 (G) is naturally identified with 
some subspace of the vector space R (n). 

Any group admitting the Cayley construction (see Lec- 
ture 1) is an example of a matrix Lie group, say a group 
O; (n) of all J-orthogonal matrices. By definition a matrix 
one-parameter subgroup £ +> ef4 is a one-parameter subgroup 
4x 
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of O, (n) if and only if for any t € R 
(etA) Jet =J. 


Differentiating this relation with respect to ¢ and setting 
= 0 we get 


AIJ + JA = 0. 


This relation implies by definition that A is a J-skew- 
symmetric matrix. Conversely the mapping t— eA is 
found to be a one-parameter subgroup of O, (n) for any 
J-skew-symmetric matrix A. 
To establish it we use the matrix analogue of the well- 

known elementary formula 

a. a\m 

Pa 
We show that (with 1 replaced by e) this formula is valid in 
any finite-dimensional associative algebra A. Indeed, since 
1 (/m\_m(m—t) ... (m—k+41) 41 1 
m (4 )= mm: ... m a Sa 
S 
k multipliers 


for any multiplicative norm 
fal F araa] 
h=0 
<È (is (7) air 
h=0 


=ellall—_ (4 +L)” ; 








and therefore 


lim 


m > o0 








aereo 


since 





(1 +724)" — enon, o 


m 


Lecture 3 53 


We see that for any t 
JetA—J lim (z+)"= lim J (E445 )" 


mM —> oo m= oo 
ie pat 
=lim (E—“_)"sae* J, 
m->00 m 
since Jf (A) = f (—AT)J for any polynomial f (A) of the 
matrix A. Therefore 


(etayT 7 eta =(etd)le-tay =J, 


so indeed, etA € O, (n). 

This proves that for a group O, (n) the vector space of all 
J-skew-symmetric matrices is a subspace { (O, (n)) of 
space R (n). 

Comparing this statement with the result obtained in Exam- 
ple 7, Lecture 1, we see that the subspace í (O, (n)) coincides 
with the Cayley image of O, (n). This turns out to be a gen- 
eral fact: 

Proposition 1. If a matrix group Gc GL (n) admits the 
Cayley construction (and so is a matrix Lie group), then the 
corresponding vector space { (G) coincides with the Cayley 
image Gt of G. 

Proof. Let A €{ (G), i.e. let the mapping t +» et be 
a one-parameter subgroup of the group G. Since the set G° of 
nonexceptional matrices in G is a neighbourhood of the 
identity E of G, there is e > 0 such that for |t |< e the 
matrix e'4 is nonexceptional and therefore its Cayley image 


(etA)# = (E — etA) (E + et4)-1 € GĦ 


is defined. Since G# is a vector space, it follows that the 
matrix 


tA) H tAyt 
d(e“) simm 
dt |t=0 t>o 


also belongs to G#. But on the other hand 


d (ef Ay H 
dt 


tA- 
= — AetA (E + etAy-1 4+ (E — etA) cere 
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and therefore 
d(el4y#p AY 
dt |t=0 2 


Consequently, A € GĦ. 

This proves that { (G)cC G# and hence í (G) = Gt 
since the vector spaces { (G) and G# areof the same dimen- 
sion (equal to dim G). 0 

It follows from Proposition 1, according to the examples 
analyzed in Lecture 1, that the space { (G) for the orthogon- 
al group O (n) (or equivalently for the group SO (n)) consists 
of skew-symmetric n X n matrices; for the real symplectic 
group Sp (m, R) of matrices of the form 


(cr) 
C — At ? 
where B and C are symmetric m X m matrices and A is an 


arbitrary matriz; 
for the orthogonal symplectic group Sp (m) N O (2m) of 


matrices of the form 
( ) 
C AJ’ 


where A is a skew-symmetric matrix and C a symmetric matrix; 
for the unitary group U (n) of skew-Hermitian matrices; 
for the group Up (m) of matrices of the form 


F B 
C i) ’ 


where B and C are Hermitian m X m matrices and A is an 
arbitrary matrix; 
for the symplectic group Sp (m) of matrices of the form 


(5 3): 


where A is a Skew-Hermitian matrix and B is a symmetric 
m Xm matrix. O 





The statement that a group admitting the Cayley con- 
struction is a matrix Lie group is not strictly related to the 
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Cayley mapping A +» A# and can be substantially genera- 
lized. 

As above, it will be convenient to identify R” with 
the space R (n) of all square n X n matrices. 

Proposition 2. A subgroup G of the group GL (n) is a matrix 


Lie group if there is a diffeomorphism f: V— V of some 
neighbourhood V of the identity matrix in GL (n) onto an open 


set V of R (n) that has the property that the set f (GN V) 


is the intersection of V and some vector subspace G* of the 
space R (n): 


FGN V) =en Ý. 
Proof. Let m = dim G# and let ọ:GĦ#— R™ be an 
isomorphism of the space G} onto the space R™. Also let 


U =6Gf V and U = ọ (G#N Ý). Then U is an open set 
in R™ and the mapping h = oof onto U is a bijective 


mapping U — U. In other words, the pair (U, h) isa chart 
on G. 

Now let A be an arbitrary matrix in G and let U, = 
La (U) and k4 = ho Lz. Then the pair (U3, ka) is 
also a chart on G. Since A € U4, all sets of the form U4 
cover G. Furthermore, if UA N U gRr @, then onka (Ua f 
Up) the mapping kpo ka' will be a restriction of the 
diffeomorphism 

ho LẸ o Laoht= gofo Lpa oft og 
and hence it will itself be a diffeomorphism. Consequently, 
charts (U 4, h,) makeup an atlas. This defines on G a smooth- 
ness with respect to which G is obviously a matrix Lie 
group. O 

A case of a group admitting the Cayley construction arises 
when V is the set of all nonexceptional matrices in G and 


f: V + V is a Cayley mapping (and consequently the vector 
Space G# is the Cayley image of G). 
Proposition 1 is also carried over to the general case being 


considered if we require that f: V—> V be an analytic 
diffeomorphism, i.e. that the following conditions be'satisfied: 

(a) there is a number R and a matrix norm || || such that 
|4—E||<R for any matrix A €V; 
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(b) there exists a series 
f (z) = ao + a (2 —1) +... + 0m (2—1)" 4+... 


convergent for |z—1|< R such that for any matrix 
AEV 


j (A) =aE +a (A—E)+...+amlA — EF +... 


(in view of condition (a) this equation makes sense); 
(c) the number a, = f’ (1) is other than zero. 
Proposition 3. If for a subgroup G of a group GL (n) there is 


an analytic diffeomorphism f: V—> V which satisfies the 
conditions of Proposition 2, then the vector space í (G) corre- 
sponding to that group coincides with the vector space G* specified 
in Proposition 2. 

Proof. (cf. the proof of Proposition 1). Let t +> et4 be an 
arbitrary one-parameter subgroup of a group G and let e >0 
be a number such that for | t |< e the matrix e'A belongs 


to V. Then &4 EGN V and hence f (e?4) €G# v. 





tA 
Therefore ie € GĦ and, in particular, 
dj (et) tt 
dt ee ; 


But according to formula (22) of Lecture 2 


df (et^) 
dt t=0 





= f' (eA) Aeta | aA, 
since 
f @) = a + 2a, (2 — 1)+ ... + ma, (z — 1t +... 


and hence f’ (E) = aE. Consequently, a,A € GĦ and there- 
fore A € GĦ, for under the hypothesis a, =Æ 0. 

This proves that 1(G)c GĦ. Therefore 1 (G) = GĦ, 
since these vector spaces are of the same dimension. O 


To construct the diffeomorphism f in explicit form, we 
consider the matrix series 


In A=(4—E)— -54 — E+... 4 2" AB". 


which converges when || A — E || < 1 (where || || is a matrix 
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multiplicative norm, say the norm || A || = n-max a;;). 
i,j 


A trivial calculation repeating the familiar calculation 
for number series shows that e!” 4 = A when || A — E || < 
4 (i.e. when the matrix ln A is defined). 

It is interesting that on the contrary the equation In e4 = 
A may fail to hold even when the matrix In e4 is defined 
(in the sense that for the matrix B = e4 the series In B 
converges). Indeed, if 


0 —8O 
4=(; 0) 
then a straightforward calculation shows that 
cosð —sin@ 
~ (a 0 cos a) 
and therefore for 8 = 2n we get e4 = E. Consequently the 
matrix ln e4 is defined and equals zero, not A. 


A similar statement is also valid for complex numbers. 
For example, if e271 = 1, then ln e2™i = 0. The proof is 


Comet ERY Qa Cate ee a ee Cee o CU ee ey Cue? Glee a Oe ee oo a a SS CS eee tenes mmm QD 


—— ee em me rs ee ce ee ee ee ets cet es eee ee TD 





clear. The condition | — 1 |< 1 defines in the plane of 
the complex variable z = z 4- iy a countable system of 
regions resulting from one another by 2mi shifting, and 
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within |y |< 5 , the corresponding region is bounded by 


the curve e~= 2 cos y (see the figure). On the other hand, 
a formal transformation of the series ln e into the series z 
is meaningful, like any transformation of series, only in 
the corresponding circle of convergence, which in the given 
case is the maximal circle with centre at z, = 0 and con- 
tained in the region under consideration. Since the radius of 
that circle is equal to In 2, we can be sure that In ¢ = z 
only if | z |< ln 2. 

It is now clear that the same formal transformations will 
do for the series ln e4 as well and consequently the equation 
Ine4 = A obviously holds for || A || < ln 2. 

This proves that the mapping In: A— In A realizes a diffeo- 


morphism of some neighbourhood V of the identity matrix 


in the group GL (n) onto a certain neighbourhood V of the 
zero matrix in the vector space R (n) (with the inverse 
diffeomorphism exp: A +> e4). 

We shall say that a subgroup G € GL (n) possesses an Ìn- 
image if there is a vector subspace G4 in R (n) such that 


In (GN V) =G>Q) Ý. 


By Proposition 2 such a subgroup is a matrix Lie group and 
by Proposition 3 the vector space Gb coincides with the 
vector space g = Í (G). 

Unlike the Cayley construction, this construction allows 
us to prove at once that the groups SL (n) and SU (n) of 
unimodular matrices are matrix Lie groups. Indeed, it is 
known that det e4 = eT" 4, where Tr A is ;the trace of the 
matrix A (the sum of its diagonal elements). Therefore the 
condition that the matrix e4 be unimodular is equivalent 
to the linear condition Tr A = Q0 on the matrix A. O 


(It is easy to see that it suffices to prove the equation 
det e4 = eT" A only for matrices having a Jordan or at least 
triangular form. But for such a matrix A the matrix e4 
is also triangular, and its diagonal elements are of the 
form e% , ..., een, where a,, ..., an are diagonal elements 


of the matrix A. Therefore det e4 = e% .,..ean = 
eat. -edneTr A.) 
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But the main advantage of the In-construction over the 
Cayley construction is that it is universal. 

Proposition 4. Every matrix Lie group G possesses an 
In-image. 

Proof. According to the foregoing the only candidate for 
the role of the vector space Gb is the vector space { (G). 
We show that it indeed has the necessary property. 


Suppose as before that V and V are neighbourhoods (of 
the identity and zero matrices, respectively) such that the 


function A +> In A defines a diffeomorphism In: V— y 
with the inverse diffeomorphism exp: V— V. Then for any 


matrix A E I (©) NAN V there is an inclusion eå EGN V 
(as e'4 €G for any t). Since ln eA = A, this proves that 


(GA) Vcl (GNA V). 


Conversely, let B EGAN V. Then a matrix A =nBEV 
is defined. Consider on GL (n) the corresponding left-invari- 
ant vector field Y: P —> PA. The restriction X =Y |, 
of the field Y to G is obviously a smooth left-invariant vector 
field on G (an element of the vector space I (G)) which is 
-connected with the field Y, where 1: G— GL (n) is an 
embedding. According to Proposition 4, Lecture 2, this 
means that { (1) X =Y. Consequently, by virtue of our gener- 
al identifications the field X is identified with the matrix A. 


Hence A €{(G). This proves that In (GN V)c{@n V. 


Thus In (GN V) =1(G)N V, which proves  Proposi- 
lion 4. O 

So a matrix group is a Lie group if and only if it possesses 
an \n-image. The passage to an In-image may be said to 
linearize the group, which substantially simplifies its study. 
Since the space { (G) (coinciding for matrix groups with the 
In-image) is defined for any Lie groups, it is natural to expect 
that the Lie functor 1: G-+»>{(G) plays in the theory of 
arbitrary Lie groups a role similar to that of the functor 
In in the theory of matrix Lie groups. It turns out to be 
really the case, and this fact is the basis of the entire Lie 
group theory. It is on the whole to the discussion of all these 
questions that our course will be devoted. 
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Definition 2. An algebra g is said to be a Lie algebra, if 
multiplication is anticommutative in it, i.e. 


xy = — yx 
for any elements z, y € g and in addition for any elements 
x, Y, 2€y we have 


(1) (xy) 2 + (yz) x + (zx) y = 0, 
the so-called Jacobi identity. 

It is customary to denote Lie algebras by small Gothic 
letters. 

For any element a of a Lie algebra g the mappings L, 
and R, differ only in sign (La = — Ra). For Lie algebras 
it is customary to denote the mapping L, by ad a. 

Just as associative algebras, all Lie algebras form a com- 
plete subcategory of the category ALG. 

We shall denote this subcategory by ALG-LIE. 

Of particular importance to us will be finite-dimensional 
Lie algebras over the field R. They form a category we 
shall denote by ALG,-LIE. 

Notice that every subalgebra of a Lie algebra is itself 
a Lie algebra. 


A wealth of examples of Lie algebras can be obtained using 
the following general construction. 

Let Æ be an associative algebra. 

For any two elements z, y, € Æ we define their commuta- 
tor [x, y] (also called their Lie bracket) by the formula 


[z, y] = zy — yz. 
It is clear that [z, y] = — ly, x]. In addition 
(fz, yl, 2} + Ily, z] zl + Iiz, zl, yl 
= (zy — yx) z — z (zy — yx) + (yz — zy)x — xlyz—zy) 

+ (zx — xz) y — y (24 — zxz) = 0 
for any z, y, 2 € A. This means that relative to the operation 
x, y+» [z, y] (which is obviously linear in both arguments) 
the vector space Æ is a Lie algebra. That algebra 
will be called a commutator Lie algebra of the associative 
algebra 4 and denoted by [4]. 


Since any homomorphism of associative algebras is obvi- 
ously a homomorphism of the corresponding commutator 
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algebras, the correspondence Æ > [4] is some functor from 
the category ALG-ASS into the category ALG-LIE. 

It is also often convenient to denote by [z, y] a product 
in an arbitrary Lie algebra (which is not generally speaking 
a commutator Lie algebra of any associative algebra). 

In this notation, the mapping ad a:g—g for any 
Lie algebra g will be defined by the formula 


(ad a) x = [a, z], a, x E g. 


An example of a commutator Lie algebra is the commu- 
tator Lie algebra [End %] of the associative algebra End 7° 
of all endomorphisms (linear operators) of a vector space F°. 
When 7 is an algebra itself (not necessarily associative), 
the algebra [End 7] has the vector subspace D (7) of all 
differentiations of the algebra Y i.e. of linear mappings 
D: —PF such that 


D (ay) = Dr-y + x Dy 


for any elements z, y E7. A straightforward calculation 
shows that for any Dı, Da E D (F`) the commutator [D,, 
D,) = D\D,— D,D, belongs to D (7), i.e. that the vector 
space D(F) is a subalgebra of the Lie algebra [End 7). 
For any algebra F the vector space D (F`) is thus a Lie algebra 
relative to the operation D,, D= D,D — D,D. 

Suppose now that g is an arbitrary Lie algebra (in which 
multiplication is denoted by [z, y]). 

The Jacobi identity (4) can be rewritten using anticom- 
mutativity in any of the following two forms: 


[a, Iz, yl] = Ila, z,], y] + Iz Ia, yll, a, x, y Eg, 

[[a, b], x] = la, [b, x]] =] [b, [a, zl], a, b, z € $. 
The first of the identities is equivalent to the statement that 
for any element a €g the mapping 

(ad a) x = la, zx], xEG, 

is a differentiation of a Lie algebra g and the second to the 
Statement that the resulting mapping a-»ad a of g into 
D (g) is a homomorphism. 


. Differentiations of the form ad a are called interior differen- 
tiations of the Lie algebra g. We thus see that the collection 


62 Semester V 


ad g of all interior differentiations of a Lie algebra g is 
a Lie algebra) which is a homomorphic image of the algebra g. 


In the theory of smooth manifolds Lie algebras (over the 
field R) arise as algebras of vector fields. 

Let M be a smooth manifold and let a (M) be a vector 
space of vector fields over M. Recall that every field X € 
a (M) may be considered as a differentiation on M (a linear 
differential operator), i.e. as some rule associating with every 
open set UC M a differentiation Xy on the algebra F (U) 
of smooth functions on U and having the property that 
for any open set Vc U and any function f € F (U) we have 
Xv (fly) = (Xuf) Iy. Therefore for any two fields X, Y € 
a (M) and any open set UC M a differentiation (Xy, 
Y yl of the algebra F (U) is defined. Since, as can he easily 
seen, for every open set Vc U and any function f € F (U) 


[Xy, Y y) (f lv) = ([X y, Y yl f) lv 


differentiations [Xy, Yy] make up some vector field. 

Definition 3. A vector field on M, which associates the 
differentiation [X y, Yy] of the algebra F (U) with every 
open set UC M, is called the Lie bracket of fields X, Y and 
denoted by [X, Y]. Thus by definition 


[X, Ylv = [Xp, Yul. 


It is obvious that a vector space a(M) is a Lie algebra 
relative to the operation X, Y —> [XY]. That algebra is called 
the Lie algebra of vector fields on a manifold M. In general 
that algebra is infinite-dimensional. 

A straightforward calculation shows that in every chart 
(U, x1, ..., 2") the components [X, Y}, i=1,..., n, of 
the field [X, Y] are expressed in terms of the components X’ 
and Yt, i = 1, ... n, of the fields X and Y by the formula 


ox? 
@xj ? 





l, Tmn covey M. 


io yi Y' _ yi 
G errex- =r 
Indeed 
[X, Y =[X, Y] =X (Yt) —Y (Xz) 
(yay (xe e ayan 


Oxd Ox) 
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It is as easy to show that if for some smooth mapping ®: M—> 
—> N the fields X and Y on the manifold M are -connected 
respectively with the fields X’ and Y’ on the manifold N, then 
the field [X, Y] is also M-connected with the field [X’, Y’]. 
Indeed, the @M-connectedness of X, Y and X’, Y’ implies 
that for any function f (defined and smooth in some open 
subset of the manifold N) 


X (fo@) = X'foM and Y (fo Ò) = Y'f o Ọ 
But then 
[X, Y] f°- ®) = X (Y (fo@)) — Y (X (fo ®)) 
= X (Y'fo®) — Y (X'f o Ð) 
= X’ (Y'f)o © — Y’ (X'f)o® 
= [X’, Y’) fo® 


and hence the fields |X, Y] [X’, Y’] are also M-connected. Q 
In particular, we see that for any diffeomorphism ®: M —> 
N 


where X and Y are arbitrary vector fields on N. 

For left-invariant vector fields on a Lie group G it imme- 
diately follows that the Lie bracket |X, Y) of two left-invari- 
ant vector fields X and Y is also a left-invariant vector field. 
This means that a vector space g = | (G) of left-invariant 
vector fields is a subalgebra of the Lie algebra a (G) of all 
fields and is therefore a Lie algebra itself. 

Definition 4. A Lie algebra g = I(G) over the field R 
is called a Lie algebra of a Lie group G. 

Note that we have constructed the Lie bracket [X, Y] on 
the vector space { (G) using the first interpretation of this 
space. No straightforward construction of this bracket within 
the framework of the second interpretation (( (G) = Te (G)) 
exists. How to construct the Lie bracket using the third 
interpretation (i.e. with elements of the space { (G) inter- 
preted as one-parameter subgroups) will be shown later. 

As we know, any homomorphism D: G— H of Lie groups 
induces some linear mapping { (M):{(G)—1(A), with 
the field {(M)X €1(H) being ©-connected, for any 


64 Semester V 


field X €1 (G), with the field X. This mapping therefore is 
a homomorphism of Lie algebras. 

Thus the Lie functor {: GR-DIFF— LIN, (R) is in 
fact a functor 


: GR-DIFF— ALG,-LIE 


from the category of Lie groups into the category ALG,-LIE 
of finite-dimensional Lie algebras over the field R (more 
precisely the functor GR-DIFF— LIN; (R) is a composi- 
tion of the functor GR-DIFF —> ALG;-LIE and the forgetful 
functor ALG,-LIE — LIN, (R).). 


We calculate the Lie bracket for matrix Lie groups. Since 
for any matrix Lie group G the algebra { (G) is obviously 
a subalgebra of the algebra í (GL (n) = g1 (n), it suffices 
to calculate the bracket only in the algebra gi (n). 

We perform calculation at once for a group of the form 
G (4), where 4 is a finite-dimensional associative algebra. 

As was established in Lecture 2, the vector space { (G) 
for the group G = G (4) is naturally identified with the 
vector space Æ. Moreover, in this identification the left- 
invariant vector field on G (4) corresponds to the element 
x€A, the field being in the form x+>za, x€G(A), 
which is considered as a mapping G(4) = A. 

Let e,,..., €n be a basis of an algebra 4 and let just as 
in Lecture 2 


k a 
€;€; = Cijêhks ba Jy ke = Nye we ee 


where ci; € R. The coordinates z', ..., x” of the elements 
of the algebra 4 relative to the basis e}, ..., en are local 


coordinates at any point x €G (4), with the basis (=) ect 


Ox1 


( an). of the tangent space Tẹ (G (4)) corresponding to 
the basis e,,..., e, under identification Ty (G (4)) = A. 
Hence, with vector fields on G (4) identified with the 


mappings G(4)—> 4, the vector field X = X’ as 


TA has 


the corresponding mapping x >Xte;. 
Since za = cjpztaře; for x = x’e;,a = a*e,, it follows 
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that in the basis EA 4 


ĝl? °° ** ayn 
field X: 2.» za corresponding to the element a € Æ has 
the coordinates 


the left-invariant vector 


Xi = chara". 
For any left-invariant vector fields X and Y on G (4), 
therefore, the coordinates [X, Y]? of their Lie bracket will 
be expressed by the formula 


1 yn OY! p OX! 
[X, Y'=X oe —Y Ack 





hk . . R š . 
= Cita cl mb” —cj;x'b’- cina” 
l k ij l Rk ap; 
= Chm (cjjv'a’) b™ — Chm (€4;2'0’) a™, 


where a and b are the elements of corresponding to the 
fields X and Y. But this formula implies that the numbers 
[X, Y]? are the coordinates of a point za-b — xb-a = 
x (ab — ba) and that hence the field [X, ,Y] has the corre- 
sponding element ab — ba = [a, bl. This proves that by 
virtue of identification 1(G (4)) = Æ the commutator Lie 
algebra [A] of the associative algebra 4 is a Lie algebra of 
a Lie group G (A4). 

In particular, a Lie algebra gi (n) of the Lie group GL (n) 
is the commutator algebra [R (n)] of the matrix algebra R(n). 

But for an arbitrary matrix group G the Lie algebra 
{ (G) is the corresponding subalgebra of the Lie algebra 
[R (n)] = gf (n). 

Our further aim is to study in detail the Lie functor { 
and, in particular, to find out to what extent and how this 
functor can be inverted, i.e. to what extent a Lie group G can 
be reconstructed from its Lie algebra g = | (G). 

It has already been noticed in the preceding lecture that 
t (G) = { (Ge), where Ge is a component of the identity 
of a group G. In stricter terms that equation states that the 
homomorphism of embedding G,—G induces an isomor- 
phism { (Ge) ~ 1 (G) of vector spaces. But since a homomor- 
phism of Lie groups induces a homomorphism of Lie algebras 
the isomorphism í (Ge) ~ 1 (G) is an isomorphism of Lie 
algebras as well. In other words, the equation { (Ge) = 1 (G) 
holds for Lie algebras. 
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It is expedient therefore to pose the question of inverti- 
bility of the functor 1: GR-DIFF— ALG;-LIE only for 
connected Lie groups. 

A complete subcategory of GR-DIFF generated by cor- 
nected Lie groups will be denoted by GR,-DIFF. The restric- 
tion of the Lie functor to that subcategory will also be 
called a Lie functor. According to the foregoing there is 
a commutative diagram of functors 


GR - DIFF 
ALG, -LIE 


GR, DIFF 


where the right-inclined arrows are Lie functors and the 
left vertical arrow is the functor of the “component of the 
identity” which associates the identity component with every 
Lie group. That diagram is a formal representation of the 
equation {(Ge) = 1(G) in functor terms. 

Will a Lie functor be invertible on the category GR,-DIFF 
i.e. more precisely, will groups with isomorphic Lie algebras 
be isomorphic? The answer turns out to be no. 

Consider, for example, an additive group R of real num- 
bers and a multiplicative group Șt of complex numbers 
equal to unity in absolute value. Both groups have a one- 
dimensional Liealgebra. But by virtue of anticommutativi- 
ty multiplication in any one-dimensional Lie algebra (over 
the field R) is trivial (the product of any two elements is 
zero). Hence Lie algebras of the groups R and §' are iso- 
morphic, whereas the groups themselves are not (one of them 
is compact and the other is not). 

The reason why Lie algebras in that example coincide 
is clear: the groups R and S' are locally (in the neighbour- 
hood of the identity) “constructed identically”. 

This suggests that the relation of “local isomorphism” 
should be introduced for connected Lie groups, assuming 
groups Gand H to be locally isomorphic if some neighbourhood 
U of the identity of G can be diffeomorphically mapped 
onto some neighbourhood V of the identity of H so that the 
product zy of any two elements x and y from U should turn 
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into the product zy of the corresponding elements x, and y 
if zy belongs to U. It is obvious that Lie algebras of two local- 
ly isomorphic Lie groups are isomorphic and it may be hoped 
(at least the above example does not contradict this) that 
conversely Lie groups with isomorphic Lie algebras are locally 
isomorphic. It turns out that this is indeed the case. A major 
aim of this book will be to prove this basic fact. We proceed 
to prove this in the next lecture but the proof will be finally 
concluded only in Lecture 9. 


However, the notion of local isomorphism of “global” 
Lie groups does not seem very convenient from a general 
methodological stand. Experience in constructing mathe- 
matical theories suggests that such a mixture of global_and 
local aspects should lead to awkward formulations, and 
unjustified complications of proofs. We must always try 
from the outset to separate clearly local from global ques- 
tions. 

For a particular case of Lie groups these general consider- 
ations justify introducing a new mathematical concept of 
a local Lie group which is a formalization of a neighbourhood 
of the identity in a Lie group together with the multi- 
plication available in that neighbourhood. 

Definition 5. A smooth manifold G is said to be a local 
Lie group if: 

(i) some element e called the identity element (or identity) 
is singled out in it; 

(ii) the neighbourhood UC G x G of the element (e, e) 
and the neighbourhood Uc G of e are singled out; 

(iii) a smooth mapping 


(3) U—»G 
called multiplication and a smooth mapping 
(4) U —> G 


called the operation of taking the inverse element are given; 
the image of a point (x, y) € U under mapping (3) is denoted 
w £Y and the image of a point z € U, under mapping (4) 

Y s 

(iv) e~l = ê, 

(v) if (x, e) € U, then ze = zx; if (e, x) € U, then ex = z; 
52 
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; (vi) if (z, y) E€ U, (y, z) € U, (zy, z) € U and (z, yz) € U, 
en 
(xy) 2 = x (y2); 
(vii) if (x, y) € U, y € U, and (zy, y~!) € U, then 


(xy)y-* = J, 
and similarly if (x, y) € U, x € U, and (x-!, zy) € U, then 
z (xy) = y. 


In short, G is a local Lie group if for two elements z and y 
close enough to the identity e the product zy and an inverse 
element z~! smoothly dependent on x, y are defined, with 
all group axioms holding each time whenever the objects 
participating in those axioms are defined. 

A guideline example of a local Lie group is an arbitrary 
neighbourhood of the identity in an arbitrary Lie group. 

In spite of the fact that Definition 5 is apparently natural 
it is really unsatisfactory, for it does not reflect all the 
aspects of the intuitive notion we mean to formalize. 
Indeed, it is natural to assume that the two distinct neigh- 
bourhoods of identity in a given Lie group lead to the same 
local Lie group, whereas by Definition 5 these local groups 
will be distinct. 

To put the matter straight, we notice that any open set H 
of a local Lie group G that contains the identity e is straight- 
forwardly a local Lie group. Every such a local group is 
called a part of the local group G. Two local Lie groups are 
said to be equivalent if some of their parts coincide. The 
class of equivalent local Lie groups is called a germ of local 
Lie groups (cf. the definition of germs of smooth functions 
in the theory of smooth manifolds.) 

Germs of local Lie groups are precisely an adequate 
formalization of the intuitive notion of a Lie group consid- 
ered locally. A consistent use of germs, however, makes the 
presentation cumbersome. In practice a simpler manner of 
presentation (that we shall also follow) has been developed 
when, while speaking of local Lie groups, we in fact tacitly 
imply their germs. The passages to equivalent local groups 
required in the course of the discussion are either not men- 
tioned at all or referred to only in some most “acute” cases. 
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It is strongly recommended that the reader should himself 
convert all further discussions to a stricter presentation, 
clearly distinguishing local Lie groups and their germs. 


Definition 6. A homomorphism of a local Lie group G 
into a local Lie group H is a smooth mapping ® of some 
neighbourhood V of the identity of G into H such that 


P (cy) = Pr. Dy 


whenever the elements ® (zy) and Mz-@y are defined. If G, 
and H, are parts of G and H and if ® (V N G,)c H, then ® 
defines some homomorphism of the local Lie group G, into 
the local Lie group H,, which is called a part of the homomor- 
phism ©. Two homomorphisms are said to be equivalent 
if they have a part in common. The class of equivalent 
homomorphisms is called a germ of homomorphisms (or 
a homomorphism of the germs). 

All the local Lie groups and their homomorphisms (more 
precisely the germs of local Lie groups and their homomor- 
phisms) naturally form a certain category which will be 
denoted by GR-LOC. 

The operation of the passage to an arbitrary neighbour- 
hood of the identity obviously defines some functor 


GR-DIFF— GR-LOC 


(and also the functor GR,-DIFF— GR-LOC) from the cate- 
gory GR-DIFF of all Lie groups (from the category GR,-DIFF 
of all connected Lie groups) into the category GR-LOC of 
local Lie groups. That functor will be called a localization 
functor. The image of a Lie group G under the localization 
functor will sometimes be denoted by Gyo. 

_ Lie groups are locally isomorphic if their localizations are 
isomorphic (as objects of the category GR-LOC). 

The left-invariant vector fields and their Lie brackets are 
defined for local Lie groups in an obvious way. The collec- 
tion { (G) of all left-invariant vector fields on a local Lie 
group G is a Lie algebra called the Lie algebra of a local 
Lie group G. Just as for Lie groups, elements of the Lie alge- 
bra { (G) are identified in a natural way with tangent vectors 
A€T.(G) and with one-parameter subgroups (or rather 
with one-parameter local subgroups, but this term is uncom- 
mon) of the local group G. 
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The resulting functor 
t: GR-LOC— ALG,-LIE 
will also be called a Lie functor. 


Together with the Lie functors introduced above this 
functor enters the commutative diagram 


4 
GR- DIFF 





3 








GR, DIFF GR-LOC ALG,-LIE 


in which the left vertical arrow represents the functor which 
associates the identity component with an arbitrary Lie 
group, arrows J and 2 represent localization functors and 
arrows 3, 4 and 5 Lie functors. 

We see that the functor GR-DIFF— ALG,-LIE which is 
of primary interest to us breaks down into a composition of 
three functors: a functor GR-DIFF— GR,-DIFF, a local- 
ization functor GR,-DIFF— GR-LOC and a Lie functor 
GR-LOC— ALG,-LIE for local Lie groups. Thus the study 
of the functor GR-DIFF— ALG,-LIE reduces to the study 
of these three functors. The study of each of them requires 
peculiar methods and is virtually totally independent of the 
study of the others. Thus we have completely achieved our 
goal of separating local and global aspects. The local part 
of the problem is concentrated in the functor GR-LOC— 
ALG,-LIE and the global part in the functors GR- 
DIFF— GR,-DIFF and GR,-DIFF— GR-LOC. 

The functor GR-DIFF— GR,-DIFF we have already 
considered in Lecture 1. As was proved there, any Lie 
group G is an extension of its component of the identity 
H = Ge by means of a discrete group. Conversely, every 
extension G of a connected Lie group H by means of a dis- 
crete group is obviously a Lie group with G, = H. In a first 
approximation this is sufficient to satisfactorily describe the 
functor GR-DIFF— GR,-DIFF. The functor GR,-DIFF — 
GR-LOC will be described in Lecture 10 and now we turn 
to the functor {: GR-LOC— ALG,-LIE. 
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The exponent of a linear differential operator: A formula for 
the values of smooth functions in the normal neighbourhood of 
the identity of a Lie group: A formula for the values of smooth 
functions on the product of two elements: The Campbell-Haus- 
dorff seriesand Dynkin polynomials: The convergence of a Camp- 
bell-Hausdorff series: The reconstruction of a local Lie group 
from its Lie algebra-Operations in the Lie algebra of a Lie 
group and one-parameter subgroups: Differentials of internal 
automorphisms. The differential of an exponential mapping: Ca- 
nonical coordinates: The uniqueness of the structure of a Lie 
group:Groups without small subgroups and Hilbert’s fifth 
problem 


Let M be any smooth manifold. In contrast to the foregoing 
we now assume that M is an analytic (class C®) manifold. 
Since every vector field X on M may be regarded as a linear 
differential operator acting on smooth functions, by analogy 
with the matrix case we may consider a linear operator 


? 


(1) eka B+X$S4... $2 t..e 


Xn: 
nl 


i Me 


0 


where Æ is the identity operator and X” designates an 
n-fold iteration of an operator X. 

Of course, at this point we must define what is to be 
understood by the sum of an infinite series (1). In principle, 
to this end it is necessary to introduce into the space O(M) 
a topology (say given by some norm). For simplicity, how- 
ever, we prefer a roundabout way here and will treat the 
convergence of series (4) in a “weak” sense. Namely, we define 
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the result e*f of applying the operator e* to a function 
fE€O(M) by the formula 


(2) etf= f4+xf4+- SL 





=> 2 

—_ nt ’ 

n=0 

where X"f = X (X"-'f), and assume that this operator 
applies only to such functions for which series (2) (now 
a functional one) has a nonempty domain of convergence 
(which is taken to be the domain of the function e*f). 

The operator e* will no longer be a differential operator. 
Namely, as shown later, it is generally induced by some 
diffeomorphism ©: M —> M, i.e. is of the form f +> fo@®. 
This only requires that integral curves t —> @, (t) of the 
field X should be “long enough”, viz. they should 
be defined for | |< 1, and that the domain W (f) of the 
function f should be “large enough”, viz. that there should be 
points a E€ W (f) such that pa H EW (f) for |t|< 1. 
Then the function e* f will be defined for all such points a 
and expressed by the formula 


(3) (eXf) (a) = f (Pa (1)). 
Indeed, consider a function 
F (t) = f (Qa (@)). 


Under the hypothesis, the function is defined and analytic 
for |t |< 1. It therefore can be expanded into a Taylor 
series 


<1 FCP) (0) n 
F(t)= >) — Oe, 
n=0 


convergent for | ¢ |< 1. On the other hand, since the curve 
t +> Ọa (t) is an integral curve of the field X, we have 


' af (Pa dPa 
F' (t) = Ha W) Fa) f Xo enf = (XP) (Pa (8). 
This means that the function F’ (t) serves as the function 


F (t) for the function Xf, from which an obvious induction 
yields that the function F™ (t) serves as the function F (t) 
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for the function X”f, i.e. that 
FO) (t) = (X"f) (Pa (t)). 


Therefore 
FO) (0) = (Xf) (Pa (0)) = (XP) (a), 


and hence 


n 
n=0 n=0 


F(t) = SEO r= D EP a = (exf) (a). 


To complete the proof it remains to put t = 1.0 


We shall apply the general formula (3) to left-invariant 
vector fields X on an analytic (or local) Lie group G and to 
functions f defined and analytic in some neighbourhood of 
the identity e of the group G. We take the identity e to be 
the point a. On denoting the point Pe (1) by exp X we 
rewrite (3) as follows for this case: 


(4) f (exp X) = (e*f) (e). 


[t is in this form that (3) will be used. 

The corresponding one-parameter subgroup t — $ (t) is the 
integral curve £t— 9, (t) for a left-invariant vector field X. 
Therefore exp X = P (1), and formula (4) holds for any 
functions f whose domain contains a segment t +> P (t), 
iż |< 1 of that subgroup. 

By definition exp is a mapping of a vector space g = 
= { (G) into the group G such that exp 0 = e. It obviously 
has the property of naturalness, i.e. for any homomorphism 


Ð : G— H of Lie groups there exists a commutative dia- 
gram 


1(¢)—2 yc) 


exp 
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It follows immediately from the theorem on the smooth 
dependence of solutions of differential equations on the 
initial data that the mapping exp: {(G)—G is smooth. 

Statement A. The mapping 


exp: {(G)>G 
is a diffeomorphism at the point 0. 
We prove this statement later on. 


Definition 1. A neighbourhood Ọ of the null vector 0 € g 
is said to be normal if: 

(a) it has the property of being starlike, i.e. along with 
some vector X it contains all vectors of the form tX for 
Itis 1; 


(b) the mapping exp transforms U diffeomorphically onto 
some neighbourhood U of the identity of the group G. 

The neighbourhood U will also be called a normal neigh- 
bourhood. 

According to Statement A there are arbitrarily small (con- 
tained in any preassigned neighbourhood) normal neighbour- 
hoods (both of the vector O€g and the identity e € G). 

By construction exp X = f (1), where ĝ isa one-parameter 
subgroup which is an integral curve of the field X. But it is 
clear that for a field aX, where a € R, the curve t— B (at) 
is the integral curve which of course is also a one-parameter 
subgroup. It follows that exp (aX) = 6 (a) or, with a de- 


noted by #, that 
exp (tX) = B (2). 


This formula implies that B: t— exp (tX), i.e. that one- 
parameter subgroups B of the group G are the images of the 
line segments t —> tX when the exponent is mapped. 

It follows from condition (a) of Definition 1 that the 
condition on the domain of a function f, which is necessary 
(and sufficient) for formula (4) to be valid, is satisfied 
a fortiori if this domain is some normal neighbourhood U 
of the point e. Since any point in U is of the form exp X, 
where X € U, formula (4) defines the function f on the entire 
neighbourhood U. 

With this in mind, we apply (4) to calculate the values 
f (ab) of f on the product ab of two elements a = exp X and 
b = exp Y (assuming that ab E U). 
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For a given element a € U the formula f, (b) = Í (ab) 
defines (on some neighbourhood of the point e, contained 
in U which we may assume normal) a smooth function fa. 
By (4) if b = exp Y, then fa (b) = (eY fa) (e). 

On the other hand, since f, is nothing but a composition 
fo La of a left shift La: b —> ab and the function f, by 
virtue of left invariance of the apn Y a formula 


Yfa = Yf o La = (Yf)a 
holds. But then Y"/, = mi i” any n > 0 and therefore 
eYf, = (e¥ fa. 

Consequently, if a = exp X, then (we again apply for- 
mula (4)) 

fa (b) = (e¥fa) (e) = (eYf) (a) = (e%e¥f)(e). 
Since fa (b) = f (exp X-exp Y) this proves that 
(9) f (exp X-exp Y) = (e*e¥f)(e) 
for any X and Y in the corresponding normal neighbourhood 
of the zero of an algebra g. 


By definition (we neglect the question of convergence for 
the present) 


eXeY — I <x? (> a Y1) = >} -ir XY’. 
p=0 q=0 P, q=0 


On substituting this series in the a series 
InzZ=(Z- 5) -%5 4. = -3 (oO (ZB), 


we obtain (considering that the operators X and Y do not 
in general commute) a formal series 


co 
=i 5 x?y? k 
( plal ) 
k=1 P, g=0 
pitq>0 


ln (eXe¥) = 





-1 5 xPiy71 ,.. KPky’k 
Pi! gy! ... Prl ga! ’ 
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where in the internal sum the summation is taken over all 


possible collections (p,, ..., Drs qi -- +> Qn) of integral non- 
negative numbers subject to the conditions 

(6) Pı ta >0, +, Pr + qn >O. 

On putting 


n 
— A \k~1 q Pp @ 
(7) al y) = Dy OO att 
k=i pı! qı! e.. Pr! qr! 


where in the internal sum along with condition (6) the ex- 
ponents Pj, ..-+; Phs Qis +++) Gy Satisfy the condition 


(8) Ppt... t+Prtat.-.. +a, =e, 


we rewrite the series In (eXe¥) as follows: 
(9) In (eXeY) = >) z,(X, Y). 
n=1 


This formal series is called a Campbell-Hausdorff series. 

From an algebraic standpoint, z, (x, y) is nothing but a 
polynomial in noncommuting, in general, variables x and 
y. We discuss this kind of polynomials in greater detail 
therefore. 

Let x and y be some symbols and let K be any field. The 
ordinary polynomials in x and y over the field K are ob- 
tained from z, y and elements of K by applying the operations 
of addition and multiplication any number of times. Con- 
structed in asimilar way are also noncommutative polyno- 
mials in x and y over K, the only difference being in that 
their multiplication is not assumed to be commutative (but as 
before kf = fk for any polynomial f and any number k € K). 
They all form a unital algebra which will be denoted by 
K (x, y). (A more formal definition of that algebra will 
be given in the next lecture.) 

In the commutator algebra [K (z, y)] of the algebra 
K (z, y) Lie polynomials in x and y obtained from z and y 
by addition, multiplication by the elements of the field K 
and by the Lie operation a, b —> l[a, b] = ab — ba are de- 
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fined in a natural way. It is clear that they make up a subal- 
gebra of the Lie algebra [K (x, y)] which contains the ele- 
ments z, y and is contained in any other such subalgebra 
(i.e., to put it in general algebraic terms, generated by the 
oe zx and y). We shall denote that subalgebra by 
t (x, y). 

Every Lie polynomial u € ïz, y) is at the same time 
a polynomial in K (z, y) (it is sufficient to remove all 
Lie brackets by the rule la, b] = ab — ba). In this capa- 
city we shall denote the polynomial u by w. Formally, the 
mapping 


t (z, y) > K (x, y), U > tu, 


is defined to be a linear mapping having the property that 
ula, b] = ta. ıb — ıb- 1a for any elements a, bE 1 (z, y). 
It is injective by definition. 

If the field K has characteristic 0, then formula (7) de- 
fines some element Z, (z, y) in K (a, y). 
PR a B. There is a Lie polynomial Jn (x, y) such 
that 


Ldn (x, y) = Zn (z, y). 


Here the symbol ,§ reads “deh” (it is a form of the Arabic 
letter “dal’”). 

We prove B later on. 

Examples. 

Let n = 1. It is obvious that 


4 (£, y)=2+y, 
and therefore 


vı (1, y =xr+y 


(so that the Lie bracket is not involved in the construction 
of the polynomial 3 (z, y)). 

Let n = 2. For k = 1 the internal sum in formula (7) 
contains three terms !/,z°, zy and 1/,4°, and for k = 2 it 
contains four terms x’, zy, yx and y*. Hence 


4 4 
Za (£, yY) =>- ty — -7 Yt, 
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and therefore 
1 

w (7, y) => Iz, yl. 

Similarly it can be checked that 
1 4 1 

Z3 (£, y) = Fy VY + Gg YP + ay ty? 
1 1 1 
as: yx — -5 Ly — = yry. 


Here one can no longer see directly what sort of polynomial 
is J; (z, y) (and in general whether it exists). After some 
tests, however, one can see that 


Os (2, y) =- lz, lz, M+ ly, Ly, all. 


With increasing n calculations become more and more 
complicated. Nevertheless it turns out to be possible to 
give for polynomials Ð, (z, y) an explicit formula similar 
to formula (7) for the polynomial z, (x, y). E. B. Dynkin was 
the first to indicate this formula. Therefore we call §,, (x, n) 
Dynkin polynomials. 

Notice that n (z, n) is a homogeneous polynomial of de- 
gree n in x and y, i.e. 


dr (tx, ty) = t Dn (x, y) 
for any t. 

Since for vector fields (linear differential operators) the 
operation X, Y ++I[X, Y] is also expressed by the formu- 
la [X, Y] = XY — YX, it follows from statement B that 
for any operators X, Y € 1 (G) every operator z, (X, Y) belongs 
to the algebra ï (G). So too does the operator In (e*eY), 
if, of course, it is meaningful, i.e. if series (9) converges. 
We discuss therefore the question of convergence of that 
series or, to be more precise, the series 


(10) J. (X, Y) + De (X, Y)+... + Qn (X. Y) Peti 
composed of Lie polynomials J§, (X, Y) in X and Y. 

All terms of series (10) are in a finite-dimensional vector 
space g = í (G) and therefore its convergence could in gener- 


al be investigated by considering in g an arbitrary (for exam- 
ple, Euclidean) norm. 


Lecture 4 79 


However, the necessary estimates require rather detailed 
information about the structure of polynomials §, (z, y), 
which will be given only in the next lecture. So for the pres- 
ent we must be content with a roundabout way and return 
to series (9) the structure of whose terms is known but in 
going to which the advantage of finite-dimensionality is lost. 

In accordance with our general treatment of convergence 
of operator series we shall understand the convergence of 
series (9) in a “weak” but somewhat stronger sense than above. 
Namely, we shall assume that the operator In (e%e¥) de- 
fined by series (9) is applicable to a function f €O (G) if the 
functional series 


(144) 2, (X, Y)f + 2 (X, Y)f+...+a, (X, Yit... 


converges in the domain of that function. The sum g of the 
series will be assumed to be the result of applying In (e*e¥) 
to f. 

Thus by this definition W (g) = W (f) (whereas earlier 
W (g)— W (f)). 

Assuming that some norm || || is given in g we now show 
that there exists a number 6, > 0 such that for || X || < ôo 
and || Y || < 6, the operator ìn (eXeY) is applicable to any 
function f EO (G). Since every element of G in the domain 
of f has a coordinate neighbourhood U with a compact clo- 
sure U, which is contained in this domain, it suffices to 
prove that for any coordinate neighbourhood U with a com- 
pact closure U the operator ln (eXeY) is defined on the vector 
space F (U) of all functions smooth on U. 

To this end we notice that since the set U is compact, 


for any function f € F (U) a number 

















of of 
I fll=max ((fl, | sar] -- 5 |acrl) 
is defined, where z', ..., x” are the local coordinates in U 


(for, to be more precise, in a somewhat larger neighbourhood 
Containing the closure U of U). Of course, the number || f || 
depends on the choice of the coordinates z', ..., x, but 
this does not play any role in what follows. It can be 
Checked in an obvious way that the functional f > || f || thus 
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constructed is a norm on Z (U). Since Xf = Xt ue and 


XIS || X* || for all i, for. every field X €g with || xX |< ô 
there is an estimate 


I XF IS ô Il F IL 


It can be derived from this by an obvious induction that 
if || X || < ôand || Y || < 46, then for any exponents p,, ...; 
Pr» qis «+ +> Qr there is an estimate 


| XPa¥2 ... XPRY RF || <6" || fl, 


where n = Pi t e + Pa + G + + + gr. This means that 
series (11) is majorized (after being divided by || f ||) by the 
series ln (eXeY), with X and Y being replaced by a number ô 
and the coefficients replaced by their absolute values, i.e. 
it is majorized by the series obtained from the series 


oO _4 r 
(12) 5 
n=1 


by replacing z by 
-3 Lir 


Since (12) converges for n <1, this majorizing series 


ln 2 


will converge for Je25—1|< 14, i.e. for ô<- Si Hence 


for <2? series (11) will uniformly converge in U to 


some ai function, i.e. the operator ln (e*e¥) will be 
applicable to the function f. O 

Since series (10) differs from series (9) only in notation 
(by definition z, (X, Y) = 9, (X, Y) for any fields X, 
Y €g), this proves that for || z || < ô» || Y || < 59, where 


5 = ane series (10) converges in the same “weak” sense. 


But it is known that for the operator series whose terms belong 
to a finite-dimensional vector space the “weak” convergence 
coincides with the usual “strong” convergence. Hence for 
| X || < ô and || Y || < 5, series (10) converges (in the usual 
sense). 
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Remark 1. Regardless of the reference to the general theo- 
rem on the coincidence of “strong” and “weak” convergences, 
we can prove the convergence of series (10) by considering 
an arbitrary system of local coordinates zt, ..., x” at the 
point e of a group G. For f = zt, i = 1, ..., n, series (11) 
turns into a series made up of components z, (X, YY = 
On (X, Y) of vector fields §, (X, Y). Consequently, 
this series converges. Therefore so does the series made up of 


their values n (X, Y)i ate, i.e. of the coordinates (in the 


: ô ô ; 
basis (a), iota (sn) ,) of vectors §,, (X, Y)e). This means 
that the vector series 


(13) F (Xi, Y)e ta: (X, Y)e Tera T wn (X, Y); Poe 


converges. Let (X, Y)e be its sum and let (X, Y) bea 
left-invariant vector field assuming at e the value S (X, Y). 
For any element a € G the series 


Oi (X, Ya A(X. Yh +... + On (X, Y) +... 


made up of the values which take the terms of series (10) 
at the point e is obtained from series (13) by applying a 
linear operator dL,,, and therefore it converges to the vector 
(dLa (Q(X, Y)e) = (X. Y),. This precisely means that 
series (10) converges to Q(X, Y). 

It is proved by calculus that if a function is expanded into 
a convergent power series, then that seriesis unique. It follows 
in particular that if the series for In z is substituted into 
the series for e?, then after collecting the like terms a series z 
results. In other words, the equation e!"z=z holds not only 
for functions but also for formal series. It remains valid there- 
fore also if z is replaced in it by say a series for e*eY. 
This means that if z is replaced in the series for e? by se- 
ties (10) a series for e¥eY is obtained. Since all the series here 
converge, this proves that 


(14) eD AF) exe, 
This formula holds for any elements X, Y of the algebra í (G) 


for which || X || < ô and || Y || < 65, where 6, isa sufficient- 
ly small number (according to the above investigation any 


ôs <= will do). 


68-0450 
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We now return to formula (5). It holds for any X and Y 


in some normal neighbourhood U of zero of an algebra g = 
t (G) which have the property that exp X-exp 


Y €U = exp U. In particular, there is a 6, such that for any 
positive 6 < 6, formula (5) holds for || X || < 6 and || Y || < 
ô. Assuming, in addition, that ô < 6, formula (5) can be 
rewritten as follows: 


f (exp X-exp Y) = (e4f (e), where Z = Q(X, Y). 


Now notice that the element Z of { (G) is obviously contin- 
uously dependent on its elements X and Y, so that in par- 
ticular Z — 0 when X — 0 and Y — 0. Therefore, with a 
sufficiently small ô the field Z satisfies formula (4) by which 


(eZ f) (e) = f (exp 2). 2 


Thus if || X || < ô and || Y || < ô, where 6 > 0 is suffi- 
ciently small, then 


f (exp X-exp Y) = f (exp Z) 


for every smooth function f defined at the points exp X. 
-exp Y and exp Z. In particular, it is true when f is one of 
the coordinates z!, ..., x” at e. Thus all the coordinates 
xi, ..., x” assume equal values at exp X-exp Y and exp Z, 
which is possible only when 


exp X-exp Y = exp Z. 


To sum up, we obtain the following theorem, which was 
the main goal of all the preceding arguments. 

Theorem 1. The identity element e of an analytic (or local) 
Lie group has a neighbourhood U which possesses the following 
properties: 

(a) there is a 6 > 0 such that every point of U can be uni- 
quely represented as exp X, where X € 1 (G) and || X || < ô; 

(b) for any two points exp X and exp Y of U in { (G) there 
exists an element Z such that 


(15) exp X -exp Y = exp Z; 


(c) that element Z is the sum (X, Y) of series (10) whose 
terms are Dynkin polynomials §, (X, Y) in X and Y. O 

The theorem implies that a (local) Lie group G has a part 
in which multiplication is uniquely reconstructed (by for- 
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mula (15)) from the Lie algebra { (G). Consequently, two 
(analytic) local Lie groups with isomorphic Lie algebras are 
isomorphic (more precisely, their germs are isomorphic). 
In that sense we may Say that the Lie functor 


L: GR-LOC —> ALG,-LIE 


is invertible to within an isomorphism. 
A more precise statement will be obtained in Lecture 6. 


Using Theorem 1 it is easy to solve the problem we have 
put off above of interpreting the operations of the algebra 
g = I (G) in terms of one-parameter subgroups. 

If a basis e,, ..., e, is arbitrarily chosen in the vector 
space g, then for any normal neighbourhood U of the identity 
of the group G the composition k of a diffeomorphism exp7!: 


U —> Ù with a restriction to U of the corresponding coor- 
dinate isomorphism g — R” will be a diffeomorphism of U 
onto some open set of the space R”, i.e. the pair (U, h) 
will be a chart on the Lie group G. The corresponding local 
coordinates are called normal coordinates. Thus if a = 
exp Xand X=z'e, + ...+.2%e,, then the numbers z!, ..., 
xz” are the normal coordinates of a point a € U. 

A one-parameter subgroup ¢ +» exp (tX) corresponding 
to an element X € g (i.e., if X is interpreted as a left-in- 
variant vector field, an integral curve of that field passing for 
t = Q0 through the point e, and, if X is interpreted as a vector 
of the tangent space Te (G), a one-parameter subgroup having 
a tangent vector X for t = 0) will be denoted by fy. 

Proposition 1. For any X € g and any k€ R an element 
kX € g (interpreted as the element of space Te (G)) is a tangent 
vector to a curve for t = Q 


(46) t > By (kt). 


For any X, Y € g the element X + Y € g is (in the same in- 
terpretation) a tangent vector to a curve for t = 0 


(17) t > Bx (t) By (£) 


and the element [X, Y] € g is a tangent vector to a curve for 


t = 


48) t> Bx (Vi)By (V) Bx (Vt) By VH 


6* 
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Proof. The first statement is obvious since curve (416), i.e. 
the curve? —> exp (AiX), is nothing but a one-parameter 
subgroup Pry. 


To prove the second statement notice that since 3, (tX, 
tY) = t”? 3, (X. Y) and J, (X, Y) = X + Y, we have 


SGX, tY) = t (X + Y) +0), 
where O (t?) stands for the terms of degree >>2 in t. Curve (17) 
therefore is of the form 
t > exp (t (X + Y) + O (3) 
and hence, in normal coordinates (defined by an arbitrary 
basis of the Lie algebra g) it is given by the functions 
x (t) = t (X? + Y*) +O (t). 


Consequently, for ¢ = O its tangent vector has coordinates 


dx? (t) _ yi i 
T ap = +Y 


and hence coincides with the vector X + Y. 
Similarly, since 


(exp X): (exp Y): (exp X) (exp Y)- 
= exp X-exp Y -exp (—X)-exp (—Y) 
= exp (X (X, Y)) exp (9(—X, —Y) 
=exp X(3(X. Y), 3(—X, —Y)) 





and 


3 (9 (X,Y), X(—X, —Y)= (X, Y)+3(—X, —Y) 
+F19(%, Y), X (X, —Y)l+ 


={(X+Y) +- IX, Yi+...} 
+{(-xX-Y)+51-xX, —Yi+...} 
+ [X +Y + n- ~X—Y+...J+ ae lX, Y] 


++ 1X, Yl+-7 X, -YI4F1¥, ~X] +... 
=[X, Y]+..., 
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curve (18) is of the form 
p> exp (IV £ X, Vt Y] + O(t9)) = exp (¢[X, ¥]+0 (t2) 


and is hence, in normal coordinates, given by the functions 





(149) at (t) =¢t1X, YË + 0 (¢/), i=1,..., N. 
Consequently, l 
dx? (t) = i 
dz t=0 D [X, Y] 





and hence a tangent vector to curve (18) for t = 0 is the 
vector [X, Y). O 

Remark 2. Note that while curve (16) is a one-parameter 
subgroup curves (17) and (18) are not. Moreover, curve (18) 
is defined only for t > 0, so that we cannot speak about its 
tangent vector for t = 0. Therefore we must give an ad hoc 
definition of a tangent vector to curve (18) for t = 0. We 
shall take as that vector the limit for t — 0 of tangent vec- 
tors to curve (18) for t > 0. It follows from formulas (49) 
that this limit exists and is [X, Y]. 

Remark 3. It is also useful to have in mind that in formu- 
las (17) and (18) one-parameter subgroups 6. x and Py can be 
replaced by arbitrary curves ay: t m> @ y (t) and ay: t + 
ay (t) for t =O passing through the point e and having 
tangent vectors X and Y. Indeed, with | ft | sufficiently 


small, vectors & x (t) = exp! a, (t) and ay (t) = exp"'x 
ay (t) are defined in g and for these vectors we have 


ax (t) =tX + 0 (£) ay(t)=tYy +0 (t) 
and hence 
S(x (t), ay (t) =t (X + Y) + 0 (t). 


Therefore for t = 0 a tangent vector to, say, a curve 


t —> Or (t) Ay (t) = exp Pe) (a x (t), ay (t)) 
is the vector X + Y. 


Theorem 1 also allows one to calculate the differential 
of an arbitrary interior automorphism. 

For every element a of a Lie group G the differential 
(da) = 1 (D,) of the corresponding interior automorphism 
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@M,: z +> axa',x€G, is denoted by Ad (a). This auto- 
morphism is a linear invertible mapping 


Ad (a): g > 9 


of the vector space g = { (G) onto itself. Since Ð, = Lau ° 
R,-1, we have (in the interpretation g = T, (G)) 


Ad (a) = (€L-2)q-10 (dRy-1)e- 
It is clear that the mapping 
Ad: a —> Ad (a) 


is a homomorphism of a Lie group G into the Lie group Aut g 
of all nonsingular linear operators of the vector space g. 
That homomorphism is called an adjoint representation of G. 

The differential (d Ad), = { (Ad) of the homomorphism 
Ad at point e is a linear mapping of the vector space g = 
{(G) into the vector space End g = { (Aut g) of all li- 
near operators of g. On the other hand, we know from Lec- 
ture 3 that for any Lie algebra g there is a linear mapping 
ad: g — End g acting by the formula 


ad X: Y — [X, Y], X, Y €g. 
Proposition 2. We have 
{ (Ad) = ad. 


Proof (cf. the proof of Proposition 1). Since 
O(9(X, Y), —X)=9(X4+V4+41% VI+..., — X) 


=Y +- X, Yl4+ 5Y, —Xi+... 


=Y +X, Y]+..., 
where the dots designate terms of at least the third degree 
in X and Y, we have 
(exp X) (exp Y) (exp X) = exp X (3 (X. Y), —X) 
— exp (Y + [X, Y] +...) 
and hence 
Des) (By (¢)) = (exp (sX)) (exp tY)) (exp (sX))~ 


exp tY + st IX, YI +...) 


| 
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where the dots designate terms of at least the third degree 
in sand t. Consequently, the normal coordinates of the vector 


i dĝy (t 
(dDg (s))eY = (ADg 4s) ( Prd Jio) 


= (-5 Pays (By (¢)) ) | 





t=0 
are 


(Yi + st [X, YF...) = Yi+siX, Y+... 


t= 


where the last dots designate terms of at least the second de- 
gree in s and hence 


(dhs) Y =Y +s [X, Y] + eee 








Since 
d d 
(d Ad).X = (d Ad), ($0) _ ) = aa (Bx (s)) |_, 
(dDp (,e—E 
iy, So ie 
s>0 s s>0 ğ 


it follows that 


(dg ea) —Y 
((d Ad),X) Y = lim > 
s>0 


=lim([X, Y]+...)=[X, Y]=(ad X)Y. O 
s->0 


Corollary. For any element X Eg we have 
Ad (exp X) = e244, 
Proof. The formulas 
t —> Ad (t exp X) and t etadXx 


give one-parameter subgroups of the Lie group Aut g which 
have the same tangent vector for t = 0 


(d Ad)eX = ad X 


and hence coincide for all t. O 
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Another example of using Theorem 1 arises from consider- 
ing in the Lie algebra g = { (G) a smooth curve t +> X (t). 
For any s€ R the mapping t +> exp (sX (t)) is some curve 
in G passing for t = 0 through a point a (s) = exp (sX), 
where X = X (0). Let 


A (s) = $e exp (8X (D)o 


be a tangent vector to that curve at a (s). On translating 
that vector by means of the differential (dRatsy-1)açs) to the 
point e we obtain a vector g = T.e (G) 


B (s) = (dRaisy-1)acs)A (8). 
The mapping s +» B (s) is a smooth curve in g and hence 
for any s its tangent vector B’ (s) is defined. It turns out 
that 
(2) B’ (s) = Ad (a (s)) Y, 
where Y = X’ (0). Indeed, by definition of the action of 


the differential of a smooth mapping upon the tangent vec- 
tors to the curves 


B (s) = (Rasy (exp (sX (t)))) | 


=F (exp (sX (t))) exp(—sX)| 


t=0 


t=0 
and hence according to Remark 3 
B(s-+ As) —B(s) = +. ((exp (sX (2) exp (—sX)) 
x (exp ((s + As) X (t)) exp (— (s + As) X)) lio 
= £ (exp (sX) exp (—sX (t)) 
x exp ((s + As) X (t)) exp (— (s + As) X))li=0 
== -© (a (s) exp (AsX (t)) a (s-+As)-!) 


d 
= (d Lacs) © €Ra(s+as)-) ry (exp (AsX (t))) 


t=0* 
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Therefore 


B' (s) = lim oie o oe Bis ea (s) 


As~+0 


d 
ae exp (AsX(1)))| 
= (dL gs) aBa) lien a 
As+0 s 
d 
-f (exp (Asx (2) = 
— Ad (a(s)) lim ; 
As>0 s 


and hence for equation (20) to be proved it suffices to prove 
that 


d 
-p exp (AX) |, 
lim 


=0 Ee 

As>0 As 
But it is obvious, since in normal coordinates corresponding 
to a basis e,, .. e, of the vector space g the point 
exp (AsX (t)) has coordinates AsXi (t), where X# (t) are the 
coordinates of a vector X (t) in the basis e,, ..., e, and 
hence the vector 


£ (exp (AsX (0) 

° t t= to 

As>0 S 

d Xi (0) 


gi i.e. the 


has in the basis e,, ..., e€, coordinates 


same coordinates as the vector X’ (0)=Y o 
The linear operator Ad (a (s)) involved in formula (20) 
can be rewritten as follows: 


Ad (a (s)) = Ad (exp (sX)) = esad X 
=E+sadX +. p OEE e 


Integrating this operator identity with respect to s be- 
tween 0 and 1 we obtain an identity 





1 
ead XF 
| Ad (a(s) ds= >" 7 
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ad X 
where by > is meant the sum of an operator series 


ad X (ad X)” 
E+ i +.. Gay i 








ez — 1 





obtained from the power series for the function by 


substituting the operator ad X for z. For the vector B (1), 
it follows from formula (20) that 


1 
B(1)= | B (s) ds =F y. 
0 


Since by definition 
d 
B (1) = (dRacty-1)acty Gy exp X (6) = 
d 
= (dRexp (-x))exp X dt exp X (4) = 


d 
=F; (exp X (t)exp (— X)) | 4 > 
this proves that 


d „EPRA E 
-S (exp X (t)exp(—X)|_ =a Y 


Going over to normal coordinates we immediately see 
that for the vector Z (t) € g satisfying the relation exp X (t) x 
exp (— X) = exp Z (t), we have 


ad X 
AO E 


ad X Y 


which yields 


ad X 
i= 


Going back to exp Z (t) and assuming X (t) = X + tY 


we see that we have proved 
Proposition 3. For any elements X, Y € g we have 


ead X_E 
exp (X + tY)exp(— X)=exp (t3 Y +0()). 0 


Lecture 4 91 


For every element X €g the differential (d exp), at 
point X of a smooth mapping exp: g — G is, by virtue of 
identification T x (8) = g, a linear mapping g — T, (G), 
where a = exp X. Its composition with the mapping (dR,)z!: 
Ta (G) = Te (G) = g therefore is a mapping from g into g. 

Corollary 1. An expression 


(dR,)e'o(dexp)y = ese , as=expx 
ad X 
holds. 
Proof. Let Y €g. Since ory) ici Y, we have 


((ARz'), ° (dexp)x Y= 4 (exp(X-+#Y)exp(—X)) | 


i=0 
— 2 gad 4 oF 2 
at (Sa en 





{= 


__ etd X_F Y 
ad X 0O 


Corollary 2. The mapping exp: g — G is a diffeomorphism 
at point X € g if and only if not a single characteristic root 
of the operator ad X is of the form 2mni. 

Proof. A mapping exp is a diffeomorphism at point X if 
and only if its differential (d exp)x at that point is an iso- 
morphism and the operator ad X has characteristic roots of 
the form 2mni, if and only if the operator e34 ¥ — E, and 

eadX —Ẹ . i 
Tx Is singular. O 

We stress that we have only proved all these results modulo 
statements A and B. Our immediate goal therefore should 
be to prove these statements. 


hence the operator 


We first prove statement A, and do so in a somewhat more 
general form. 

Suppose a linear space g = {í (G) is decomposed into a 
direct sum 


(21) g¢= ASF 
of two subspaces 4 and #. We define a mapping 
(22) O:g —G 
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assuming for any X €g 
D (X) = exp A-exp B, 


where A € 4 and B € # are components of a vector X E9 
in decomposition (21). Clearly that mapping is smooth and 
sends the zero 0 € { (G) to the identity e € G. We find the 
differential 


(d®D)o: To (8) > Te (G) 


of the mapping at the point 0. 
Let 


l: g — To (8) 


be a natural isomorphism sending a vector X € g to a tangent 
vector to a curve t > tX at point 0. The mapping ® sends 
that curve to a curve 


(23) t +> exp tA -exp tB = exp B (t4, tB) 


and hence its differential (dD), sends the vector 1 (X) to 
a tangent vector to curve (23) at point e. This means that 
for any function f € Oe (G) 


[((d®)o 0 2) (X)] f = 


and hence (see formula (4)) 


df (exp X (tA, =| 
dt t=0 


a) (tA, tB) 3 

[((d®)p e D (X)] f= P| ao: 
But 

ow (tA, (Be (E 4 S (tA, tB) +0 (t) f 

=f+t(4+B)f+0(t?}), 

and therefore 

(tA, tB) 

d (eo a f) (e) a ((A 4- B) f) (e) = (Xf) (e) = Xef. 

Consequently, 


(dD), o 1) (X) = Xe, 
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(db), ol =i, 


where i is an isomorphism X — X, of the vector space 
g = Í (G) onto the vector space Te (G). 

Since i and l are isomorphisms, it follows that the map- 
ping (d®), is also an isomorphism. By virtue of the theorem 
on étale (locally diffeomorphic) mappings this proves the 
following proposition: 

Proposition 4. Mapping (22) is a diffeomorphism at0 € g. O 

For g = A (and @ = 0) we obtain statement A which 
is thus completely proved. 

By Proposition 4 the point 0 € g has an arbitrary small 


starlike neighbourhood U on which mapping (22) is its dif- 
feomorphism onto some neighbourhood U of the identity 
e EG. 


Definition 2. Neighbourhoods U and U having this prop- 
erty are called canonical neighbourhoods (of the points 0 € g 
and e € G respectively) corresponding to a given direct sum 
(21). 

By choosing arbitrary bases in subspaces and # we 
obtain some basis of g. The composition h of a diffeomor- 


phism @-!: U —> U and a restriction to U of the correspond- 
ing coordinate isomorphism g — R” is a diffeomorphism 
of U onto some open set of the space R”, i.e. a pair (U, h) 
is some chart on G. 

Charts of this form are called canonical , charts corre- 
sponding to decomposition (21) and the corresponding local 
coordinates z', ..., x” are called canonical coordinates. 

It is clear that these definitions (together with Proposi- 
tion 4) are all automatically carried over to the case of the 
decom position 


(24) ¢$=A,@0.-. D Am 


of a vector space g into a direct sum of any number of sub- 
spaces. 

If in (21) 4 = g and Ẹ = 0, i.e. if in decomposition (24) 
m = 1, then canonical neighbourhoods coincide with nor- 
mal neighbourhoods in the sense of Definition 1 and canonical 
Coordinates coincide with normal coordinates. 
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Another extreme case arises for m = n, when spaces 4,,... 
Am are all one-dimensional (i.e. when decomposition (24) 
is defined by the choice in g of some basis). The correspond- 
ing canonical coordinates are called canonical coordinates 
of the second kind (whereas normal coordinates are the ca- 
nonical coordinates of the first kind). 

Notice that canonical coordinates of the first and the 
second kind are given by an arbitrary basis of the vector 
space g. 


Using canonical coordinates we can easily prove the 
following important proposition: 

Proposition 5. Any continuous homomorphism ©: H > G 
of Lie groups (i.e. their homomorphism as that of topological 
groups) is a smooth mapping (their homomorphism as that of 
Lie groups). 

Proof. Let a€ H and g€ Oaay (G). We have to prove 
that the function go @ defined in the neighbourhood of 
a point a is a smooth function at that point, i.e. it belongs 
to O, (H). But since ® is a homomorphism 


D = Lyi o Do La 


Therefore, since the mapping La and the function f = g o 
La} are smooth, it suffices to prove that for any function 
f € Oe (G) the function f o P is smooth in the neighbourhood 
of the identity e € H, i.e. that the mapping ® is smooth at e. 

Consider first the case where H is the additive group R 
of real numbers. Let U be anormal neighbourhood (a canon- 
ical group of the first kind) of the identity e in a group G 
and let z', ..., x” be the corresponding normal coordinates. 
Suppose further e > 0 is a number such that ® (t) € U, 
when |t | <c e. 1f0 <t < eand0 < |r | <s, whererands 
are integers, then 

r tT t \s 

On the other hand, since the coordinates z', ..., z” are 
normal, for any i = 1,..., n of any element a € U and 
any s such that af € U, we have 


xt (a’) = sz? (a) 
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(it suffices to notice that if a = exp A, then a* = exp (sA)). 
Consequently, 


le i ll 
and 
(xt o D) (t) = s. (xi o D) (+) . 
Therefore 


(xi o D) (=t) => (t o ©) (t). 


S 
Since the mapping ® is continuous, a similar equation 
(zi o D) (at) = Q.” (zi o D) (t) 


is true also for any real a, |a | < 1. This means that func- 
tions x’ o ® are linear. Thus ® is given in local coordinates 
by linear and hence analytic functions. Therefore it is smooth. 

Now let H be an arbitrary group. Choose an arbitrary 
basis Y,, ..., Y, in its Lie algebra h). Then for any i = 
1, ..., n the mapping t+» Ọ (exp tY) will be a con- 
tinuous and hence, according to the foregoing, smooth homo- 
morphism R — G, i.e. a one-parameter subgroup of a group 
G. There are, therefore, elements X,, ..., Xn in a Lie al- 
gebra g of G such that 


@ (exp tY) = exp tx; 


for any i = 1, ..., n. Since M is a homomorphism, it fol- 
lows that for any numbers ?f},..., ER 


@M (exp ttY, ... exp?"Y,) = expt'!X,... exp t” Xn. 


It is clear that the element exp ?!X, ... exp i"X, of G 
depends smoothly on tt, ..., t”, i.e. its local coordinates 
zt, ..., x” (in an arbitrary chart) are smooth functions 
z(t), ..., a” (t) of t = (t, ..., t”). But by definition 
numbers ¢', ..., t” are (in some neighbourhood of the 
identity of the group H) nothing but canonical coordinates 
of the second kind defined by a given basis of the algebra }. 
Therefore functions z! (t), ..., z” (t) are the functions 
giving a mapping ® in local coordinates f', ..., t” and 
x, ..., £”. Since these functions are smooth, ® is 
Smooth. O 
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Corollary. If two Lie groups are isomorphic as topological 
groups, then they are isomorphic as Lie groups. O 

Hence, it follows that if it is possible to introduce on a topo- 
logical group a smoothness compatible with the topology so 
that the group should become a Lie group, then this can be 
done only in one way. 

This means that the forgetful functor 


GR-DIFF — GR-TOP 


sends distinct Lie groups to distinct topological groups. 
We may thus assume that this functor realizes an embedding 
of the category GR-DIFF in the category GR-TOP. In other 
words, the category GR-DIFF of Lie groups may be re- 
garded as a subcategory of the category GR-TOP of all 
topological groups. Then Proposition 5 will mean that the 
subcategory is complete. 


The question now naturally arises as to whether it is 
possible to characterize the subcategory GR-DIFF within 
the category GR-TOP by general topological conditions 
without considering smoothness, i.e. whether it is possible to 
characterize within the category GR-TOP the topological 
groups G admitting a Lie group structure. 

One necessary condition is obvious: a topological group 
G admitting a Lie group structure must necessarily be Haus- 
dorff and locally compact. We introduce the following def- 
inition to formulate a finer necessary condition: 

Definition 3. A topological group G is said to be a group 
without small subgroups if its identity e has a neighbourhood 
containing no subgroups H Æ {e}. 

It turns out that this property is necessary for a Lie group 
structure to be introduced in G. 

Proposition 6. Every Lie group G (more precisely, every 
topological group Gop obtained from G by ignoring smooth- 
ness) is a group without small subgroups. 

Proof. Introduce a Euclidean metric on a vector space 
Te (G) = g. Then for a sufficiently small 5 > 0 a sphere 
of radius ô with centre at point O is a normal neighbour- 
hood of that point and hence its image under mapping the 
exp is a normal neighbourhood of the identity in G.. Let U 
be a normal neighbourhood similarly constructed from the 


Lecture 4 97 


number 8/2. It is clear that for any nonzero vector A € g 
whose length is'less than 6/2 there exists.an integer m such 
that the length™of the vector mA is greater than 6/2 and 
less than ô. This means that for any element a = exp A 
of U other than unity there is m such that a” = exp mA does 
not belong to U. Therefore U cannot contain any subgroup 
H Æ {e}. O 

It should be noted that together with the local compactness 
condition the absence of small subgroups is already suf- 
ficient for us to be able to introduce on a Hausdorff group G 
a Lie group structure (unique, according to the foregoing). 

Theorem (Gleason and Yamabe). A topological Hausdorff 
group is a Lie group if and only if it is locally compact and 
has no small subgroups. 

The proof of the Gleason-Yamabe theorem is too cumber- 
some for us to present it here. 

Another necessary condition for a topological group to 
be a Lie group is that it should be locally flat, i.e. that it 
should be a topological manifold. The question as to wheth- 
er this necessary condition is sufficient constitutes the 
content of what is known as Hilbert’s fifth problem (as formu- 
lated at present). A thorough study of the structure of topo- 
logical groups with small subgroups showed (Montgomery, 
Zippin, Iwasawa, Gleason, Yamabe) that no locally flat 
group can have small subgroups. In conjunction with the 
Gleason-Yamabe theorem this immediately yields a positive 
solution of Hilbert’s problem: any locally flat group is a Lie 
group. 

For details see [6] and [8]. 
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Free associative algebras: Free Lie algebras - The basic lemma- 
The universal enveloping algebra: The embedding of a Lie 
algebra into its universal enveloping algebra-Proof of the 
fact that the algebra y (X) is free- The Poincaré-Birkhoff- 
Witt theorem. Tensor products of vector spaces and of algebras. 
Hopf algebras 


To prove statement B of Lecture 4, which is of purely alge- 
braic character, we shall develop the corresponding forma- 
lism in a somewhat greater generality and detail than is im- 
mediately necessary, since this will allow us to present, 
without loss of time, a number of interesting and important 
constructions that are useful in many other questions of 
Lie algebra theory as well. 

Let A be an arbitrary category, of algebras (over a given 
field K to be assumed arbitrary in this lecture). According 
to, the general concept of what a “free object” is (which will 
be. fully clarified only on the basis of the general- categorical 
notion of a conjugate functor) an algebra ¥ of A, with a 
subset X chosen in it, is said to be a free algebra of the cate- 
gory A with a set of free generators X if for any algebra Æ 
of A every mapping X — & is uniquely extended to some 
homomorphism F — ÁA. 

For example, a free algebra in the category of associative, 
commutative and unital algebras is the algebra of polyno- 
mials K [X] in unknowns ranging over a set X. Similarly, in 
the category ALG,-ASS of associative (but, generally speak- 
ing noncommutative) unital algebras a free algebra is the 
algebra of polynomials in noncommuting unknowns from X. 
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We shall denote that algebra by K (X), and, for a finite set 
X Se hie be a DY ie eng’ a 

For the only case of interest to us, where the set X,con- 
sists of two elements z, y, every element of the algebra 
K (x, y)can be uniquely represented as a linear combination 
with coefficients from K of expressions of the form 


(1) gry’... gPhy7h 


called monomials in x and y. Here py, qis . . -; Pr, Qn are arbi- 
trary nonnegative integers which are all, with a possible 
exception of the “extreme” numbers p, and q}, other than 
zero. If p, = Q, then the term zP: is left out and if q} = 0, 
then y** is. The number n = p + q, +... Ph +q is 
called the degree of monomial (1). 

An empty monomial (with k = 0) identifiable with the iden- 
tity 1 of the field K is allowed. Its degree is zero. 

The fact that monomials (1) make up a basis of K lz, y) 
uniquely defines in K (x, y) the operations of addition and 
multiplication by numbers in K. As to multiplication, it is 
sufficient to define it with respect to distributivity only 
for monomials (1). If monomials giy% ... xPhy*k and 


anys... x’ ly"l are such that g, 40 and rı £0 or on the 
contrary g, = 0 and r, = Q, then their product is the mo- 
nomial 


(2) Piy as gPhythy"iy*t o. gi ly'l 


resulting from adjoining the second monomial to the first 


(when qh = 0 andr, = 0 the terms y* and z": are naturally 
eft out). But if of the two exponents q and r; one and only 
one is zero, then the monomial obtained from expression (2) 
(which in that case is not a monomial) is taken to be the 
Product of monomials by replacing x?ky%2 zı by x?at™ 
for q, = 0 and by replacing y°kz"iys by yt forr; = 0. 
A direct check shows that this multiplication is associative, 
as required. Its identity is the empty monomial 1. 

If now {z, y} > 4 is a mapping of the set {z, y} into 
Some associative unital algebra 4, then on associating with 
any monomial (1) an element a?1b™.. . a?hbtk of 4, where 
Tk 
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a and b are images of the generators z and yin .4, and extend- 
ing this correspondence with respect to linearity to arbi- 
trary polynomials we obtain, as a direct easy check shows, 
a homomorphism K <z, y) > æ which sends z and y to a 
and b, i.e. extends the given mapping {z, y} > A. Since 
an arbitrary extending homomorphism must send monomial 


(1) to an element a™bm ... a?kb%r, no other extending 
homomorphism can exist. This proves that the algebra K (x,y) 
is a free algebra of the category ALG,-ASS with free generators x 
and y. 

The algebra X (X) with any X can be described simi- 
larly. The fact that K (X) is free for any X is proved by 
obvious, self-evident changes for X = {z, y}. 


Free algebras of the category ALG-LIE (they are called 
free Lie algebras) are significantly more difficult to construct. 
The simplest way is apparently to consider in the Lie algebra 
[K <(X)] adjoined to a polynomial algebra K (X) a sub- 
algebra {(X) generated by a set X, i.e. the smallest sub- 
algebra containing that set. Just as in the case X = {z, y} 
(see Lecture 4) the elements of the Lie algebra { (X) are 
the Lie polynomials in the elements of X, i.e. all possible 
ex pressions that can be obtained starting from these elements 
by the operations of addition, multiplication by numbers 
and the Lie operation [a, b] = ab — ba (all these elements 
lie of course in (X) and at the same time are a subalgebra 
of the algebra [K (X)]). Unfortunately, there are no simple 
canonical representations (similar to representation of the 
elements of K (X) as linear combinations of monomials) 
for the elements of the algebra { (X), which significantly 
complicates the study of { (X). 

As in Lecture 4, t will denote the embedding { (X) > 
K (X), i.e., more precisely, a mapping transforming a Lie 
polynomial t€{ (X?) to a polynomial w in K 4X)? ob- 
tained upon removing all Lie brackets by the formulala, b]= 
= ab — ba. 

Proposition 1. An algebra í (X) is a free Lie algebra with 
a set of free generators X. 

The proof of this proposition is very complicated. We 
begin from afar by proving one lemma relating to any Lie 
algebras. 


Lecture 5 101 


Let g be a Lie algebra (over a field K) and let 
(3) X = {za i CI} 
be some basis of it (as a vector space). It is not assumed that g 
is finite-dimensional, therefore the index set J considered 
to be well-ordered is in general infinite. (That there is a basis 
in a vector space is proved without difficulty using Zorn’s 
lemma, since the set of all subspaces of the vector space that 
have a basis is easily seen to be inductive, and at the same 
time any proper subspace having a basis may be included, 
by adding one vector, in a larger subspace that also has a 
basis). 

Next let 7, be a vector space whose basis consists of ele- 
ments Z,, whose indices are all possible monotonic (i.e. such 
that i; <i, <... < in) sequences œ = (i,, is, ..., in) of 
elements of the set J. 

For every sequence @ = (i,, ..., ia) we will denote the 
number n of its terms by | a |. We count among monotonic 
sequences also the empty sequence @ for which | Ø | = 0. 

The product of T elements a, b of a` Lie algebra g will 
be denoted by la, b 

Lemma 1. We can associate any element a €g and any 
element v EF with some element av € VY, so that the follow- 
ing conditions hold: 

(a) the element av is linearly dependent on a and v; 

(b) for any elements a, b € g and any element vEV, 


[a, b] v = a (bv) — b (av); 
(c) if a = (i,,..., in) and i< i, then 
LiZq, = Sig, 


where ia = (i, i,, ..., ly): 

Proof. By virtue of condition (a) it suffices to construct 
elements of the form 2;z,. We do this by induction on | @ | 
and i. To carry out this induction it is convenient to require 
that the lemma should, in addition, satisfy the following 
condition: 


(d) if ZiZa = DiCnZ 6, then |B, |< |a|+1 for all k. 
For @ = Ø and any i we set by definition 
Tilg = Zi. 
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Suppose elements zjz, have already been constructed for 
all j and all 6B with | P | < | @ | and for j < i when | B | = 


|a |. Assuming œ = iĝ, we define an element 2,2, by 
the formula 
Lig if iKi; 
"Ao ead 
_ Ti, (x128) + [2%, Lil 2B if l > ly. 


By condition (d) and the induction hypothesis this defini- 
tion is correct. It is clear that for an element 7,2, thus con- 
structed conditions (c) and (d) hold. 

Thus all elements z;Zą and hence (by linearity) all ele- 

ments av, a€g, vE; are constructed. It remains to 
check condition (b). It is clear that it suffices to do it only 
for a = zi, b = x}, V = Z. Thus we have to prove that 
for any i, j and any monotonic sequences œ = (i, ..., in) 
(4) Ti (xjZq) — Tj (LiZa) = [£i, Tj] Za. 
With i = j this equation is obviously satisfied. In addition, 
if it is satisfied for a pair (i, j), then it is satisfied for a pair 
(j, i) as well. We may assume, therefore, without loss of 
generality that i >j. 

We carry out induction on |a |. If a = Ø (and i > j), 
then by definition 


Ti (£jZø) = Tj (112) a [xi z;l Zog. 

Consequently, when « = @ equation (4) is true. 

Assuming now that (4) holds for all œ with |æ |< n, 
we shall consider a sequence œ = (i,, ..., in) with | & | = 
n. For the formulas to be symmetric we assume i, = k 
and P E E ee P 

If j <k, ‘then ne definition 

Li (Lj2q) = Li2jq = Tj (£2) + [z1, x) Zas 


so that in this case equation (4) is true. 
Let j >k. By the induction assumption equation (4) 
is true for a = f (and any i and jf). Therefore 
[£i xj) Za = [zi xj) (£h, Zg) 
= Zaliti zy] zg) + [izi ay], zal 2B 
= Lp (x; (1j2g)) — Lp (£; (x:26)) + Iz: £4],£h] Zg, 
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and hence (4) may be written as follows: 


Li (£j (X_2p—)) — Ty (Ti (Ln2p)) + Ly (£j (£iZa)) 
— Tp (£i (£jZa)) = Ilzi, xj], xp) Zg. 


We denote this equation by (i, j, k). 

Now notice that equations (j, k, i) and (k, i, j) obtained 
from (i, j, k) by cyclic permutation of indices may be taken 
to be proved. Indeed, in rewriting the indices j +> if k => j, 
i > k the equation (j, k, i) becomes (i, j, k) with i >j 
and j < k and under these assumptions it is already proved. 
Similarly, in rewriting the indices k —> j, i => j, j—> k the 
equation (k, i, j) also becomes (with only all the signs chan- 
ged) an equation (i, j, k) with ¿i œj and j < k. 

On the other hand, by adding (j, k, i) and (k, i, j) to- 
gether we obtain on the left just the left-hand side of (i, j, k) 
with an opposite sign. As to the right-hand side of the sum 
it is 

(izj, zal, zil + [zr x4], zl) zg 


which, by virtue of the Jacobi identity, equals the right- 
hand side of (i, j, k) taken with an opposite sign. Consequen- 
tly, since (j, k, i) and (k, i, j) are true so is (i, j, k). 

This completes the proof of Lemma 1. O 

Recall that a vector space Y is said to be a module over 
an associative algebra Æ (or simply .4-module) if for any 
element a € 4 and any element v EF an element av € F 
is defined which is linearly dependent on a and v and if for 
any elements a, DE A, VET 


(5) (ab) v = a (bv). 


The fact that the element av is linearly dependent on v 
implies that the mapping v > av of the space F into itself 
is linear. Denoting the mapping by 9 (a) we thus obtain some 
mapping 0 of the algebra Y into the algebra End F of all 
linear mappings (endomorphisms) of 7 into itself. The fact 
that av is linearly dependent on a implies that 0 is linear 
and relation (5) implies that 0 is a homomorphism of alge- 
bras. Conversely, an arbitrary homomorphism of algebras 
0: 4 — End F defines on F° the structure of a module over 
A for which av = 0 (a) y. 
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Similarly a vector space Y is said to be a module over 
a Lie algebra g if a certain homomorphism 0: g — [End 7] 
of the Lie algebra g into the Lie algebra [End 7] is given. 
In terms of elements this means that for any element a € g 
and any element v € 7 an element av = 86 (a) v is defined, 
which is linearly dependent on a and v, with 


[a, b] = a (bv) — b (av) 


for any elements a, b€g and v€¥Y. Comparing these 
requirements and conditions (a) and (b) of Lemma 1 we see 
that the lemma implies that we may introduce into the vector 
space VY’, the structure of a module over g such that for any 
monotonic sequence œ = (i, ig, ..., tn) and anyi [L ù 


Lia = Zia’ 
It is in this formulation that this lemma will be used. 


Now let UW besome associative unital algebra and let t: 8 —> 
[AL] be a homomorphism ofa Lie algebra g into a commu- 
tator Lie algebra of W. 

Definition 1. A homomorphism wu: g — [AL] is said to 
have the property of being universal and UW (considered to- 
gether with that homomorphism) to be the universal envel- 
oping algebra of a` Lie algebra g if for any associative unital 
algebra A and any homomorphism ọ: g —> [4] there exists 
a unique homomorphism 4: U — 4 for which the diagram 


gae 2/ 


j 


is commutative. 

We shall write p = lọ. 

Notice that if 4 = WU aad (p = tu, then Alo is an identity 
homomorphism id: UW — Al. 

For a Lie algebra {X) the algebra K (X) (relative to the 
embedding u: 1 (X)— [K (X)]) is the universal enveloping 
algebra. Tedeed, let ọ: { (X)—[.4] be a homomorphism 
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of í (X) into a commutator algebra [4] of some associative 
unital algebra 4. Since K (X ) is free, the mapping ọ |x: X > 
A can be uniquely extended to some homomorphism 
wp: K (X)— A. It is only necessary to show that o t = q, 
i.e. that Y liy = P But by construction p = ọ on X. 
In addition, if ga = pa and gb = wh, where a, b E1(X), 
then ọ (a + b) = y (a + b), ọ (ka) = w (kb) (for both map- 
pings ọ and w are linear) and ọ [a, b] = [ga, gb] = ọpa. 
pb — gb-ga = pa pb — pb-ya = Y (ab — ba) = pla, bl. 
Therefore ọ = p on all Lie polynomials in X, i.e. on the 
whole of 1(X). g 

If u: g > [A] and ta: g — [W,] are two homomorphisms 
having the property of being universal, then homomorphisms 
o = Uit Ui — AU, and o = Uau: U, — Uj, arising by 
virtue of universality of ı and t, respectively, are defined: 


ERN), 
uh oP 
| 
U 


For the composition o o p a commutative diagram 


ti 
TERE 


i P“ 
i se 


J 


shows that o o p = Uiu. But, as noticed above, Uit = id, 
where id is an identity mapping U, — alı. Therefore 
oop =id. We can similarly show that the composition 
poo is an identity mapping U, — al.. Consequently, the 
homomorphisms p and o are reciprocal isomorphisms. This 
proves that for any two universal enveloping algebras U, 
and UW, of a Lie algebra g there exists an isomorphism p: UÙ, —> 
UW. such that po y = tg. 
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In this sense a universal enveloping algebra WW of a given 
Lie algebra is unique. 

To prove its existence we again choose in g an arbitrary 
basis (3) and consider the algebra of noncommutative poly- 
nomials K (X). The algebra g (considered as a vector space) 
is identified naturally with a subspace K, (X) of K (X) 
consisting of homogeneous polynomials of the first degree. 
Thus for any elements z, y € g three elements (clearly dis- 
tinct for z 0 and y = 0) will be defined in the algebra 
K (X): an element [z, yl € K, (X), a homogeneous first- 
degree polynomial, and elements zy and yx, homogeneous 
second-degree polynomials. Let ¥ be an ideal of K(X) 
generated by all polynomials of the form zy — yx — Íz, yl 
and let UW = K(X)/¥ be the corresponding quotient al- 
gebra. Also let t: g— Al be a restriction to g = Kı (X) 
of the canonical epimorphism K (X)—W. Then for any 
elements x, y €g in U 


t [z, y] = ı (cy — yx) = x.y — yi = l, yl. 


The equation shows that tis a homomorphism of Lie algebras 
g — [2]. 

Now let 4 be an associative unital algebra and let ọ: g > 
[4] be an arbitrary homomorphism. A restriction of ọ 
to X is uniquely extended to some homomorphism 
wp:K (X)—+ 4. Both mappings ọ and are linear and 
coincide on the basis X of the] vector space g = K,(X). 


Therefore = wp on g and hence for any elements zx, y € g 
p (zy — yx — lx, yl)= pepy — py pr —p Iz, yl 
= pz-gy — gy-gz — lz, yl 
= [ọz, gyl — glz, y] = 0. 


Consequently, p (7) = 0 and therefore p induces some ho- 
momorphism wp: 1 — 4 which obviously has the property 
that got = 1p. This means that the homomorphism t has 
the property of being universal. 

This proves that for any Lie algebra g there is a universa 
enveloping algebra QU. 

Remark 1. It is easily seen that the constructed algebra U 
is independent of the choice of basis (3) of a Lie algebra ¢ 
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and therefore the correspondence g > 7% is some functor 
ALG-LIE — ALG,-ASS. This functor has the property 
that for any associative algebra æ the set Hom (g, [.4]) 
of all homomorphisms g — [4] is in a natural bijective 
correspondence with the set Hom (A, £) of all homomor- 
phisms U — 4: 


Hom (g, [.4]) ~ Hom (U, A). 


In terms of category theory this means that the functor 
g —> Îl is conjugate from the left to the commutator functor 
A > lAl. 


As applied to the algebra g = End 7° the property of 
being universal for a homomorphism «: g +» [al] implies 
that any module Y over a Lie algebra g has a unique structure 
of a U-module continuing its structure of a g-module, i.e. 
such that 

xv = (tx) v 


for any elements x €g and vE€ FY. Indeed, the structure of 
a g-module on Y is given by the homomorphism g — 
[End %] and the structure of a U-module is given by 
the homomorphism UW — [End 7]. O 

By virtue of Lemma 1 this implies that on the vector space 
F there exists a U-module structure in which 


(6) (txi) Za = Zig 


for any monotonic sequence a = (ij, . o +» tn) and any i < i. 
In particular 
(tz) Za = ije 1 


The last formula immediately yields the following prop- 
osition: 

Proposition 2. For any Lie algebra g the mapping v: g —> 
[2L] is injective, so that the algebra g can be identified with 
some subalgebra of a commutator algebra [4]. 

Proof. Let z be an element of a Lie algebra g such that 
ix = 0 and let z = S302; be an expansion of that element 
with respect to basis (3). Then 


Dy cizi = Dy c; (124) oO (UÈ ciz) Zø = (12) Zg = 025 = 0, 
which is possible (since the elements z; make up a part of 
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the basis of the vector space Fz) only when c; = 0 for all i. 
Consequently z = 0 

Proposition 2 explains the attribute “enveloping” for the 
algebra UW. 

In what follows we shall assume the mapping t to be an 
embedding and in particular an element of the form tz, 
x € g will be denoted simply by z. 


Now Proposition 2 easily yields Proposition 1. 

Proof of Proposition 1. Let @: X —g be a mapping of 
a set X into an arbitrary Lie algebra g and let tu: g > U 
be an embedding of the algebra g into its universal enve- 
loping algebra aL. Since K(X) is a free algebra of the cate- 
gory ALG,-ASS, there exists a homomorphism yp: K (X) —> 
Al coinciding on X with a composite mapping to ọ: X > 
a. This homomorphism transforms every element of 
{(X), i.e. every Lie polynomial in elements zx € X into 
a Lie polynomial in the corresponding elements (to @) x 
of a subalgebra ı (g) and hence into some element of that 


subalgebra. This means that p (((X))< ı (g). Since by 
Proposition 2 the mapping w: g— «ı (g) is bijective, it 
follows that p induces a mapping w: í (X)—g such that 


Lop =p on 1 (X). To complete the proof it remains to 
notice that is obviously a homomorphism of Lie algebras 
and coincides on X with a given mapping ọ. O 


Proposition 2 is equivalent to the assertion that elements 
zi = Iz; of Q are linearly independent. In this form it allows 
an important generalization which plays an essential role 
in the proof of statement B of the preceding lecture (it should 
also be noticed that in fact we do not need Proposition 14 
to prove statement B; we have proved it only because it is 
of interest in its own right). To formulate this generalization 
consider for any monotonic sequence œ = (i, ig, ..., in) 
of the elements of the set J an element 


(7) La = Lii». Tia 
of Al (it is assumed fora = Ø that xz = 1). In what fol- 


lows, for ease of formulations, we shall call elements of 
the form (7) special elements of UW (with respect to basis (3) 


of g). 
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Proposition 3. Special elements x,, of a universal enveloping 
algebra Il are linearly independent. 
Proof. Formula (6) yields by an obvious induction that 


for any monotonic sequence a. After that it remains to repeat 
the already familiar argument: if >jc,vz, = 0, then 


Lielaza = LWlatato = zg = 0, 


which is possible only if cą = 0 for any a. O 

Proposition 3 can be made more precise: 

Proposition 4. Special elements xq form a basis of an al- 
gerba UW (considered as a vector space). 

Before proving this proposition we make some prelimi- 
nary remarks. 

Of course, elements z, are defined for any (not neces- 
sarily monotonic) sequences a = (i, ..., in) of elements of 
the set J (but the word “special” will be used for these ele- 
ments only if the sequence a is monotonic). 

For any sequence a = (i, ..., in) of elements of J we 
denote by d (a) the number of disorders it has, i.e. pairs 
(k, D), 1 <k, L< n, such that k < L and i, >i,. The se- 
quence & is monotonic if and only if dja) = 0. In partic- 
ular d(@) = 0. 

An easy induction on | a | and d(a) now shows that any 
element of the form x, is a linear combination of special ele- 
ments. 

For d(a) = O this assertion is indeed true. Assuming that 
it has already been proved for all elements of the form zg 
with |B |< |a | or with |B | =|]a@| and daf) < d(a) 
consider an element x, with d(a) >0. It is clear that the 
sequence a has a pair of adjacent indices (i, j) that form a 
disorder, i.e. such that i œj. The element x, can therefore 
be written as follows: 


Le == L gL jl jL gry 


where a’ and œ” are some sequences (possibly empty) of 
indices. But by definition of a commutator 


“yxy = jti + [zia z;l, 
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and therefore 


Le, = LoeLjLiLoe + taa ltr rj] Tar 


In g the element [z;, xj] is expanded with respect to basis (3), 
i.e. we have an equation of the form 


[zi xj] = Ch£r + Chilka tee es 


where only a finite number of coefficients Chy, Chrys ... are 
nonzero. Hence 


Le, = Leo + CryTe, + Chalha Fees 


where 
Tp, = LoqrXjLjXqe and Ip, = Latlh Lae for 
Se TD oa on 
Since d (Po) = d (a) — 1 and |B, | = [œ | — 1 for s >O, 


the elements zg, and zg, can be expressed by the induction 


assumption in terms of special elements. Hence so can the 
element za. O 

On the other hand, it immediately follows from the above 
construction of a universal enveloping algebra U that U 
is generated (as a unital algebra) by all elements of g, i.e., more 
precisely, elements of the form wx, where x € g. However, 
this assertion easily follows directly from Definition 1. 
Indeed, let 7° be a subalgebra of % generated by all ele- 
ments of g (and the identity 1) and let j: 7 — U be a home- 
morphism of embedding. Since tg c F , the homomorphism t 
induces a homomorphism v: g —> [7] (satisfying the rela- 
tion j o v = 1). Let k = Wr’. Then, as directly follows from 
the commutative diagram 


OSE 
S 
Y yf 


the composition j o k is a mapping Ut = id. Consequently 
the homomorphism j is an epimorphism. Hence’ = UW. O 
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Proof of Proposition 4. According to Proposition 3 it 
is sufficient to prove that any element of VU is a linear com- 
bination of special elements. But since elements in g gen- 
erate an algebra UW, any element of that algebra is a poly- 
nomial in elements z; of basis (3), i.e. it is a linear com- 
bination of monomials of the form z, (with an arbitrary a). 
This proves Proposition 4, since, as proved above, every 
element of the form x, is a linear combination of special ele- 
ments. 

Proposition 4 is. usually referred to as the Poincaré-Birk- 
hoff-Witt theorem. However, this name is also given to Prop- 
ositions 2 and 3. 

We shall need Proposition 4 only in application to the 
algebra {{X) and its universal enveloping algebra K (X) 
(so that strictly speaking we could have done without the 
notion of enveloping algebra; but no significant simplifica- 
tions would have resulted). 


The next step in the proof of statement B is to characte- 
rize in a different, more efficient way the elements of { (X). 
To do this we shall need one general construction. 

Let Æ and # be two vector spaces and let {z;} and {y;} 
be some bases of them. Consider all possible formal products 
of the form x;y; and a vector space @ whose basis they are. 
Every element of @ is a formal linear combination of the 
form 


Dy kijtiyss k; € K, 


with only a finite number of coefficients k;; other than zero. 
Compare% and ©’ whose elements are formal sums of the form 


(8) Dy ayYyi, 


where a; € Æ, and in which linear operations are defined 
in the obvious way (@’ is a direct sum of vector spaces iso- 
morphic to .4 whose number equals that of the elements of 
{y;}). Notice that @’ is independent of the choice of the basis 
{xi} (that basis is not involved in its construction). If a; = 


kijzı are expansions of elements aj; with respect to {z;}, 


then we associate the element >jki;r,y; of € with element (8) 
of «’. This obviously establishes an isomorphism of@’ onto@. 
On identifying by means of that isomorphism @’ and @ we 
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thus see that © is also independent of the choice of the basis 
{x;}. In addition, the identification makes meaningful (and 
valid) the equation 


Wikies = X (kizi) y; 


Similarly @ is identified with a vector space @” whose ele- 
ments are of the form 
2 £ibis 


where b; € #. This proves that @ is independent of the choice 
of basis {y;} and at the same time makes meaningful the 
equation 


> kijtiyy) = Dex; È kijyj)-) 


We thus see that ¢ is independent (by virtue of the above 
identifications) of the choice of bases in 4 and @, i.e. it is 
defined by 4 and # only. It is called a tensor product of 
vector spaces 4 and # and is denoted by 4 ® Z. 

Remark 1. The elements x,y; of 4 ® @ are usually de- 


noted by x; ® y; and accordingly the element ` k j£}; is 
written as >) k; jt; ® y;. More generally, for any two ele- 
ments a = >) k;xı and b = >} lyy; we denote an element 
>, k,ljx; ® y; by a Q b. It is clear that 


(a, + a,.)®@b=a,®@b+a, @ B, 

a Q (bı +b) =a Q bı +a bdo, 
and 

k (a + b) = (ka) © bı = a ® (kb) 


for any elements a, a,, 4 E A, b, biy ba E€ Z and kE K. 
Conversely, it is not hard to see that the vector space gener- 
ated by thesymbols a ® b subject to these relations is natu- 
rally isomorphic to the vector space Æ @ @. Thus we ob- 
tain an invariant construction (using no bases) of 4 ® Z. 
We shall not need that construction and therefore we are not 
going to dwell on it in greater detail. 

Remark 2. One can obtain another invariant characteriza- 
tion of the vector space 4 ® @ (at least for the case where 
A and @ are both finite-dimensional vector spaces) if one 
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considers a vector space Ø of mixed bilinear functionals z, 
y +> B (x, y) (see II, 5), with the first independent variable 
ranging over Æ and the second over #. It turns out that 
A ® # is conjugate to J, the corresponding pairing being 
uniquely defined by the relation (a ® b, B) = B (a, b). 
This remark will not be used either. 

In the case where Æ and # are algebras, multiplication 
is defined in 4 ® B such that 


(la ® b) (z Q y) = (az) @ (by) 


for any a, x E€ Æ, b, y EB. Under that multiplication 4 ® 
ğ is an algebra. This is called a tensor product of algebras 
A, B and denoted by the same symbol 4 ® P. 

If #4 and & are associative and unital algebras, then so 
is 4 ® @. (Notice that for a Lie algebra a similar state- 
ment is false.) The identity of 4 ® @ is obviously the ele- 
ment 1 Q 1. 

In our simplified notation (with ® omitted) multiplica- 
tion in Æ ® @ is given as follows: 


(>) ks jxiy;) (>) lng@pYq) = >) kijlpa (titp) (YsYq)- 


In the only case of interest to us where 4 = K (X) and 
B = K (Y), the algebra 4 ® Z is; nothing but the algebra 
of polynomials in the generators of X and Y subject to the 
requirement that every generator in X commutates with 
every generator in Y. We shall denote that algebra by K (X, 
Y). Thus 


K (X, Y) = K (X) ® K (Y) 

for any X and Y. 

Multiplication in an arbitrary algebra 4 is nothing but 
some linear mapping 

u: A D A —> A 

(the image of an element a ® DE A ® # under that map- 
ping is a product ab). By the category-theoretic duality 
(consisting in inverting all the arrows) the dual object is an 
arbitrary linear mapping 
(9) Ò: A>A®BA. 
8—0450 
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The vector space 4 for which some mapping of the form (9) 
is given is called a coalgebra and mapping (9) is a comulti pli- 
cation (the term diagonal mapping is also used). 

Definition 2. An associative unital algebra 4 is said to 
be a Hopf algebra if it is at the same time a coalgebra (i.e. 
if a comultiplication is given for it), with 

(a) comultiplication (9) being a homomorphism of unital 
algebras; 

(b) a linear subspace .4* given in æ such that 4 = 
i<1 @ 4* and for any element z € 4* 


(10) 6c =482xr4+2014+ >) 2; @ y;, 
where x;y; € A*. If 
ds=182r+27 61, 


then the element x € 4* is said to be primitive. 

Notice that according to (a) 61 = 1 @ 1. 

In terms of the general theory of coalgebras condition (b) 
means that an element 1 € Æ is the coidentity of comulti- 
plication 6. 

The mappings x +> x ® 1 and z> 1 ® x are monomor- 
phisms of Æ into 4 ® A. Weshall denote an element z ® 
1 by 2 and 1 ® xz by x”. In this notation formula (10) 
becomes 


(11) ôr = 2’ + 2" + È xii, 
where zi, yi € #* and the primitivity condition becomes 
da = x +2". 


According to the above remark, if 4 = K(X), serving 
as the algebra 4 ® & is the algebra K(X’, X”), where X’ 
and X” are two disjoint specimens of a set X. If in particu- 
lar 4 = K (x, y) (it is in fact this case that is of interest 
to us), then A ® A = Ki’, y'; x”, y”), where zx and 
y’ commute with x” and y”. 

We introduce a comultiplication into the algebra K (X), 
requiring that all generators + € X should be primitive, 
i.e. that for any element x € X there should be a formula 


ôx = x + z”. 
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Since K(X) is a free algebra, that condition uniquely de- 
fines a comultiplication 


(12) ô: K(X) K (X’, X") 


which is a homomorphism of algebras, i.e. satisfies condi- 
tion (a) in the definition of a Hopf algebra. 

As to condition (b), as the linear subspace 4* we take 
the subalgebra K (X )* of the algebra K (X) which consists 
of all polynomials without a free term (the polynomials being 
linear combinations of monomials =41) or, obviously equiv- 
alently, which is the span of all special (relative to some 
basis of the algebra {(X)) elements x, corresponding to 
nonempty monotonic sequences a. It is clear that then con- 
dition (b) (in the form (11)) holds. Thus we have given in 
K (X ) the structure of a Hopf algebra. 

That structure can be introduced using general consider- 
ations in a universal enveloping algebra al of an arbitrary 
Lie algebra g as well asin K (X). Indeed, since in U @ U 
elements with a different number of primes commute the 
mapping 

reer +2", «€g, 


is a homomorphism of g into a commutator algebra [U ® 
L]. It is therefore extended to some homomorphism of 
algebras 


(13) ô: U>U BU. 


It is now clear that if 2/* is taken to be the subspace of the 
algebra UL, which consists of linear combinations of prod- 
ucts of elements from g, then al is a Hopf algebra with 
comultiplication ô. Thus a universal enveloping algebra U 
of an arbitrary Lie algebra g is naturally a Hopf algebra. 

Notice that if 7 = K(X), comultiplication (13) coin- 
cides with comultiplication (42), since both comultiplica- 
tions act equally on generators from X. 
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The Friedrichs theorem -The proof of Statement B of lecture 
4-The Dynkin theorem -The linear part of a Campbell-Haus- 
dorf series-The convergence of a Campbell-Hausdorff series. 
Lie group algebras-The equivalence of the categories of local Lie 
groups and of Lie group algebras-Isomorphism of the catego- 
ries of Lie group algebras and of Lie algebras-Lie’s third theo- 
rem 


According to the construction presented at the end of the 
preceding lecture all elements of a Lie algebra g are primitive 
elements of a universal enveloping algebra UW. The converse 
turns out to be true as well: 

Proposition 1. For any Lie algebra g all primitive elements 
of an enveloping Hopf algebra W are exhausted by elements 
from g. 

Proof. Suppose as in the preceding lecture that X = 
{zı i €I} is a basis of a Lie algebra g and that {za} 
is a basis of an enveloping algebra al which consists of spe- 
cial (relative to X) elements za. Calculate the image dz, 
of a special element zx, under comultiplication 


ô: U>U QAU. 
Ifa = Ø, i.e. za = 1, there is no problem: 64 = 1. Nor 
is there any problem if | «œ | = 1, i.e. when a@ consists of 


a single element i € J, since an element x;, being an element 
of g, is primitive and therefore 6z; = x; + zi. Thus it is 
only necessary to consider the case of | a | >1. 

In general, a sequence a may have equal elements. Let 
j<ja <... < jm be all nonrecurrent elements of that 
sequence and let k, = k, (œ) be the number of elements in a 
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equal toj,,s = 1, ..., m. Thusk, >i,k, +... +k, = 
|a | and 
k k 
Ta =j! ... 2M. 


Since 6x; = xj + zj, we have 
4 "n e ” 
f= (£3, + zj j" TE (x; + t3,,)°m- 


Removing the brackets in this polynomial and writing out 
only the terms that either contain no differently primed 
elements or are linear in elements of the form z;, we obtain 
for 6z, (taking into account the commutation of elements 
with a different number of primes) expressions of the form 


eh ’h “h “” 
Oty =A Mie ME DW xm 
Jy Im Jy Im 
h-1 ‘kh ht 
-t- kz, ! 2 o.e LMT; 
kis; Zj. LyM- 
? r -1 r ” 
+ hax ir”? eee L hm. x 
"hk hni 1” 
1 Md 2 eo 6 d m od 7 > s. > 0 
H Kem 5 Ti LM Dim fe aes 


where in view of the condition | œ | >1 no term can cancel 
one another. Setting 


Š R k -i 
Le == x” i gfo 2 > oè gem, oe 09 Ta = gig ° 2 eee T „m 


we can write that formula in the following compact form: 
(1) 62g = Ta + La + ki (a) TaT; 4- «+ Am (a) Lome t TT 
|oa| > 1. 

Consider now an element 


a= >) Cota 
aED 


of a vector space U*. 
Set a = a, + a,, where 


a= Dd) Cyl, and a,= 2 oE R 
laļ=1 laj>1 
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The element a, is in g and therefore it is primitive. Hence a 
is primitive if and only if so is a,. In particular, if a, = 0, 
then a is primitive. 

Let a, 0 and let ji <<... < jm be all distinct elements 
of all possible sequences æ such that x, appears in a, with 
a nonzero coefficient c,. For all such z formula (1) remains 
valid, assuming that k, («) = 0 and ty, = 1 for each sub- 


scripts = 1, ..., m, such that the element j, does not 
appear in a. Therefore 


Sa, = Ca (Ze + fa + k, (œ) Tati IK 
-e thm (2) 2a Tin Tt.) 
=a +a +( >) k (a) CaTa, ) Xj + 
lal>4 


elie ka (a) Ca Xa.) Tite. 


lai>1 


and hence if a, is primitive, then for any s=1,..., m 
in 2/ we have 


D) k, (@) Cata =0. 
laj>1 : 


In this equation the terms corresponding to different se- 
quences a do not cancel since Ta, = XB, only for a, = f, 
while if a, = B, and k, (a2) £0, k, (B) = 0, then a = 8. 
Hence if a, is primitive, then k, (a) cg = 0 for any sequence 
œ (involved in the expansion of the element a) and any s, 
i.e. (since it is assumed that c, = 0) k, (a) = 0. Therefore 
|æ | = 0, which contradicts the condition | a | >1. 

Consequently, every element a, = O is obviously imprim- 
itive. Hence so is a. 

This proves that a € W* is primitive if and only ifa, = 0, 
i.e. if a = a, and hence a €g. 

This completes the proof of Proposition 1. O 

Corollary (Friedrichs’ theorem). An element of the algebra 
of polynomials K(X) is a Lie polynomial over X (i.e. more 
precisely is of the form va, where a € 1 (X )) if and only if that 
element is primitive. o 
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We are now in a position to prove statement B of Lecture 
4. Recall that that statement refers to polynomials 


ie (—1)k-1 gPiytt ... gPhy'k 
2 Za (£, pan EE acces sda) alas 
(2) n (£, y) a k yy Py! qı! --- Pr! ap! 


of the algebra K (z, y) where the internal sum is summed 
up over all sets of integral nonnegative numbers p,, ..., 
Ph» Qi ++ +> QR such that P +H... tprereta+..-. 
q} =n and p; +q; >0 for any i=1,..., n (the 
field K will now be assumed to be a field of characteristic 0). 
These polynomials are homogeneous, degree n components of 
a formal series ln (e*e¥) in two noncommuting variables x 
and y that results from substituting the product 


oo 
xry’ 
ee! — > y 





plq! 
P» q=0 
of series 
oo ao 
x Sl 2 y_ yi yt 
e” = pl and e= > 7 
p=0 q=0 
for z in the formal series 
= 1 
= (—1)F 7 O ANR 
Inz= a 5 (2 1) 
k= 


Statement B says that every polynomial z, (x, y) is in the 
algebra {{x, y), i.e. by the Friedrichs theorem is a primi- 
tive element of the Hopf algebra K (z, y) (satisfies the 
relation 62, (£, y) = Zn (@’, y) + Zn (@", y")). 
Conceptually the most natural way of proving that state- 
ment is to extend the algebra K (z, y) to the algebra 
Kz, yy) of formal] series in noncommuting variables z, y 
and to repeat for that algebra everything we have done 
in the preceding lecture, i.e. the introduction of a subalgebra 
t (x, y)) of thecommutator Lie algebra [K (z, y))] generated 
by the elements xz, y (the latter algebra consists of series, all 
of whose homogeneous components are Lie polynomials in 
t(x, y)) and the proof that the series in { ((z, y)) are 
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exactly the primitive elements of the algebra with respect 
a a multiplication ô such that ôr = 2’ + x” and ôy = 

' +y”. As soon as this is done, statement B (auva: 
Íent to the statement that the series In (e“e¥) is in the algebra 
t (x, y)), i.e. is a primitive element of K (a, y))) is proved 
by an obvious calculation: 


(3) 6 In (ee) = In (erev) = In (e7'+x"ev' +v") 
= In (e%'e%” ev ev”) = ln (e%'ev'e"ey") 
= In (e*"ev’)+In (e*" ev") 
= In (e*e¥)! + In (e*e?)", 


(This calculation uses an obvious fact that if elements & 
and n commute, then e&+" = een and In (En) = In E + lnn.) 

But in fact there isno need in going over to K ((z, y)). 
Indeed, if we wish to prove the formula ôz„ (x, yY) = Z (£, 
y’) + Zn (x", y^) we can repeat manipulation (3), consider- 
ing not the formal series but only some sufficiently long 
(depending on n) parts of them and keeping watch on terms 
of degree <n. It is clear that the entire whole manipulation 
(which is now realized within K «Kz, y))) is fully preserved. 
Thus statement B may at last be considered to be proved. 


The above proof of statement B yields no explicit formula 
for Lie polynomials §, (z, y) whose existence it asserts. 
We therefore supplement it now by deriving an explicit 
formula of that kind. 

Suppose, as in the preceding lecture, that K* (z, y) is a 
subalgebra of K (z, y) consisting of all polynomials without 
a free term. We define a mapping 

o: K* (x, y) > (a, y) 
in terms of the following conditions; 

(a) the mapping o is linear; 
| (b) ox =x and oy = y; 

(c) for any monomial a Æ 1 

o (ax) =[oa, zx], o (ay) = [oa, yl. 


It is clear that these conditions uniquely define a mapping o. 
Definition 1. Elements of the algebra {(z, y) that are 
of the form oa where a is a monomial, are called Lie mono- 


mials. 
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According to the definition: 

(i) elements z and y are Lie monomials; 

(ii) if u is a Lie monomial, then so are [u, x] and [u, yl. 

It is clear that the span of all Lie monomials coincides 
with the image Imo = o (K* (x, y)) of the mapping o. 

In explicit form a Lie monomial oa corresponding to a mo- 





nomial a = xPtyt .. . xPky*k is defined as follows 
(4) Oa=[...[%, z], z], ... 2], yl, ..-, y), 
— -a oes” 
Pi times qi times 
ma ey vee Aly Yb wrth 
a a eee 
Ph times Tk times 


In particular we see that oa = 0 if either p, >1 or p, = 0 
and q, œ> í (recall that according to our definition of a mo- 
nomial all exponents p,, qı, . +--+: Pr, qh are positive, with 
the possible exception of p, and qp.) 

It follows immediately from (4) that for any Lie monomial 
u = ca the polynomial w is a homogeneous element of K (x, y), 
i.e. a linear combination of monomials of the same degree 
n > 1. That degree (equal obviously to that of the monomial 
a) will be called the degree of the Lie monomial u. 

Lemma 1. For any Lie monomials u and v the element lu, v] 
belongs to the vector space Imo. 

Proof. We proceed by induction on degree n of the ele- 
ment v. If n = 1, i.e. if v = x or v = y, then [u, vl is by 
definition a Lie monomial and is therefore in Imo. Let 
n>1. Then v = [w, z] or v = [w, y] where w is a Lie 
monomial of degree n — 1. Assume for definiteness that 
v = [w, x] (the case v = [w, y] is quite similar). Then 
[u, v] = [u, [w, x]] and therefore by the Jacobi identity 


[u, vl = Ilu, wl, xz] — (lu, zl, wi. 


But under the induction hypothesis [u, w] is in Imo and 
so is [[u, w], xl, i.e. it is a linear combination of Lie mono- 
mials. The element [[u, x], w] is also a linear combination of 
Lie monomials. Therefore [u, v] € Imo. O 
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Corollary. Any element of (x, y) is a linear combination 
of Lie monomials. In other words 


Imo = í (z, y). 


Proof. It follows immediately from Lemma 1 that the 
vector space Imo is a subalgebra of {(z, y). Since zx, y € 
Imo and {(z, y) is generated by elements x and y, that 
vector space must coincide with {(z, y). O 

We now define some antihomomorphism of K (x,y) into 
the algebra End,,, (t (xz, y)) of linear mappings of {(z, y) 
into itself, i.e. a linear mapping 


0: Kix, y) > Endin (1 (x, y)) 


that satisfies the relation O(ab) = 0(b)6 (a) for any ele- 
ments a, b E€ K (z, y). Since K(z, y) is generated by the 
elements x and y, such an antihomomorphism is uniquely 
defined by its values Oz and Oy on those elements, and since 
the generators x and y are free generators, the mappings 0z 
and Oy can be chosen quite arbitrarily. We define them as 
follows: 


(8x) v = [v, x], (8y) v = İv, yl, 


where v is an arbitrary element of {(z, y). 

Thus by that definition if u = x or u = y, then the map- 
ping © (u): {(z, y) > I(x, y) is an internal differen- 
tiation ad (—u) = —ad u of Iz, y) (see Lecture 3). It 
turns out that the equation Ou = —ad u (or more exactly 
0 (uw) = —ad u) is true for every element u of I (zx, y). 

Lemma 2. For any elements u, v € (z, y) we have 


—, 


(5) (0u) v = [v, ul 


where 9= Oot. 

Proof. By the corollary to Lemma 1 it suffices to prove 
equation (5) only for the case where u is a Lie monomial. 
We proceed by induction on degree n of the element u. 
If n = 1, then u = z or u = y and (5) holds by definition. 
Let n >1. Then u = [w, z] or u = [w, y] where w is a 
Lie monomial of degree n — 1. Suppose for definiteness 
that u = [w, xl. Since 


O (w, x) = 0 (br) — 0 (xb) = Ox-0b — 0b-6z, 
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where b = ww, according to the induction hypothesis and 

the Jacobi identity, we have 

(Ou) v = (0 [w, zl) v = (Ox) (0b) v — (6b) (Ox) v 
= (62) (dw) v — (Bw) (62) v 
= (6z) [v, w) — Ow) lv, z] =[lv, wl, 2] —[lv, zl, w] 
= [v, [w, zl] = Ív, ul. D 

Lemma 3. For any elements a, b € K* (x, y) 

(6) o (ab) = (8b) (ca). 

Proof. We may assume without loss of generality that b 
is a monomial. We proceed by induction on its degree n. 
lfn =1,i.e.ifb = xorb = y, then (6) follows immediately 
from the definitions. Let n >1. Then b = cx or b = cy, 


where c is a monomial of degree n — 1. Suppose for definite- 
ness that b = cx. Since 


o (ab) = o (acx) = [o (ac), x] = (8x) (o (ac)), 
according to the induction hypothesis, we have 
o (ab) = (0x) (8c) (oa) = @ (cx) (oa) = (8b) (oa). g 


Lemma 4. A restriction o = o o ı of the mapping o to 
{ (x, y) c K* (x, y) is a differentiation of {1 (x, y}, i.e. 
for any elements u, v Ef (z, y) 
o lu, v) = [ou, v] + [u, ovl. 
Proof. Let tu = a and w = b. Then in view of Lemmas 3 
and 2 
o lu, v] = o (ab) — o (ba) = (0b) (oa) — (8a) (ob) 
= [oa, b] — [ob, a] = [oa, b] + [a, ob] 
= fou, v] + lu, ovl. O 


Now we are in a position to prove our main proposition. 

Proposition 2 (Dynkin’s theorem). A homogeneous poly- 
nomial a € K (x, y) of degree n>>1 is in í (x, y) (ie. 
is of the form w, where u € í (x, y)) if and only if 


(7) L (oa) = na. 
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Proof. If (7) holds, then 
a= (=) , where 22 EL (a, y). 


Conversely, let a = tu, where u € í (x, y). We may assume 
without loss of generality that u is a Lie monomial. We pro- 
ceed by induction on degree n of u. If n = 1, then u = z 
or u = y and (7) holds. Let n >1 and suppose for definite- 
ness that u = [v, x] where v is a Lie monomial of degree 
n — 1. Then according to Lemma 4 and the induction hypo- 
thesis 


ı (oa) = ı (ou) = wo lv, zx] 
ı (lov, x] + [v, oz)) 
= [vov, z] + ı iv, z] 
= (n — 1) ulv, z] + ı iv, z] 
l = (n — 1) wu + wu = (n — i)a + a = na. QO 
Proposition 2 implies that if a = w, then 
oa 


Dame M 


n 


By statement B the condition a = wu holds for a = z, (x, y) 
and u = J, (z, y). Consequently 


— OIZn (z, y) 
In (z, y) = , 


i.e. (see formula (2)) 





g 4 5 (—1)k-1 o (xP ty? ee oP hy th) 
B dla =; k [Pal gi! --- Palga! =’ 
k=i (p)(@) 


where the summation in the internal sum is taken over all 
integral nonnegative exponents Pis 91, - ++) Pkr, Qp Such that 


Pı t@ >0, ... Ph + ax >00 
and 


Pita t... +Pret Qn = Nn. 
This is the formula we wanted to obtain. 
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For a Lie formal series 


(9) D(z, y)= 2 dnl, y) 
after the regrouping of the terms we get 
4)k-1 4 
d aen} D = rT 


k=1 (p), (4) 
[z1y"t ... Pay thy 
Py! qx)... Phl gal! ’ 
where for the sake of vivid presentation o (Piyan... 
gPhy"k) is replaced by [x?iya1.. . xPhy%h], 
That series is called a Campbell-Hausdorff series in the 
Dynkin form. 


Series (10) is inconvenient for practical calculations since 
it contains many ungrouped like terms. The difficulty of 
grouping those terms is well illustrated by an example of 
calculating a part of series (10) linear in z. 

A Lie monomial [xz?1y%1 ... x?my’m ] is linear in x (and 
nonzero) if and only if either p, = 1, pa = 0, . = 0 


> Pm 
(and it is ont that monomial that is of the nee xy" where 


N= +... Ham) or py =9, pz 
Pm =Q, q =1 (and then it is of tho foem ye aj, 


where n — 1 = qa +.-- + gm), with g, > 0, q > 1, 
qm >11 in the former case and q >O, qq; È1, : 
qm 21 in the latter. Since [yzy™!] = Tey") we 


thus see, somewhat changing the notation, that the part of 
(x, y) linear in x (we denote it by §’ (x, y)) can be ex- 
pressed as follows: 


Sa y=) = 3 


m 
m=i n=m -i 


1 4 “ 4 n 
er See zy | 
A ( 2 di! Go! --- Im! 2 Gy! qo! --. Im-i! [zy] 


where the summation in >) is taken over all the sets of in- 
tegers qi, Go, - ++» Gm such that 


i120, il,’ qm > í and qi + q2t+.-.-t+Qm=n 


S. 
n+1 
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and the summation in >) is taken onor integers gi, Jo. ©. +5 
mı such that 
qı > 0, de S1, s Ima 1 
and 
di 4e H... +lmiai 5ni. 


When m = 1 there is no sum D 

To calculate the coefficients of J’ (x, y) we make use of 
the standard method of generating functions. Let A (t) 
be a series obtained from J’ (xz, y) by replacing [zy"] by t”. 
Since 


o0 
4” 


2i ps a gilga! --. gml nF 


n=m-—-i 
00 t 


1 r 1 
=7 2 GD 


n=m-1 0 
=p far( BO ) (3) 


B 2 
q,=0 di q,=1 


= e ' (et -— pra dt 


í 
0 
í 
0 
and similarly 


t 
t” __ 1 tpt m-2 q 
a qil gal ..-dmal nti t j“ da t, 


n=m-—1 


we have 


A(t) = i = ( S LOIT tet —1)") dt 
0 
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t t 
4 et qe i 
ae f et—1 r r (t — (e* — 1)) dt 
0 0 


tet 


ef —{ 








B 
= Be (ay, 
=0 


where B, are the so-called Bernoulli numbers. 
Since [zy"] = (—ad y)"z, this proves that 


oo 


, k B ad 
D (2, y= 2) 4 (ed y)r= -air 


n=0 


i.e. (since theonly term of J (z, y) containing no z is y), 
that 


(11) S(r, W=yt act... 


where the dots represent terms of at least second degree 
in z. 
It can be similarly shown that 


(12) Sen ri h 


where the dots represent terms of at least second degree in y. 


We now investigate the convergence of series (9) and (10). 
To do this we use Lemma 1 of Lecture 2 which, as was noted, 
applies to any finite-dimensional algebras and in particular 
to an arbitrary finite-dimensional Lie algebra g. 

Let || || be a multiplicative norm in g and let X and Y 
be elements in g such that || X || < ô and || Y || < ô where 
0<ô<1. 

Since {(z, y) is a free algebra, there is a unique homo- 
morphism í(xz, y)—> g sending elements z and y to ele- 
ments X and Y. The image under that homomorphism of 
an element u = u (x, y) of (x, y) will be denoted by 
u (X,Y). 

An obvious induction (using the multiplicity of the norm) 
now shows that if u is a Lie monomial of degree n, then 


| u (X, Y) I| < 8” 


128 Semester V 


It follows that if u = Ù) caua where u, are Lie monomials of 
degree n, then 


i u (X, Y) || < Cô”, 
where C =Ù} | ca |. In particular we get (see (8)) 
a 
(13) ll On (X, Y) || S D0", 
where 


n 
D =+) = > 


Py! a1)... Prl gal ° 
The internal sum in the last formula is equal in value to 
the coefficient of £” in the Maclaurin series of the function 
(et — 1)*. The number nD, is therefore equal to the coef- 


n 
ficient of é” in the Maclaurin series of the function ` 5 x 


k=i 
(e —1)? or equivalently of the function 
` 4 
f(t) = Dd) = (1). 
h=1 
Hence 
oo 6 
(14) > D,8" = | LO at. 
n=1 0 


Since the series for f (t) obviously converges if | et —1|< 
1 and hence if |¢ <=. this proves that series (14) 
converges if ô < m2 . Since by formula (13) series (14) majo- 


rizes to the series 


oo 





(15) 9 (X, Y)= 2 On(X, Y) 

it follows that series (15) converges if || X || < ôo, || Y || < ôo 
In2 

where 55 = . O 


2 
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Remark 1. The convergence of series (15), with || X || < 
So, || Y || < ôo, has already been proved in Lecture 4. 
The only new fact is that now the convergence fof (15) is 
proved for any (finite-dimensional) Lie algebra g whereas in 
Lecture 5 the algebra g was assumed to be a Lie algebra of 
some Lie (local) group. 

Suppose again that G is an analytic (or local) Lie group 
and that g = 1 (G) is its Lie algebra. Since the exponential 
mapping exp is a diffeomorphism at a point 0 € g, it allows 
us to take (using the formula X -Y = exp-! (exp X» exp Y)) 
the multiplication we have in G to some neighbourhood of 
zero of the algebra g. Thus the vector space g is turned into 
a local Lie group isomorphic (in the category GR-LOC) to 
the local group G (the isomorphismisrealized by the mapping 
exp). 

Thus in addition to linear operations and the Lie opera- 
tion X, Y ->[X, Y] the vector space g contains yet another 
operation (“multiplication”) relative to which the space g 
is a local Lie group. That operation is connected with the 
operations in the Lie algebra g as follows: 


X.Y = 9(X, Y). 


The constructed object deserves a special definition. 

Definition 2. A Lie group algebra is a finite-dimensional 
space g over R which is at the same time a Lie algebra (with 
a multiplication [z, y]) and a local Lie group (with a mul- 
tiplication zy) in which the product xy is defined if and only 
if the Campbell-Hausdorff series $ (z, y) converges and in 
that case coincides with its sum: 


ry = a (x, y). 

It follows immediately from (11) and (42) that for any 
element X (sufficiently close to zero) of a Lie group algebra g 
differentials (dL x)o and (dR y)o at the point O of the shifts 
Ly: Yur § (X, Y)and Ry: X — X (X, Y) are defined as 
follows: 
ead X 


pad X—E 


—ad X 
(aLr) = — ax r ’ (aR x)= 

Remark 2. We have already proved the second of these 
formulas by another method in Lecture 4 (see Corollary 4 
to Proposition 3, Lecture 4). 


9—0 450 
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The mapping g—> § of Lie group algebras is said to be a 
homomorphism if it is their homomorphism as Lie algebras 
(and hence as local Lie groups). 

It is clear that all Lie group algebras and all their homo- 
morphisms form a category. This will be denoted by GRIE. 

According to the foregoing every local Lie group G can 
be associated with some Lie group algebra by carrying over 
with the aid of the exponential mapping exp the multiplica- 
tion on G into g. That Lie group algebra will be denoted 
by ť (G). It is clear that the correspondence G +> V (G) 
is some functor 


1’: GR-LOC — GRIE. 
This will also be called a Lie functor. 


Consider now the forgetful functor 
I: GRIE — GR-LOC 


whose action consists in discarding (forgetting) in every Lie 
group algebra its Lie algebra structure. 

On the face of it, it seems that the functors |’ and J are 
mutually inverse. This is not the case, however. Indeed, for 
an arbitrary local Lie group G the local group (J o l) Gis not 
a local group G but the local group on a vector space { (G) 
constructed above, which is distinct, in general from the 
local group G. Nevertheless we can see that the last local 
group is naturally isomorphic to the local group G (the cor- 
responding isomorphism is the exponential mapping exp). 
In terms of functor theory this means that the functor I o v 
is isomorphic to the identity functor Id of the category GR-LOC: 


loiz ild. 


Similarly the functor \' oI is isomorphic to the identity 
functor Id of the category GRIE: 


(ol wld. 


Indeed the functor |’ oJ associates with a Lie group al- 
gebra g a group algebra that coincides as a vector space with 
a tangent space To (g). But we know that there is a natu- 
ral isomorphism 


l: g— To (9) 
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between the vector spaces g and To (g). We show that / 
is an isomorphism of Lie group algebras. 

By definition the isomorphism l sends an element zx € g 
to the tangent vector to a curve £ — tz at the point 0. Since 
(tx) -(sz) = JQ (tz, sr) = J, (tz, sx) = (t + s) x, that curve is 
a one-parameter subgroup of a local Lie group Ig and there- 
fore (see Proposition 1, Lecture 4) for any two elements z, 
y € g the vector [/z, ly] is the tangent vector to a curve at 


the point 0 
t > (V tz) (V ty) (V tz)" (V ity). 


But since (see the proof of Proposition 1, Lecture 4) 


(V a) (V iy) (Via) (VEN =t le 1 +0 (8%) 


that curve has at the point O the same tangent vector as 
the curve t —> ż [z, y]. Consequently 


[lx, ly] = l iz, y] 


so that l is indeed an isomorphism of Lie algebras and hence 
of Lie group algebras. O 

If functors F: C — D and G: D — C where C and D 
are some categories, have the property that the composite 
functors F o G and G o F are isomorphic to the identity 
functors (of D and C respectively), then F and G are said 
to be quasi-inverse. Categories C and D for which there 
are quasi-inverse functors C — D and D —> C are called 
equivalent. 

We have thus proved the following proposition: 

Proposition 3. Categories GR-LOC and GRIE are equiva- 
lent. The equivalence is realized by the quasi-inverse func- 
tors {and I. J 


Discarding in a Lie group algebra the local Lie group struc- 
ture we obtain the forgetful functor 
J: GRIE — ALG,-LIE 
whose composition J o 1’ with the Lie functor {’: GR- 


LOC —> GRIE is nothing but the Lie functor, which is of 
primary interest to us, 


t: GR-LOC + ALG,-LIE 


for local groups. 
Qe 
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Proposition 4. For the functor J there is an inverse functor 
J-1; ALG,-LIE — GRIE. 


Proof. Let g be an arbitrary Lie algebra (in which multi- 
plication is denoted by [z, yl). If the group algebra J-1g 
exists, then as Lie algebra it coincides with the algebra g 
and multiplication in it is connected with the operations 
in g as follows: 


ry = a (x, y). 


To prove Proposition 3 therefore it suffices to establish 
that for any Lie algebra g that formula defines in g a multi- 
plication which satisfies the axioms of local Lie groups. 
To do this it suffices in turn to prove that: 

(a) there is a neighbourhood of zero U in g such that for 
x, y € U the series Ð (z, y) converges; 

(b) the mapping U Xx U — g defined by the correspond- 
ence z, Y > a (x, y) together with the mapping z +> z-! = 
—z, has the properties enumerated in Definition 1 of 
Lecture 4. 

Statement (a) has already been proved above, and to 
prove (b) first notice that in the algebra of formal series in 
three noncommuting unknowns x, y, z we have 


(e*e¥) e = e” (e¥e*) 


(a formula that can be verified by direct manipulation). 
Since the substitution [z, y] + zy — yz turns the Camp- 
bell-Hausdorff series $ (x, y) into a series In (e*e¥), it follows 
immediately that the multiplication z,yi> J (z, y) is as- 
sociative (provided all the necessary series converge). 
Similarly since J (0, z) = J (zx, 0) = 0, the multiplication 
£z, Y +> a(z, y) has the identity 0, and since e*e-* = 1 the 
inverse element z-! relative to that multiplication is the 
element —z. 
This completes the proof of Proposition 4. O 


Since the functor J is the quasi-inverse of [’, the functor 
E = I o J-* is the quasi-inverse of the Lie functor { = 
J o. Thus we have attained our main object: we have 
found a functor which, if not the inverse, is the quasi- 
inverse of the Lie functor GR-LOC — ALG;LIE. 
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All the results obtained can be summarized in the fol- 
lowing final theorem: 

Theorem 1. There is the following commutative diagram of 
functors 





GR-LOC' 





ALG ,-LIE 


I pe 
GRIE 


in which the functors J and J-! are inverse and the functors { 
and E and \' and I are quasi-inverse to each other. (Q 

Corollary. Categories GR-LOC, ALG,-LIE and GRIE 
are equivalent. C] 

Theorem 1 was basically known to Sophus Lie. 

Lie presented his results as six theorems: three direct 
theorems and three converses of the theorems. His third 
converse theorem is almost the same as Theorem 1. On these 
rather shaky grounds theorem 1 is sometimes referred to as 
Lie’s third theorem. 

We stress that in Theorem 4 local Lie groups are assumed 
to be analytic. The case of local groups belonging to the class 
of C" smoothness, 2 <r < oo, will be considered in the 
next lecture. 
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Local subgroups and subalgebras-Invariant local subgroups 
and ideals+-Local factor groups and quotient algebras +-Reduc- 
ing smooth local groups to analytic ones-Pfaffian systems. 
Subfiberings of tangent bundles -Integrable subfiberings -Graphs 
of a Pfaffian system-Involutory subfiberings-The complete 
univalence of a Lie functor-The involufedness of integrable 
subfiberings -Completely integrable subfiberings 


Theorem 1 of the preceding lecture completely reduces the 
theory of (analytic) local Lie groups to the theory of Lie 
algebras. We illustrate this by using the example of local 
subgroups and local factor groups. 

Definition 1. A local subgroup of a local Lie group G is 
its subset H such that: 

(i) if for elements a, b € H an element ab-' is defined, 
then ab- € H; 

(ii) there is a neighbourhood U of the identity e of G such 
that the intersection U (| H is closed in U (the condition of 
local closure). 

Notice that it is not immediately apparent from this 
definition that the local subgroup H is itself a local Lie 
group (although we shall see below that it is really the case). 

Let g be a Lie algebra and let ) be some subalgebra 
of it. Using the functor E = I o J-! we can construct from g 
a local Lie group Eg and from f a local Lie group £. Accord- 
ing to the construction, #f is a subset of Eg and what is 
more, its local subgroup (for if z,y € §, then J, (xz, y) E95 
for any n > 1). 

Now let G be a local Lie group and let g = í (G) be its 
Lie algebra. Under natural isomorphism Eg æ% G every 
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local subgroup of Eg, which is of the form £6, where § is 
a subalgebra of g, is associated with some local subgroup of G. 
In some neighbourhood of the identity e € G that local sub- 
group coincides, under the exponential mapping exp, with 
the image exp § of 6, so that by our convention not to distin- 
guish between equivalent local groups we may denote it by 
exp . 

The local subgroup exp § of G corresponding to the subal- 
gebra of g= 1 (G)! has the property that in some system 
of normal coordinates z', ..., z” (namely in the system 
defined by the basis of g whose first m vectors form the basis 
of h) it is given by linear equations 


(1) e1—0,...,2%=0. 


Local subgroups having that property will be said to be 
locally flat. Thus for a local subgroup Hc G to be of the 
form exp § it is necessary that it should be locally flat. It is 
easy to see, however, that this necessary condition is also 
sufficient, so that a local subgroup H of a local Lie group G 
is associated with some subalgebra of a Lie algebra g = { (G) 
(and is therefore, in particular, itself a local Lie group) if and 
only if it is locally flat. Indeed, let h be a subspace of g span- 
ned by the first m vectors of the basis defining normal coordi- 
nates in which # is given by equations (1). Then for any 
X € and any t (with |ż | sufficiently small) the point 
Bx (t) = exp tX is in H. Therefore if X, Y € h, then 


B(t)=Bx (V t) By (Vt) Bx (Vt)-By (Vt) EH 
and hence the vector 


d 
[X, Y]= Pn t=0 





(see Proposition 2, Lecture 4) is in ġ. Consequently § is a 
subalgebra of g. To complete the proof it remains to notice 
that the local groups H and Ef are obviously equivalent. D 

We see in particular that for a locally flat local subgroup H 
a subalgebra hc { (G) consists of all elements X €1(G) for 
which exp tX € H for any £ (with | ¢ | sufficiently small). 
That subalgebra is naturally identified with a Lie algebra 
t (H) of H (considered as a local Lie group) and will be dẹ- 
noted by the same symbol { (H), 
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Thus for any local Lie group G there is a bijective corre- 
spondence between the set of all subalgebras of a Lie algebra 
g = 1 (G) and the set of all locally flat local subgroups of G 
in which a subalgebra \c g has the corresponding local sub- 
group exp 4 and a local subgroup Hc G has the“correspond- 
ing subalgebra 1 (H). 

That correspondence will be called the Lie correspondence. 

The remarkable fact, first proved by E. Cartan, is that 
the condition that local subgroups should be locally flat 
is in fact unnecessary in that statement. 

Proposition 1 (The Cartan theorem). Every local subgroup H 
of a local Lie group G is locally flat and hence the Lie algebra 
g = {1 (G) has a subalgebra ý such that 


H = exp >. 


In particular H is a local Lie group. 

Proof. Let 6 be the collection of all elements X € g hav- 
ing the property that exp tX €H for any t (with sufficiently 
small | ¢ |). We prove that 6 is a subalgebra of g and that 
exp h = H. The proof is split into several lemmas. 

Lemma 1. If for an element X € g there is a sequence {X;} 
converging to X such that for some t; € R vanishing as i —> oo 
we have an inclusion 


exp i,X; € A, 


then X €X. 

Proof. Since II exp (—t;X;) = Il exp (t:X:;)-t €H, it 
may be assumed without loss of generality that tł; > 0. 
Let ¢ >0O be a number such that the element exp tX €G 
is defined and let 

t 


k; O=|F) ( the integral part of =). 


Since yi <k, ORE we have m t;k;(t)=t and 
hence 
= exp (tik; (t) X;) exp tx. 
But 
exp (tik; (t) X;) = (exp t,X,)" € H 
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and under the hypothesis the local subgroup H is closed. 
Consequently exp tX € H and hence XE}. O 

Lemma 2. A subset hc g is a subalgebra. 

Proof. Since exp (t (sX)) = exp ((ts) X), for any X €b 
and any s € R there is an inclusion sX € } (for we can always 
choose sufficiently small 2). 

Let X, Y € ġ. Then exp Q (tX, tY) = exptX tY € H, 
i.e. exp? (X + Y + Z) € A, where Z, = O (t). On arbit- 
rarily choosing a sequence {f;} converging to zero, we set 
X: =X +Y + Zi The sequence {X;} satisfies (with re- 
spect to the element X + Y) all the conditions of Lemma 1. 
Therefore by that lemma X + Y €}. 

Similarly, since 


exp tX + exp tY -(exp tX)-' (exp tY)-! 
= exp? ([X, Y] + O () €H, 
we have [X, YIE }. O 


Now let t be a subspace of a Lie algebra g complementary 
to a subalgebra h, i.e. such that 


(2) =h @t. 
Lemma 3. There is a neighbourhood V of zero in t such that 
exp Y ¢ H 


for any nonzero element Y €t. 

Proof. On choosing in t some norm ||t|| (say a Euclidean 
one) consider the set B of all elements Y € t such that 1 < 
| Y || <2. If Lemma 3 is false, then there is a sequence 
Y; —> 0 in the algebra g such that Y; € t and exp Y; € H. 
We choose integers n; so that X; = n;Y; € B (it is clear 
that this is always possible). Since B is compact, it may 
be assumed without loss of generality that {X;} converges. 
Let X be its limit. Since {X;} satisfies all the conditions 
of Lemma 1 (with ż; = 1/n;), the element X (obviously non- 
zero) is in the subalgebra ġ. But this is impossible, since 
X €t and hf} t=0. Hence the statement of Lemma 3 
cannot be false. O 

Lemma 4. In a local Lie group G there is an equation 


H = exp }. 
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Proof. Since by construction exp hc HZ, it is only neces- 
sary to show that the inverse inclusion holds. It may be 
assumed without loss of generality that the local group G 
is the canonical neighbourhood of the identity, which cor- 
responds to decomposition (2) of the algebra g (see Defini- 
tion 4, Lecture 5). Moreover, we may assume that G is the 
image under the mapping 


X +Y ->expX-expY, XE), Yct, 


of the neighbourhood of zero in g, the neighbourhood being 
of the form U @ V, where U is some neighbourhood of zero 
in h and V is a neighbourhood of zero in t stipulated in 
Lemma 3. But under these conditions the inclusion exp }> 
H is obvious since if exp X -exp Y € H, then exp Y € H 
(since exp X € H) and hence Y = 0 by Lemma 3. O 

This completes the proof of Proposition 1. (J 

Corollary. The Lie correspondence is a natural bijective 
correspondence between the set of all local Lie subgroups of 
a local Lie group G and the set of all subalgebras of a Lie al- 
gebra g = 1 (G). O 

On noticing that with respect to the inclusion both of 
these sets are lattices (structures) it immediately follows 
that the Lie correspondence is an isomorphism of those lattices. 

Definition 2. A local subgroup H of a local Lie group G 
is said to be invariant or distinguished if aba-' € H for 
any elements a € G and b € A such that the element aba-' 
is defined. 

Definition 3. A subalgebra § of a Lie algebra g is said to be 
an ideal if [X, Y] € ġ for any elements X €g and Y € }. 

Proposition 2. In the Lie correspondence the invariant local 
subgroups of a local group G are associated with the ideals of 
a Lie algebra g = í (G) and the ideals with the invariant local 
subgroups. 

Proof. Let h be an ideal of g = í (G) and let X € g, and 
Y € §. Since[X, Y] € bh, it immediately follows that 3, (X, 
Y) € § for any n >1 and therefore 


where Y* = Y + Zo: (X,Y) € 6 (if, of course, the series 
n> 
> (X, Y) converges). Since [X + Y*, —X] = [X, Y*] € 
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f and hence ,§, (X + Y*, —X) € 6" for n >1, it follows 
that 


(3 (X, Y), —X)=X+Y*-X+ 2 dn (X+Y*, —X) 


€H, and therefore 
exp X -exp Y -(exp X)-! = exp § (9 (X, Y), —X) E€ exp. 


Consequently the local subgroup exp § is invariant. 
Conversely, let H = exp 6 be an invariant local subgroup 

of a local Lie group G. Then for any elements X € 9, Y € Ù 

and any ¢ (with | ¢ | sufficiently small) there is an inclusion 


exp tX -exp tY (exp tX) € H 
and therefore an inclusion 
exp tX -exp tY (exp tX)-!-(exp tY)-! 
= exp t ([X, YI+ 0 (H) EH 


from which by the already familiar reasoning (see the proof 
of Lemma 2 above) we get [X, Y] € h. Hence the subalgebra 
ġ = í (H) is an ideal. O 


Let H be a local subgroup of a local Lie group G. We call 
a, b € G elements comparable modulo H if a-'b € H. It is clear 
that on a sufficiently small neighbourhood of the identity 
of G that relation is an equivalence relation whose equiva- 
lence classes are cosets aH (more exactly, the intersections 
of those sets with a neighbourhood of the identity). Let 
G/H be the set of the cosets. 

On decomposing the Lie algebra g = 1 (G) into a direct 
sumg = h) @F of a Lie algebra § of a local subgroup H 
and some subspace f and considering the canonical coordi- 


nates x!, ..., x” defined by the decomposition we at once 
see that the cosets aH € G/H are given in the coordinates 
gi, ..., x” by equations of the form 

(3) ah =at, ..., a =a” (n = dim G, m = dim H), 
where at, ..., a” ™ are arbitrary real numbers (sufficiently 
small in absolute value). This shows that by associating a 
point (al, ..., a” ™) ER” ™ with a coset aH we obtain 


some bijective mapping of the set G/H onto an open subset 
of the space R"-™, i.e. we obtain a chart, Since with a dif- 
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ferent choice of complementary subspace f a compatible chart 
is easily seen to result, this defines on G/H a topology and 
smoothness relative to which it is a smooth manifold 
(diffeomorphic to some open subset of R”-™ and having there- 
fore the dimension n— m). 

If H is an invariant local subgroup, then the formula 
aH-bH = abH correctly defines in the neighbourhood of 
a point H = eH of the manifold G/H a certain multiplica- 
tion relative to which it is obviously a local Lie group with 
identity H. 

Definition 4. The constructed local Lie group G/Z is called 
a local factor group of a local Lie group G mod an in- 
variant local subgroup 4. 

Now let § be an ideal of some Lie algebra g. Consider a 
factor space g/h) whose elements are cosets x + §, x €g. It is 
obvious that the formula 


[Ix+6, y+ bl = iz, yl + $ 


correctly defines on g/h the operation [, ] relative to which 
that factor space is a Lie algebra. 

Definition 5. A Lie algebra g/f is called a quotient algebra 
of a Lie algebra g mod an ideal }. 

In particular, for any invariant local subgroup A of a local 
Lie group G a quotient algebra { (G)/{ (H) of a Lie algebra 
í (G) mod its ideal { (H) is defined. We compare that quo- 
tient algebra with the Lie algebra { (G/H) of a local factor 
group G/H. 

Proposition 3. Lie algebras í (G/H) and í (G)/( (H) are 
naturally isomorphic: 


í (G/H) = 1 (@/ (H). 


Proof. On applying to { (G/H) and 1 (G)/{ (H) the functor 
E: ALG;-LIE — GR-LOC, on the one hand we obtain a local 
Lie group £ (t (G/H)) which is naturally isomorphic to the 
local group G/H and on the other hand we obtain a local 
Lie group Æ ({ (G)/i (H)). Proposition 3 therefore is equiv- 
alent to the statement that we have a natural isomorphism 


GIH x E (1 (@ (A). 


It is in this form that we shall prove it. 
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Let g = 1 (G) and § = í (A). Elements of the local group 
E (t (@/1 (H)) = E (8/6) are by definition the elements of 
the quotient algebra g/, i.e. cosets X + of the algebra g 
mod the ideal h. We show that the exponential mapping exp: 
g — G maps every such coset onto some coset aH of a local 
group G mod an invariant local subgroup H = exp b. In- 
deed, as we already know, for any elements X €g, Y €} 
sufficiently close to zero 


» (X, Y)=X+Y*, 
where Y* € §, with 


=a 4 ən (X, Y), 
n> 


from which it immediately follows that for any fixed X the 
mapping Y — Y* is bijective (in some neighbourhood of 
zero). Hence the mapping 


X + Y*— exp (X + Y*)=exp JQ (X, Y) = exp X-expY 


maps every coset X + § onto the coset exp X.H. 

The constructed mapping of the manifold E (g/6) onto 
the manifold G/H is obviously a diffeomorphism in the iden- 
tity. To complete the proof of Proposition 3 therefore it re- 
mains to show that it sends product to product. But this 
is obvious since for any elements X,, X,€g, Yı, Ya €) 
we have 


(Xy + Y) (Xa + Y3) = 9 (Xi + Yi, Xa + Yo) 
= ð (Xi, X) + Y*, 
where Y* € §, and hence 
(Xi + Y%)-(X_ + Y3) exp d (X1, Xa) exp Y* 
€ a,ff-a,H, 
where a, = exp X}, a, = exp Xp. 


0 
We summarize the results obtained in the following theo- 
rem: 


Theorem 1. For every local Lie group G the Lie correspond- 
ence is a natural bijective correspondence between the lattice 
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of all local subgroups of G and the lattice of all subalgebras of 
a Lie algebra g = 1 (G). 

Associated in this correspondence with invariant local sub- 
groups are ideals of g and, conversely, associated with ideals 
are invariant local subgroups. 

The quotient algebra of a Lie algebra 1 (G) is a Lie algebra 
of every local factor group of G mod the corresponding ideal. O 


As we have already repeatedly stressed, all the results 


of the last lectures are related to analytic (i.e. class C°) 
local groups. It turns out that we have sustained no loss 
of generality. To give this statement an exact formulation 
we say, with some class of smoothness C” (with r > 2) fixed, 
that local groups which are manifolds of the C” class are smooth 
local groups and local groups of C® are analytic local groups. 
The following theorem then holds and shows that in terms 
of the theory of local Lie groups a restriction of the discussion 
to analytic local groups does not in fact decrease generality. 

Theorem 2. Every smooth local group is isomorphic (in 
the category of smooth local groups) to some analytic local 
group. 

The proof of this theorem is based on a property of the 
Lie functor, of interest in its own right, which is just to be 
discussed by us in the first place. 

Let C and D be two categories and let F: C — D be a 
functor. For any two objects A, B of C the functor F gives 
some mapping 4 


Morc (A, B) > Morp (FA, FB) 


of the set of all morphisms A —> B of C into the set of all 
morphisms FA — FB of D. The functor F is said to be com- 
pletely univalent if for any A and B that mapping is bijective, 
i.e. if for any morphism p: FA —> FB there is one and only 
one morphism a: A — B for which Fa = B. 

It is clear that if F is completely univalent, then the 
objects A and B of C are isomorphic if and only if so are the 
objects FA and FB of D. In the following proposition, by 
GR-LOC is meant the category of smooth local Lie groups. 

Proposition 4. The functor GR-LOC —> ALG,-LIE is com- 
pletely univalent. 
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In particular, local Lie groups are isomorphic if and only 
if so are their Lie algebras. 

This proposition yields Theorem 2 at once. Indeed, let G 
be a smooth local group and g = { (G) its Lie algebra. The 
functor Æ constructed in the preceding lecture associates 
with g some analytic local group Lg whose Lie algebra 1 (Eg) 
is isomorphic to g. Therefore that local group is isomorphic 
to G. O 

Notice that Proposition 4 is trivially true for analytic 
local groups, since any quasi-invertible functor F: C —> D 
is completely univalent. Indeed, if G: D — C is a quasi- 
inverse functor, then for any morphism a: A —> B we have 
a commutative diagram 











€ 

A= Cr 

| GFa 
€ 

B—Ž GFB 


in which the horizontal arrows are isomorphisms. Therefore 
if Fa = FB, then 


a = ef 0GFac e4 = ef ° GFP o e4 = P. 


Thus if for a morphism y: FA — FB there is a morphism 
a: A — B such that Fa = y, then that morphism is unique. 
It is similarly proved that for a morphism a: GS —> GT, 
where S, T are the objects of the category D, there can be 
only one morphism y: S —> T such that Gy = a. On the 
other hand, for any morphism y: FA — FB the morphism 
œ = ep ° Gyo ey, has the property that GFa = € p ° aoeg= 
Gy. Therefore Fa = y. O 

The proof of Proposition 4 is based on the theory of exact 
differential equations (Pfaffian differential equations). We 
begin by presenting this theory in invariant form using 
no coordinates. 


Let P and Q be two smooth manifolds. 
Definition 6. A Pfaffian system from P to Q is the function 


f: (P. 4) => f (P, 9) 
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which associates with every point (p, q) E€ P X Q some 
linear mapping 


f (p, 4): Tp (P) > Te (Q) 


which is smoothly dependent on p and q. 

If x1, ..., a” and y!, ..., y” are local coordinates in 
manifolds P and Q respectively, then in the associated coor- 
dinates on vector spaces Tp (P) and Tọ (Q) the mapping 
f (p, q) will be given by an n X m eae whose elements 
are functions of z',..., z” andy’, .. The require- 
ment that f(p, q) should be smporele Apend ni on p 
and q means that the functions are smooth. 

Remark 1. In more invariant terms the concept of Pfaf- 
fian system is defined through that of induced fibering. We 
shall not recall that concept (we shall no longer need it 
anywhere) but onlyremark that a Pfaffian system in the 
sense of Definition 6 is nothing but the mapping over P x Q 
of the fibering induced from the tangent fibering T (P) 
by the projection P X Q —> P into the fibering induced from 
the tangent fibering T (Q) by the projection P x Q~>@Q. 
This approach allows one to avoid explaining the require- 
ment that mappings f (p, q) should be smoothly dependent 
on p and q. 

Definition 7. An integral of a Pfaffian system f on an open 
set Uc P is a mapping ọ: U —> Q such that 


f (u, px) = (dẸ)u 


for any point u € U. The Pfaffian system f is said to be 
integrable if for every point (Pos qo) E P X Q there is an 
integral ọ: U — Q of f defined on some neighbourhood U 
of the point pọ in the manifold P such that ọ (Po) = qo. 

Lemma 1. Any two integrals ọ: U + Q and g’: U’ — Q 
defined on U and U’ of py and such that ọ (po) = 9’ (Po) 
coincide on some neighbourhood of po. 

We shall prove that Lemma below. 

To obtain convenient conditions for the integrability of 
the Pfaffian system (and to prove Lemma 1 at the same 
time) it is appropriate to somewhat generalize the problem. 


Let M be an arbitrary smooth manifold and x: T (M) —> 
M its tangent fibering. 
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Definition 8. A vector bundle n,: Æ — M is said to be 
a subfibering of a tangent fibering (or bundle) n: T (M) — M 
if Ec T (M), the embedding E — T (M) is smooth and 
mı = |g. The subfibering is uniquely defined by giving a 
manifold Æ, and as a rule we shall identify it with Æ. The 
fibre =; (a) of the fibering & over a point a € M will be de- 
noted by Æ.. It is the subspace T, (M) N E of the tangent 
space Ta (M) whose dimension is the same for all a and 
will be denoted by m. 

For every open set UC M a vector bundle m;t (U) — U 
is defined which has the same fibres as the fibering E. It is 
a subfibering of the tangent bundle T (U) — U. We shall 
denote that subfibering by E |y and call it a restriction of 
the subfibering Æ to U. 

By this definition T (M) |y = T (U). 

Let W be an m-dimensional manifold and w, its point. 
As a rule W will be assumed to be a neighbourhood of w, 
in some manifold (R™, for example), but in principle W 
may be arbitrary. 


Definition 9. A smooth mapping ®: W — M is said to be 
integral with respect to a subfibering Ec T (M) if at any 
point w € W its differential 


(d®),,: To (W) > Ta (M), a = Ow 


is a monomorphism onto a fibre E, of the subfibering £E. 

In accordance with the generally accepted set-theoretic 
notation we shall write ®: (W, w) > (M, a) if ao = Pwo. 

Definition 10. A subfibering E of a tangent bundle T (M) 
is said to be integrable if for any point a, € M there is a map- 
ping Ð: (W, wọ) > (M, ao) which is integral with respect 
to Ł. 

Lemma 2. If a subfibering E is integrable, then for any 
point ap € M and any E-integral mappings ®: (W, Wo) —> 
(M, a) and O': (W', w) —> (M, ao) there are neighbour- 
hoods V and V' of w, and w, and a diffeomorphism B: V’ + V 
in manifolds W and W’ such that D' = Do B on V”. 

We shall prove this lemma later on. 


Let f be a Pfaffian system from P to Q and let M = P x Q. 
For any point a = (p, q) € M, we shall consider a graph 
of the mapping f (p, q): Tp (P) — Tp (Q), i.e. a subset Ey 


10-0450 
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of the direct sum 
Ta (M) = Tp (P) ® Ta (Q) 
consisting of vectors (A, B), A € Tp (P), BE T; (Q) such 


that 
B = f (p, q) A. 


Since the mapping f (p, q) is linear, that subset is a subspace. 

We put 

E= U E 
a€M 

The set E is a subset in T (M) and a restriction n,: E > 
M to E of the projection x: T (M) — M has the property 
such that m! (a) = Ea for any point a € M. 

If (U x V, h x k) is a chart on M which is the product 
of charts (U, k) and (V, k) on P and Q respectively and if 


W = nt (U x V)= U Ea 
a€UXV 


the mapping 
W — (U x V) x R”, m = dim P 
defined by the formula 
(A, B) +> (z (A, B), hA), 


where A: Tp (P) > R”, p=nA is a chart corresponding 
to a chart k, will obviously be a bijective mapping. The 
inverse mapping H sends a point (a, x), where a = (p, q) € 


UxV and z€ER”, to a vector (hix, f (p, q) htx) 
and has therefore the property that for every point a € 
U x V the mapping x +> H (a, x) is an isomorphism of 
vector space R™ onto vector space Ea 
If (U’, h’) is another chart on P and 
H’: (U'X V) x R™>W' = U Ea 
a€U’xvV 
is the corresponding mapping, then (with U N U' = Ø) 
for any point a € (U x V) N (U’ x V) the composition of 
the mapping «+> H (a, x) and the mapping inverse to the 
mapping x +> H’ (a, x) will obviously coincide with the 
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mapping h’oh?: R” —— R” and will hence smoothly 
depend on a. 

This means that (Æ, 1,, M) is a vector bundle. In addi- 
tion, it is clear that the embedding E —> T (M) is smooth 
and therefore (since by construction x, = x |,) that mapping 
is a subfibering of the tangent bundle T (M). 

Definition 11. The subfibering constructed is called a 
graph of a Pfaffian system f. 

It is obvious that a mapping g: U — Q is an integral of 
the Pfaffian system f if and only if the mapping ©: U > 
P X Q defined by the formula 


(4) u = (u, gu), u € U 


is integral with respect to the graph F of f. On the other 
hand, if ¥: W — P x Q is a mapping integral with respect 
to the graph E and ¥w = (aw, pw), where a: W —>P, 
p: W —> Q, then it is easily seen that for any point wọ € W 
the differential (dæ)w, of a mapping œ will be an isomorphism 
and that hence, possibly after going from W to a smaller 
neighbourhood of the point w,, the mapping œ will itself 
be a diffeomorphism of the manifold W onto some neigh- 
bourhood U of the point u, = aw,. Then the mapping ® = 
Poa !: U — P x Q, while continuing to be integral 
with respect to the subfibering Æ, will be given by 
formula (4) (with ọ = po a") and will therefore define an 
integral ọ of the Pfaffian system f. This proves that the Pfaf- 
fian system from P and Q is integrable if and only if its graph 
is an integrable subfibering of the tangent bundle of the mani- 
fold P x Q. 

In addition, we can now prove (assuming Lemma 2 estab- 
lished) Lemma 1. 

Proof of Lemma 1. Let ọ: (U, u) > (Q, go) and g’: (U', 
Uy) — (Q, go) be two integrals of a Pfaffian system f which 
coincide at the point u € U N U’ and let D: ur> (u, gu) 
and @’: w+>(u, g'u) be the corresponding mappings (4) 
integral with respect to the graph E of that system. By 
Lemma 2 there are neighbourhoods V and V’ of u, and a 
diffeomorphism 6: V’ — V such that P’ = Mo È onto V”. 
Projecting onto U we see, in particular, that Bu = u for 
any point u € V’, i.e. that V’ = V and R = id. But then 
p =g o B = g onto V’ = V, which proves Lemma 1. O 
10% 
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Suppose again that Æ is a subfibering of the bundle T (M). 
We shall say that a vector field X €a (M) isin EifX,€ Ey 
for any point a € M. Clearly, all such fields form a submod- 
ule of the F (M)-module a (M). We shall denote that sub- 
module by a (E). 

If the fibering E is trivial (isomorphic to the fibering 
M x R” —> M), then there are vector fields X}, ..., Xm 
on M such that for any point a € M vectors (X,),, ..., 
(Xm)q form a basis of the space E, and hence Xj, ..., 
Xm form a basis of the F (M)-module a (E). i.e. the 
module is free. It follows from the local triviality of E that 
for any subfibering E of the tangent bundle T (M) there is an 
open covering {U} of the manifold M, such that for every ele- 
ment U of that covering the F (U)-module a (E |y) is free. 

Definition 12. A subfibering Æ is said to be involutory 
if the submodule a (E) is a subalgebra of a Lie algebra a (M), 
i.e. if [X, Y] €a (E) for any fields [X, Y] € a (E). 

Below we shall encounter a situation where the submodule 
a (E) is generated by some (finite-dimensional) subalgebra g 
of a Lie algebra a (M), i.e. where any element of it is a linear 
combination with coefficient from F (M) of fields in g (ac- 
cording to the standard notation of module theory such a 
submodule will be denoted by F (M) g). It is easily seen 
that in this case the condition of involutedness is satisfied, 
i.e. any submodule generated by a subalgebra is itself a sub- 
algebra. Indeed, it is obviously sufficient to show that for 
any fields X, Y €g and any function f € F (M) the field 
[fX, Y] isin F (M) g. But since Y is a differentiation, we 
have Y o fX = Yf-X + f-YoX and therefore 


[fX, Y) = fX oY —YofX = f(X ° Y —Yo X) —Y/-X 
= f-[X, Y] — Yf- X €F (M)s3, 
since [X, Y] €g and Yf € F (M). O 
Proposition 5 (Frobenius theorem). A subfibering E is inte- 


grable if and only if it is involutory. 


Before proving the proposition we apply it to the proof of 
Proposition 4. 


Proof of Proposition 4. Let G and H be two smooth local 
Lie groups and f: g — § an arbitrary homomorphism of the 
Lie algebra g = ( (G) into the Lie algebra h = | (H). It is 
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necessary to show that there is a homomorphism 9g: G — H 
of Ginto H for which 1 (9) = f and that the homomorphism 
is unique. 

To this end, interpreting f asa mapping T, (G) > T. (H) 
we can define for any two elements a € G and b € H a linear 
mapping f (a, b): Ta (G) > Ty (A) by putting 


(9) fca, b) = (dLo)e ° fo (dLa)e’, 


where, as ever, La and Ly are the left shifts. Clearly, map- 
pings f (a, b) smoothly depend on a and b, i.e. form some 
Pfaffian system from G to H. 


For any homomorphism ọ: G — H of local Lie groups 
and any element a €G a relation go La = Loa ° ọ holds 
(signifying that @ (ax) = gagr), i.e. a relation ọ = 
Lya œ ọ ° Lat. Therefore 

(dp)a E (dLga)e 2 (dq) 2 (dL ,)e’, 
from which it follows that if f = í (ọ), i.e. f = (dọ)e, then 


(d@)a = f (a, pa), 
i.e. ọ is an integral of the Pfaffian system (5), which has the 
property that pe = e. 

Suppose for the Pfaffian system (5) there is an integral ọ 
defined on some neighbourhood of the identity e of G and 
such that pe = e. Since equivalent local groups are not dis- 
tinguished, we may assume without loss of generality that 
o is defined on the entire local group G. 

For any fixed point a € G the mapping ọ ° La: z +> ọ (az) 
defined on some neighbourhood of e satisfies the relation 

d (p s Lia) x ir (dP) ax P (dLa)x 
7 (dL g¢ax))e 9 f 9 (dLas)e' > (dLa)x 
= (dLy(ax))e ofo (dL x)e" =f (x, 9 (azx)), 
i.e. it is an integral of (5). Similarly, since 
(dLa) s P)x = (dLiga))ox s (dp). 
= (dLigca))ox o (dLox)e © f ° (dL x)e 
= (dLga,gx)e ° f o (dLy)e" 
= f (x, papz), 
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the mapping Lg, ° g: x > gagz is also an integral of (5). 
As both integrals assume for z = e the same value qa, 
by Lemma 1 they coincide in some neighbourhood of e. 
Thus, in that neighbourhood 9 (ax) = gagzx and hence ọ 
is a homomorphism of G into H. Since 


(d@)e = (dLe)e 2 f 9 (dLe)e* = Í, 


that homomorphism induces the given homomorphism f 
of Lie algebras. 

This proves that homomorphisms ọ: G —> H of local Lie 
groups, that induce the given homomorphism f: g ~ $ 
of Lie algebras are precisely the integrals of system (5) for 
which ge = e. To prove Proposition 4 it then suffices to 
establish that system (5) is integrable, i.e. that so is the 
subfibering E of the tangent bundle T (G x H) which is 
the graph of that system. 

The fibre of that graph over the point (e, e)EG x H 
is obviously a graph f of f, i.e. a subspace of the space 
Te (G x H) = T. (G) x Te (H) made up of pairs of 
the form (A, fA), where A € T. (G). But over an arbitrary 
point (a, b) €Gx H the fibre of the graph is obtained by 
acting upon f by a linear operator dLa, 5) = dL, X dLy. 

If therefore we consider on G x H left-invariant vector 
fields X,, ..., Xm whose values X, (e, e), ..., Xm (e, @) 
at the point (e, e) form a basis of the subspace f, then their 
values X, (a, b), ..., Xm (a, b) at any point (a, b)€ 
G X H will form a basis of the fibre of the graph E over 
(a, b). This means that the fields X,, ..., Xm form a basis 
of the F (G X H)-module a (E) (so that this module is free). 

To restate this in more invariant terms, we should notice 
that the subspace f of the Lie algebra í (G x H)ca(G x 
H), being the graph of a homomorphism of Lie algebras, 
is a subalgebra of that algebra and hence of the entire Lie 
algebra a (G X H). If t (G x H) is interpreted as the alge- 
bra of left-invariant vector fields, the basis of the subalge- 
bra f will form exactly the fields X,, ..., Xm. Therefore 
the submodule of the F (G x H)-module a (G x H), which 
has the basis X,, ..., Xm, is precisely the submodule 
F (GX H)f generated by the subalgebra f. But it was no- 
ticed above that a submodule generated by a subalgebra is 
itself a subalgebra. Thus the submodule a (E) is a subalge- 
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bra of the algebra a (G x H), so that the subfibering E 
is involutory. Hence, by Proposition 5, it is integrable. O 


It now remains to merely prove Proposition 5 (and Lem- 
ma 2). The condition of necessity of this proposition is 
proved without difficulty: 

Proposition 6. Any integrable subfibering E is involutory. 

Proof. Let a) € M and ®: (W, w) — (M, ap) be a mapping 
integral with respect to E. Since at any point w € W the 
mapping (d®),, : Ty (W) — To, (M) is monomorphic, for 
any vector field X € a (E) there is a unique field X? on 
W that satisfies the relation 


= (d®), (X5) 


i.e. a field -connected with the field X. For any two fields 
X, Y €a (E) the fields [X, Y] and [X®, Y®] are also ®-con- 
nected, i.e. for them 


[X, Ylow = (d®),, [X°, Y*],,. 


ay K, Ylo, € Im (dD), = Fou. In particular, [X, 
Yla, € Ea, Since the point a) € M is arbitrary, this proves 
that ir Y] €a (E). Consequently, the subfibering F is 
involutory. O 


The converse is more delicate to prove. 


Definition 13. A subfibering E of the tangent bundle T (M) 
is said to be completely integrable if the manifold M has an 
atlas made up of charts (U, xt, ..., x”) such that for any 
point a € U the first m vectors (=) Sy se aes (sar), 


a 


of the basis AR aie tes (sar), of the space T, (M) form a 
basis of the spase E,, i.e. in other words such that the 


a sn onU form a basis of the F (U)- 


module a(E£|y). 

It is easy to see that any completely integrable subfibering is 
integrable. Indeed let a E€ M and a, E U, where (U, h) = 
(U, xt, ..., 2") is a chart from an atlas specified 
by Definition 13. Suppose next that ¢” is a plane z™+! = 
z™t! (ay), ..., £” = 2" (ao) of the space R” and that 
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W is the intersection £™ fN h (U) (containing obviously the 
point w, = h (a,)). Finally let OD: W —> M be a restriction 
to W of the inverse diffeomorphism h7!: h (U) + U (con- 
sidered as a mapping in M). The differential (d@),, of the 
mapping ® at a point w€W sends the standard basis of 
ô 0 
the space T,,(W)=R™ to vectors (=>). eer (soa) 
where a=@Ww, and is therefore a monomorphism onto 
the space E- 

Thus the mapping ®: (W, w,) — (M, a) is a mapping 
integral with respect to E. Since a, € M is an arbitrary 
point, this precisely means that the subfibering E is in- 
tegrable. O 

Moreover, it can be shown similarly that an y completely 
integrable subfibering E has the property stated in Lemma 2, 
i.e. for any two E-integral mappings ®©: (W, w) — (M, a) 
and ®': (W’, Wo) — (M, a) there are neighbourhoods V 
and V’ of the points wọ and w, and a diffeomorphism 6: 
V’ + Vin W and W’, such that D’ = of onto V’. Indeed, 
we may assume without loss of generality that ®’ is the 
above-constructed mapping from the chart (U,z',..., 
x") and that the manifold W is an open subset of the 
space R™. Then 2 any point w = ACA c. W™ EW 


the vectors (d®),, (sor ar Jya , «.+, (dD), (sme =) will forma basis 
of E., a= Ow, and will therefore be eae expressed in terms 
0 0 ; 
zr), ere (sor). On the other hand, if 
z(w), ..., z” (w) are the functions giving the mapping ®, 


then 
(do), (7) =(_) - (4), tat, ....m, 


Ow? ðw? xI 


of vectors ( 








according to the general rule defining in coordinates the 


action of the differential of a smooth mapping. Hence 
Ox) 


“got = 9 on W for any i = 1, . .., mand any j =m +- 
{,..., n, and therefore xi (1) = const (more precisely 
zi (w) = x’ (a,)) for j =m-+1, ., n. This means that 


the composition B = ho® of a mapping @ and a coordinate 
diffeomorphism h is a mapping W —> W”. Since f is obvious- 
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ly an étale mapping, w, has a neighbourhood V on which that 
mapping is a diffeomorphism onto some neighbourhood V’ 
of w,. To complete the proof it remains to notice that 
D = h'o (ho ®) = Dof onto V. C] 

By virtue of these remarks, to prove Lemma 2 and the 
remainder of Proposition 5 it is sufficient to establish the 
following proposition: 

Proposition 7. Any involutory subfibering E of the tangent 
bundle T (M) is completely integrable. 

Proof. Let a, be a point of a manifold M and let (U, h) = 
(U, x!,..., 2") be some chart of M at that point. 
On choosing a smaller neighbourhood, if necessary, we 
may assume that the F (U)-module a (E|y) is free, i.e. 
has a basis consisting of m vector fields X}, ..., Xm- 
To simplify the formulas, it may also be assumed that 
z (aa) = 0 5. wn eg 2 (ag) 0, 

Suppose first that m = 1. Setting X = X,, consider the 
components X! = Xz', ..., X” = Xz" of the vector 
field X in coordinates zt, ..., x°. Since X Æ0 in JU, 
it may be assumed without loss of generality that X” = 0 
in U (it suffices, if necessary, to rewrite the coordinates and 
make U smaller). 

As we know, for any point u € U there is an integral curve 
Pu: Iu >M of X defined on some interval J, of the 
axis R, containing the point 0, and such that 9, (0) =u. 
It may be assumed (again making U smaller, if necessary) 
that J, is independent of u (I is the same for all u). 

Now consider in the space R” = R"-1 xX R an open 
set W x I, where W is the set of all points w = (wi, ... 
w”-1) € R"-! for which (w, 0) € h (U), and a mapping 

Oo: W x I— M 
of that set in the manifold M, that is defined by the for- 
mula 
D (w, t) = Pu (t), where u = h™ (w, 0). 
In coordinates w!,..., w”-t, w” = t and z!l,..., 2", 


that mapping can be written using functions z! (w, t), ..., 
x” (w, t) such that 


(6) 22) _ Xi (at (w, t), ...,2"(w, t)), i=1,...,7, 
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and 
z! (w, 0) = wt, ..., 2° (w, 0) = uw", z” (w, 0) = 0 


are identical for w. In particular, we see that 


(Fa ) = ane (Fr) no = 


This means together with formulas (6) that at any point of 
the form (w, 0) and, in particular, at the point (0, 0) the 
matrix of the differential of ® is, in the coordinates wt, . 





e “9 


w°-!, w” = t and xt, ..., x”, of the form 
(4 x! 
0. 
OQ. & « 
1 xX! 
0...0 X?” J 


and is therefore (since X” = 0) nonsingular. Hence ® 
is étale at the point;0 = (0, 0) € W X I and may therefore 
be assumed without loss of generality to be a diffeomorphism 
of the set W x I onto the neighbourhood U. The inverse 





diffeomorphism ®-? defines on U coordinates wt, ..., w", 
w” that obviously have the property that A = X on U. 
There are thus coordinates wl, ..., w” in some neigh- 


bourhood of the point a, such that the field KA generates 


a submodule a (Z|y). Since a, was chosen arbitrarily, this 
proves that E is a completely integrable subfibering. 

This completes the proof of Proposition 6 for m = 1. 
(Notice that for m = 1 the condition of involutedness is 
directly satisfied.) 

Now let m œ> í. Proceeding by induction, assume that 
Proposition 6 has already been proved for subfiberings 
having fibres of dimension m — 1 and consider an involuto- 
ry subfibering Æ with fibres of dimension m. 

Lemma 3. On a manifold M, there is a chart (U, xt, ..., £”) 
with ag € U and a basis X,, ..., Xm of a module a (Ely) 
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such that 

(a) Am =i ee 0, 

; ð 
Xm” =1, Le. Xm = zm > 

(b) Xit" Sse SK mage” = 0, ie the fields Xj oaia 
. +) Xm can be expressed only in terms of the field 
0 ô 

Oat? tte Danm ? 

(c) with x” = 0, the functions Xi, ..., Xma, m< 
j<n, of xt, ..., x”! are identically zero. 

Proof. First suppose (U, z,, ..., £n) is a chart (with 


a, € U) such that the module a (Ely) is free and let X,,..., 
Xm be a basis of a (Ely). The vector field Xm gen- 
erates a subfibering for which m = 1; applying to that sub- 
fibering that part of Proposition 7 which was already proved 
we find a chart (denote it again by (U, z',..., x”)) 
that satisfies condition (a). 

To satisfy condition (b) we replace the fields X,, . 
Xm-ı by the fields 


X, — (Xx") Xm, ee ey Xma — (Xmat”) Xm. 


It is clear that taken together with X,, they also form a ba- 
sis of a(Zl|y) and (again denoted by X,,.. 
satisfy condition (b). 

Condition (c) is much more difficult to satisfy. 

Let W œ R"-! be the same set as in the first part of the 
proof (w € W if and only if (w, 0) € h (U)). Identifying W 
with W x 0, consider a restriction 9: W — U to W of the 
diffeomorphism A-t! inverse to a coordinate diffeomorphism 
h: U — h (U) œc R”. For any point w € W the differential 
(dp)» of the mapping ọ is a monomorphic mapping of the 
vector space Te (W) = R"-' onto a subspace of the vector 


space T, (M), a = ọ (w) spann ed by the vectors 


e °9 


°9 X ma) 





0 
as 
(sar), On W therefore there are uniquely defined 
vector fields 

Dae oe > Y ic 


-connected with the fields X,,..., Xm_, (for which 
we assume conditions (a) and (b) to be satisfied). Denoting 
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the span of vectors (Yije, -.-, (Ym-1)w for every point 
w EW by (p*£)., we obtain over W the subfibering ọ*E 
of the tangent bundle T (W) which has the property that 
the morphism T (g): T (W)— T (M) of vector bundles 
maps it into the subfibering £. 

By construction the vector fields Y,, ..., Ym form a 
basis of the F (W)-module a (g*£). Since for any point 


w € W 
(dp )w [Y;, Y ile = [X;, X ilow) € E(w) 


we have [Y;, Yj]w € (p*£Z)» and hence [Y;, Y,] € a (p*£). 
This means that @*F is an involutory subfibering. 
Consequently, by induction on W, there are (possibly 
after making U, and hence W smaller) Coury EAT) coordi- 
0 


nates w!, ..., w”-! such that the vector fields —— = St ey pet 


generate a nodule a(p*F). Since the fields Y,, ..., Y mai 
have the same property, it follows that the fields Y,, ..., Y m-i 
0 0 
Bot 9 bees Jumi and 
therefore their components Y,w’, ..., Y mw? in the basis 
0 


can be expressed only in terms of 


ô ; 
Fpl teo Gomer are zero for m<j<n. 


It may be assumed without loss of generality that k (U) = 
Wx I, where J is some interval of the axis R, and 
therefore on putting h (u) = (w, x") we may associate with 
any ae u€U as its local coordinates the coordinates 


wi, ..., wt of a point w € W and the coordinate x” € J. 
In other aa we introduce in U new local coordinates 
yp Sw, n-1 — yl, y” = x" by taking as coor- 


dinate diffeomorphism U +h (U) the diffeomorphism in- 
verse to the diffeomorphism (ọ o k) X id, where k: W — W’ 
is a diffeomorphism giving in W local coordinates WO ose 
w"-1, The coordinates y',..., y” have the property 
such that y” = x” and yt, ..., y”! are independent of 


x”, so that 


oy! yr- 
Ort == 0, e004 om = 0 
and 
ôy O oy" cn | 





Ox} yee er Agnm-1 ~~) Ax 
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Therefore,thegcomponents Xy!, ..., Xy” of an arbitrary 





vector field X relative to the coordinates yt, .. +, y” can 
be expressed in terms of its components X! = Xz',..., 
X” = Xx" relative to the coordinates z',..., x” 
by the formulas 
š ` dyi 
Xy = X) —~— 
y ĝxİÌ 
xl a.. yn if i=1 n—1 
= Eg oe ee ? 
i X”, if i=n. 
In particular, for the field X = Xm (for which under the 
hypothesis Xr P ES =, X” = 1) we obtain 


that X,y' = 0, Y X yt Li, X my” = 1, i.e. that 
Xe = a : But. = the fields X,, ..., Xm- it follows 
that X,y" =... = Xm" = 0, i.e. that these fields 
can be linearly expressed only in terms of the field, 





ayer This means that in the chart (U, y!,..., y”) 
conditions (a) and (b) still hold. 


In addition, for y” = 0, i.e. at a point of the form u = 
(9 (w), we W, for a value (X;), of a vector field X;, 
i = 1, ..., n— 1 we have a formula 


(Xi)u = (€~)w Y 


which expresses the -connectedness of the fields X; and 
Y;. As applied to functions X;yf that formula shows that 
the value 


(Xiu) = (Xiu 2? 
of Xiy’ at u € U with y” (u) = 0 is equal to that of Yyy’ 
at the point w. Since Yy’? = 0 for m < j <n — 1, this 
proves that X;yilm=0=0 for mx jxn—1. Thus con- 


dition (c) is also satisfied for the chart (U, yt, ..., y”) 

(with zt, ..., x” replaced by y},..., y"). O 
Proposition 7 now clearly follows from this lemma. 
Let a chart (U, x', ..., x”) and fields X,,..., Xm 


satisfy the hypotheses of Lemma 3. 
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Consider a Lie bracket [X,,, X;], i= 4, ..., m—41. 
By virtue of involutedness this vector field is ina (E|y) and 
hence there are smooth functions cj, ..., c7 on U such 
that 


[Xm Xi] = cHX, +... + chXn,, i= 1, ...,m—1, 
and therefore 
[Xm XA] i = AX +... + TX mai 
for any j = 1., ..., n. If j = n (which is the only interest- 
ing case), then X,,277 = 0. It may be assumed, „therefore, 


that the last term at the right is of the form c?14X,,_,2’. 
On the other hand, by definition of-a Lie bracket 





; : . OX sx) 
[Xm Xi] 27 = Xm (Xi) — Xi (Xm) = SH 
since under the hypothesis X,, = a . This means that for 
any j= 1,..., n — 1 (and obviously for j = n) the 
functions 
24 = Kaa, e o 09 Zm-1 = Xaaa! 


as functions of £ = x” are the solutions of a system of diffe- 
rential equations 


dz; 





Ti = ejz Feee th Ol tae. 6S Tea melal. 
But according to condition (c) of Lemma 3, the functions 
Z1, +++) Zm are zero for t = 0. Hence they are zero for 
any f. 

This proves that on U the fields X}, ..., Xm are 
; ô 
expressed in terms of the fields Agi eis mT and 
hence X,, ..., Xm are expressed in terms of the fields 
ð ô- 
agi e o Som pa: The last fields therefore form a 


basis of the module a (Eļy). 

To complete the induction step it remains to rewrite the 
coordinates x” and zx”. 

This completes the proof of Proposition 6 together with 
Proposition 5 and Lemma 2. O 

Corollary. A subfibering of a tangent bundle is integrable 
if and only if it is completely integrable. Q 
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Coverings. Sections of coverings. Pointed coverings. Coamal- 
gams: Simply connected spaces-Morphisms of coverings: 
The relation of quasi-order in the category of pointed coverings: 
The existence of simply connected coverings: Questions of 
substantiation. The functorial property of a universal covering 


Now we proceed to study the localization functor 
GR -DIFF — GR-LOC. The investigation of this functor 
is based on an entirely different range of ideas and methods 
connected in the main with the so-called “covering spaces”. 
The generally accepted presentation of the theory of cover- 
ing spaces using the notion of “homotopic paths” has been 
explained many a time in textbooks and monographs, both 
regardless of applications to Lie group theory (see [13] 
chap. 5, for example) and in connection with that theory 
(see [8], chap. 9, for example). We shall present another, 
more elementary presentation of the theory, which was 
first proposed, in a somewhat different form, by Claude 
Chevalley, and uses nothing but the simplest general-topo- 
logical constructions. We then apply the results obtained 
to the investigation of the localization functor. 


Definition 1. Let x: X — X be a continuous surjective 
mapping of topological space X onto topological space X 
and let U œ X be an open subset of X. We say that U 
is evenly covered by x if the inverse image n~! (U) of the 


set U under x is the union of disjoint open sets, each homeo- 
morphically mapped by x onto U. The mapping x is said 


tobe a covering of X if X and X are connected and any 
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point of X has a neighbourhood evenly covered by n. The 


space X is called a covering space in that case. 
Sometimes we have to consider surjective mappings n: 


X —> X for which X is connected and any point of X has 
a neighbourhood evenly covered by a mapping x but in 


general X is not connected. Such mappings will be called 
weak coverings. 
If U is evenly covered by a mapping zx, then so is any open 


set V c U. Hence for any (general weak) mapping n: X — X 
evenly covered open sets U Œ X form a base of X. 

Since every point X € X is in the inverse image of some 
point x € X, open sets Ù <X which x homeomorphically 
maps onto open sets U < X form a base of xX, i.e. any open 
set of X is a union of such sets. 


A continuous mapping n: X— X that has the latter prop- 
erty is called a local homeomorphism. Thus any (weak) 
covering is a local homeomorphism. 

Notice that the converse is not true. For example, the 


restriction of a covering qn: X +X to a subspace X N {x9}, 
where x € X is an arbitrary point (even if that restriction 


is surjective and the subspace XN {z,} is connected) isa local 
homeomorphism which is not a covering. 

Every local homeomorphism is obviously an open map- 
ping (i.e. sends open sets into open sets). Any (weak) covering 
therefore is an open mapping. 

In general the representation of the inverse image of an 
evenly covered set U c X as a union of disjoint open sets 


ow 


U„, each homeomorphically mapped onto U, is by no 
means unique. But it is so if U is connected, for in that case 


the sets U, may be characterized as the components of 
connectedness of the set 1-' (U) (each of them, being homeo- 
morphic to U, is connected, and they are open and dis- 
joint sets). 

Many of the important topological properties of a space X 


are inherited by any of its covering spaces X. For example, 
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it follows immediately from the fact that the covering n: X—>X 


is a local homeomorphism that X is locally connected if 
X is. 


Similarly, it is easy to see that if X is Hausdorff, then so 
is each covering space X of it. Indeed, let Ti, Le be distinct 
points of X. Iin (x) = (Lo), then under the hypothesis 
Ly and To are in two disjoint open sets. Butif x (z) An (£2), 


then X being Hausdorff, n (x,) and n (£a) have disjoint neigh- 
bourhoods U, und U,.' The inverse images n~! (U,) and 
n! (U,) of the neighbourhoods are precisely the disjoint 


open sets containing Tı and To. O 


Let U < X be an open set evenly covered by a mapping 


n: X —> X. Consider disjoint open sets U, c X on which x 
is homeomorphic and whose union is the set n“! (U). By 


definition, for any œ the homeomorphism o,: U —> Us 
inverse to the homeomorphism x ly! : Ua > U is a sec- 


tion of n over U (more precisely, the section is its composi- 


tion with the embedding Ui Xi. 

On the other hand, we know that if U is connected, then 
Ua are uniquely defined and that to give any of them it 
is sufficient to indicate in the set some point (since these 
sets are the components of the set m=! (U)). Sections Og 
are therefore also uniquely defined. This means that if 
we choose in U an arbitrary point z,, then for any point 


Lo E€ n~! (x) there will be a unique section oy: Vax 


of n over U for which o (Ta) a: 
Conversely, let U be a connected subset of X with the 


o that for any point z € U and any point Le € 

-1 (x) there is a unique section Oa: U - —> X of n over U 
n which Oa (£o) = Xa. Consider a point z of the set x! (U). 
Lei r= n (x). Under the hypothesis there is a unique sec- 
tion o: U > X of n over U such that o (x) = z. Let o (xo) = 
Ta. Then, o, being unique, o = Oa, Which shows in 
11-0450 
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particular that zE Oa (U). Hence n-! (U) is the union of 
Oa (U). If XE 0a, (U) N oa, (U), then Ze, = Oe, (Zo) = 
= O (£o) = Og, (£o) = Za, and therefore og, = Og, Hence 
distinct sets O« (U) do not intersect. Since o, (U) are 


connected (being homeomorphic to the connected set U), 
this proves that they are the components of the set n~! (U). 


If X is locally connected, then those components must be 
open. Thus, under the assumptions made n~! (U) is decom- 
posed as a union of disjoint open sets, each homeomorphical- 


ly mapped onto U. In other words, the set U is evenly co- 
vered by the mapping n. 


We have thus proved the following proposition: 


Proposition 1. If a space X is locally connected, then a con- 
nected open set U œ X is evenly covered by a mapping n: 


Kax if and only if for any point x, E U and any point 
Ta E nT! (x5) there is a unique section Sq Of n over U such 


that Og (£o) = Ta o 
Corollary. Let U and V be connected open sets of a space X, 


that are evenly covered by a mapping n: XER. 1): 


(a) X is locally connected; 


(b) the intersection U f) V is connected, then the set U U V 
is also evenly covered by n. 


Proof. Let x EUU V and Za E n~! (xo). If suffices to 
prove that there is a section og: U U V —> X of n over 


UU V such that og (£o) = Ta and that the section is 
unique. We may assume without loss of generality that 7,€U. 


Under the hypothesis there is a section og: U —> X of 


n over U, such that og (£o) = Le and that section is unique. 
On choosing in U N V a point y,, consider the point 


Yo = Oa (Yo) € X. Since Yo E€ V, there is a unique section 


Oa: V— X of n over V,such that o% (Y) =Yo- Restrictions to 
U N V of og and o% are sections over U N V that send yo 


to Yo. Since U N V is connected, it follows that og = 0% 
on U N V. Therefore og and og define on UU V a con- 
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tinuous mapping Ooa: U U V — X which is obviously a sec- 
tion such that Og (£o) — Za- 


The existence of the section o, is established. Its unique- 
ness is obvious now. O 


Proposition 1 (together with the corollary) applies in 
particular to any covering n: X —> X of a locally connected 
(and connected) space X. 


` Under the hypotheses of Proposition 1 the image o, (U) 
of the set U is under each of the mappings o, and open 


subset of the set X. As shown by the following proposition, 
that fact is indeed of a very general character: 

Proposition 2. If X is a locally connected space, then for 
an arbitrary covering n: Kis every section of it o: V —> X 
over any open set V C X is an open mapping. 

In particular, o (V) is an open set in X and o is a homeo- 
morphism of the set V onto o (V) (with the inverse homeomor- 
phism JU loc v))- : 

Proof. Since over each open set in V the mapping o is 


also a section, it suffices to prove that o (V) is open in X. 


Let z Eo (V) and let x € V be a point such that o (x) = z. 
Also let U be a connected neighbourhood of x in V evenly 


covered by the mapping n and let U be a component of 


its inverse image n~ (U) containing the point z. The image 
o (U) of U under o is a connected set containing the point 


z. Hence o (U) Z Ü and therefore a mapping (mlo) o0=id 


is defined. But under the hypothesis the mapping x z: 


ÙU — U is homeomorphic. Let o’: U > U be the inverse 
homeomorphism. Then o' o (x ly) = id and hence 


A 


o = 0 o(n lye 9) = (f'on l) e0 = o. 


In particular o (U) = 0’ (U) = U. This means that the 


neighbourhood U of x € o (V) is entirely in o (V), so that x 
is an interior point of the set o (V). Hence o (V) is an open 
set. O 


11> 
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The uniqueness of sections o, required in Proposition 1 
can in fact be proved (in the only case of interest to us where 
x is a covering of a Hausdorff space). It is, however, con- 
venient for us to prove uniqueness in a somewhat more gen- 
eral situation to describe which we introduce the following 
definition: 


Definition 2. Let f: Y — X and a: X — X be two mor- 


phisms of an arbitrary category C. The morphism f: Yax 
of C is said to be a lifting of the morphism f (with respect to 
n) if f = nof i.e. if the diagram 








is commutative. d | 

Sections are nothing but liftings of the identity morphism 
X — X and sections over UC X (in the case where C 
is the category TOP of topological spaces) are liftings of 
the embedding U > X. 


Proposition 3. If x: X—>Xisa covering of a Hausdorff 
space X, then foran arbitrary continuous mapping f: Y — X 
of a connected space Y into a space X any two liftings of it 


ff’: Y —> X that coincide at least at one point yo E€ Y 
will coincide everywhere. 
Proof. Let Y’ be the set of all points y € Y such that 


fy = f'y. The set Y’ is nonempty (contains a point yo) 
and closed (for X is a Hausdorff space). Since under the 
hypothesis Y is a connected space, to prove Proposition 3 
it therefore suffices to establish that Y’ is also an open set. 

Let y € Y’ and let U be a neighbourhood of a point 
f (y) E€ X evenly covered by the mapping x. Then the point 


f (y) = f’ (y) has in Xa neighbourhood Ù on which n is 


a homeomorphism i — U. Since f and f are continuous 
mappings, the point y has in Y a neighbourhood V such 
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that [Wc U _and 1 (V) c U. As n is homeomorphic 


on Ọ and as nof = nof, we have f =f’ on V, ie VC yY. 
Hence Y’ is an open set. QO 


It is convenient to introduce at this point a general-topo- 
logical definition. 

Definition 3. A topological space X is said to be pointed 
if it has some base point z. The mapping (X, x,) —> (Y, Yo) 
of pointed space (X, zo) into pointed space (Y, y,) is a con- 
tinuous mapping X — Y that sends point z, to point yọ. 

Pointed spaces and their mappings form a category. 
This will be denoted by TOP’. 


A pointed covering is a mapping n: (X, z) —> (X, zo) 
of the category TOP’ which is a covering as a mapping 
X —> X of the category TOP. 

In this terminology Proposition 3 states that a mapping 
f: (Y, Yo) — (X, z) of connected pointed space (Y, Yo) 
into Hausdorff pointed space (X, x) admits with respect to the 


pointed covering n: (X, To) — (X, x) at most one lifting 


f: Y, yo) > (KB) 

In what follows, for simplicity of notation we shall 
simply write X, X etc. instead of (X, Xo), (X, Zo), etc., 
explicitly indicating base points only when it is im possible 
to do without. : 


Suppose again that f: Y ~ X and a: X + X are mor- 
phisms of a category C and that those morphisms are in- 
cluded in a commutative diagram of the!form 





That diagram is said to be a universal square and the mor- 
phism n;: Y;— Y (or the object Y,) is a coamalgam of the 


morphisms f and x (or the objects Y and X over the object X), 
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if for any object Z and any morphisms g,: Z > Y and g,: 
Z —> X that satisfy the relation 


(1) fog, = Tog, 
there is a unique morphism g: Z — Y ; such that 
(2) njog = gi f °g = Ba 


i.e., in other words, if any commutative diagram of the form 


oN 


Y 


r 
TRASEEN 


LO 


LS 
y a 
is uniquely supplemented to a commutative diagram of the 
form 


/ 


Y 





y 
X 


Y, ———— X 


a 
Y 
Any two coamalgams Y; and Y; of given morphisms f 


and z are naturally isomorphic: there is one and only one 
isomorphism Y; — Yj; that closes the commutative diagram 





X 


Y, —Y; 


Y 


The basic property of the coamalgam n;: Y; —> Y is 
that its sections g: Y + Y, are in natural bijective corre- 


spondence with liftings f : Y— X of the morphism f. Indeed, 
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every section g gives a lifting f* og, and for every lifting 7 
morphisms g, = id and g, = f satisfy (with Z = Y) con- 
ditions (1) and hence define a morphism g: Y — Y; which 
is (by virtue of the first relation of (2)) a section of the mor- 
phism n; O 

In that sense liftings reduce to their special case, sec- 
tions. 

This presupposes, of course, the existence of the coamal- 
gam my. It turns out that in the case we are interested in, 
that of the category TOP: (or TOP’), the coamalgam 1x;: 
Y;— Y exists for any continuous mappings f: Y — X and 
mn: X—>X. A subspace of the direct product Y x X 
consisting of points (y, x) such that f(y) =a (x) is the 
corresponding space Y; and the mappings n; and f* are 
restrictions of projections of that product onto its factors. 
The fact that this does indeed give a coamalgam can imme- 
diately be verified: if fog, =mog,, then the mapping g = 
gı X gx Z — Y x X is a mapping into Y; and satis- 
fies m;og =g, and f*og =g,; on the other hand, since ny 


and f¥ are the projections, these relations uniquely char- 
acterize the mapping g. O 


Lemma 1. If a mapping n: X>Xisa (weak) covering, 
then for any mapping f: Y — X the coamalgam 
JU +z: Y; => Y 
is a weak covering. 
Proof. The mapping 1, is surjective, since for any point 


y € Y there is a point z —> X such that n (x) = f (y). Let 
U be an open subset of a space X that is evenly covered by 
the mapping x and let V = f-t! (U) be the inverse image of 
the set U under the mapping f. It is clear that 


ny) (V) = Y; N (V x at (U)). 
If therefore 


wt (U)= UÜ, 
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where U, are disjoint open subsets of a space X that are 
homeomorphically mapped onto U, then 


n7 (V)= UVa, 
(0 A 
where 
Va =Y; N (V x U,). 


The sets V, are open, do not intersect and are homeo- 
morphically mapped by means of n; onto V. Hence, the 
set V is evenly covered by x;. To complete the proof it re- 
mains to notice that sets of the form V cover the entire Y. O 

Thus, if we are to obtain a covering it suffices to go 
from the space Y; to some component of it. That we do 
indeed obtain a covering is shown by the following lemma: 

Lemma 2. If X is a connected and locally connected space, 


then for any weak covering n: X —> X and any component 
X; of a space X the mapping 

Ay = 1 le: XX 
is a covering. 


Proof. Let U be a connected open subset of a space X, 
that is evenly covered by a mapping n. Those of the com- 


ponents of the set n~! (U) that intersect X, are necessarily 
in X; (by virtue of connectedness). If, therefore, 1; (X 4) N 
U = Ø, then Ucn (Xa): Since sets of the form U form 


a base of X, this shows that the nonempty set n (Xo) is at 
the same time open and closed. Hence it exhausts all X, 
so that a, is a surjective mapping. Since mo! (U) is the 
union of the components of n~t (U) that are in Non the 
mapping a, evenly covers the set U. Hence xm, is a cover- 
ing. O 

Now consider the question of the existence of liftings (and 
sections). Here we must begin from afar. 


Any homeomorphism n: X — X is clearly a covering. 
Definition 4. A covering n: X — X which is a homeo- 
morphism of a space X onto X is called trivial. 
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Proposition 4. A covering n: X > X of a locally connected 
(and connected) space X is trivial if and only if it has a section 


o: X — X over the whole of X. 
Proof. If n is trivial, then ø is the inverse homeomorphism 


XxX (regardless of whether or not X is locally connected). 
Conversely, let the covering n: X — X have a section o: 


KaK, By Proposition 2 that section is a homeomorphism 


of a space X onto an open subset o (X) of X with an inverse 
homeomorphism & jocx: 6 (X)— X. To prove Proposi- 


tion 4 therefore it suffices to establish that o (X) = X 
Since X is connected and o (X) is an open and nonempty 
set, this will be proved if we show that o (X) is closed in X. 


Let z be a point of closure o (X) of o (X) and let U be 


a neighbourhood of a point z = x (x) that is evenly covered 
by a mapping n. Consider an open set U containing the 
point z and mapped homeomorphically onto U. Since 
r€ o (X), the intersection UNo (X) is not empty. Let 
y€Uf\o(X). Since the mapping x lax: o(X)—>X 


is a homeomorphism, there is an open set U’ in o (X) which 
is mapped homeomorphically onto U and contains a point 


y. Since U is evenly covered, U and U’ either coincide or 
do not intersect. But they have a point y in common. Hence 


U’' =U and therefore x € U = = U’co (X). Thus the set 
o (X) is closed. O .. 

Definition 5. A connected space X is said to be simply 
connected if any covering of it is trivial. 

The significance of simply connected spaces for the prob- 
lem of the existence of liftings is determined by the follow- 
ing theorem: 


Theorem 1. Let n: (X, Zo) > (X, Xo) be a pointed covering 
of a pointed Hausdorff space (X , zo) and let (Y, yo) be a con- 
nected, locally connected and simply connected pointed space. 
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Then for any mapping f: (Y, Yo) — (X, Zo) there is a unique 
lifting f: (Y, Yo)—> (X, To). 
Proof. By definition (yo, Zo) EY;. Let (Y;)o be a com- 


ponent of Y; containing a point (Yo, £o). By Lemma 2 the 
mapping (nf)o = 1; RAR (Y ;)o— Y is a covering. Hence, 
Y being simply connected, that mapping is a homeo- 
morphism. If (m,;)o': Y —> (Y ;)o is the inverse homeomor- 
phism, then the mapping 


f=f* o(a): Y> 
is a lifting of the mapping f that satisfies the relation f (Yo) = 


Zo. The uniqueness of the lifting f is ensured by Proposi- 
tion 3. O 


Corollary 1. An arbitrary covering n: X — X of a connect- 
ed, locally connected and Hausdorff space X evenly covers 
every open simply connected subset UC X. 

Proof. It is sufficient to use Proposition 1. O 

Corollary 2. A connected and locally connected Hausdorff 
space X is simply connected if it is the union of doubly connect- 
ed and simply connected open sets U and V whose intersection 
UN V is connected. 


Proof. By Corollary 1 every covering n: X —» X evenly 
covers both U and V. Therefore (Corollary 1 to Proposition 1) 
it evenly covers X = U | V and is therefore trivial. D 


Definition 6. A morphism of a covering m: xX —> X into 


a covering I: X, — X is a continuous mapping f: xX, —> Š, 
such that there is a commutative diagram 


It is clear that all coverings (of a given connected space 
X) and all their morphisms form a category. This will be 
denoted by COV (X). 
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Similarly defined is the category of pointed coverings 
COV (X, x) whose morphisms are morphisms of COV (X) 
that are at the same time mappings of pointed spaces. 

The category COV (X, zo) will be denoted also by COV’ (X). 


Clearly, the morphism f: X,>X, of COV (X) (or 
COV (X, 2Xo)) is an isomorphism (has an inverse morphism) if 


and only if it is a homeomorphism of a space X , onto X zi 


A covering n: X > X is trivial (in the sense of Defini- 
tion 4) if andonly if it is isomorphic in COV (X) to the iden- 
tity covering id: X > X. 

Lemma 3. If a connected space X is locally connected, then 
any morphism f: X, > Ñ, of COV (X) (or COV (X, zo))is 
itself a covering (of X). 

Proof. Let {U,} be a base of the space X that is made up 
of connected open sets evenly covered by mappings m: 


Xi and 7,3: KX at the same time, and let Ts 
be components of the inverse image mj* (U,) of a set Ug 


under m, and let U{, be components of the inverse image 
wo (U «) of U, under a,. Since 1, = 1,°f, each of the sets 
Uys is homeomorphically mapped by means of f onto some 


set Uo. If therefore for some @ and y the set U2, inter- 
sects a subspace | f (X, ), then it is necessarily « contained there- 


in: Oe f (X). Since sets of the form U2. form a base 
of the space X., this is possible only when ‘the subspace 


f (X, ) is both closed and open. Hence f (Š) = = X., so that 
the mapping f is surjective. 


a addition, we see that for any set UP, its inverse image 
-1 (ÜL) under f is the union of some (in fact all) sets of 
a form Us the mapping f being a homeomorphism on 


each of these sets. Thus each of the sets U2, is evenly cov- 
ered by the mapping f. Hence f is a covering. O 


Every morphism f of a covering 7n: E into 73: 


X, — X is nothing but a lifting of the mapping 7: xX, +> X 
with respect to m,. In view of Proposition 3 therefore, if X 
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is a Hausdorff space, then for any two pointed coverings n: 


(X, T4) — (X, zo) and No: (X>, Tə) — (X, zo) there is at most 
one morphism of covering n, into covering n, in COV (X, xo). 


In particular, for every covering n: (X, Zo) —> (X, Zo) 
there is only one morphism n —> n, the identity morphism. 

We shall write n; œ n, if the morphism n, —> n, exists. 
It is clear that this relation on the set of all pointed coverings 
of the set (X, xo) is reflexive and transitive, i.e. is the rela- 
tion of quasi-order. l 

We say that pointed coverings m, and n, are equivalent 
if at the same time nm, > n, and n, œ> m. It is clear that on 
all classes of equivalent coverings the relation > induces the 
relation of order. It is easy to see that if X is a Hausdorff space, 
lihen n; and n, are equivalent if and only if they are isomorphic. 
Indeed, isomorphic coverings are obviously equivalent. 
Conversely, if m, and nm, are equivalent coverings, i.e. if 
there are morphisms f: nı —> m, and g: T, —> mı, then by 
virtue of uniqueness the morphisms fog: m, —> n, and 
gof: mı — m, are identity morphism id: n,m, and id: 
mı — 1, and hence fand gare mutually inverseisomorphisms. O 

Thus if X is a Hausdorff space, then the relation of order > 
is defined on classes of isomorphic objects of the category 
COV (X, zo) (with any selected point xo). 


Definition 7. A pointed covering mo: (Xo, Xo) — (X, x0) 
of a pointed Hausdorff space (X, xo) is said to be: 
(a) universal if n>n for any pointed covering 7: 


(X, 1) —> (X, £o); 
(b) maximal if n> n, if and only if nœ n, i.e. if and 
only if n and mp» are isomorphic; 


(c) simply connected if X, is a simply connected space. 

It is obvious that: 

(a) any two universal coverings are equivalent and hence 
isomorphic; 

(b) every universal covering is maximal; 

(c) if X is a locally connected space, then any simply con- 
nected covering is universal. 

Notice that the converses of these statements are in general 
false: there are locally connected spaces X with maximal 
but not universal and with universal but not simply connect- 
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ed coverings. There are also spaces with nonisomorphic 
maximal coverings. 

It is clear, however, that if there is a universal covering 
To of a space X, then any maximal covering of X is isomorphic 
to To, so that in this case maximal coverings coincide 
with universal ones. 

In particular, if for a locally connected space X there is 
a simply connected covering no, then any maximal cover- 
ing of it is isomorphic to mo, so that for such spaces simply 
connected, universal and maximal coverings are the same. 

Definition 8. A connected space X is said to be semilocally 
simply connected if there is an open covering for it made up 
of simply connected sets. 

Theorem 2. For any Hausdorff connected locally connected 
and semilocally simply connected space X there is a simply 
connected covering. 

Corollary 1. For every Hausdorff connected locally con- 
nected and semilocally simply connected space the simply con- 
nected, or universal or maximal coverings are the same. O 

To prove Theorem 2 we shall need one general construc- 
tion which is a generalized construction of a coamalgam of 
a pair of mappings. 

Let A be some index set and let some (as yet arbitrary) 


continuous mapping na: X, —> X be given for any & € A. 
Consider in the product II X, of spaces Ke a subspace xX 
a 


consisting of all points (za), Ta € x, such that a point 
Ta (za) E X is the same for all a. Then the formula 
n ({a}) = Ma (Ta) 
defines a continuous mapping 
nm: X > X 


called a coamalgam of mappings ną. If all the spaces under 
consideration have base points and the mappings a, are 
mappings of such spaces, then by taking a point (2), 


where eo are base points of spaces X,, as a base point of 


174 ) Semester V 


the space X we see that the mapping 7 is also a mapping of 
the spaces with base points. 

Suppose now that X is a connected, locally connected and 
Hausdorff space and that all mappings a, are (pointed) 
coverings. Then by Corollary 1 to Theorem 1 any simply 
connected subset U of X is evenly covered by each of the 


mappings ng. Let Üa, Ba be components of the set n-! (U4), 


where B, ranges over some (a-dependent) index set B,. 
Under the hypothesis every mapping 


! =œ 


is a homeomorphism and Ue. Ba are open and disjoint sets. 
Let B = ll B, be the product of all sets B,. For any 


B = (Ba) € B we set 
p= XN lla, Bae 


It is clear that the sets Ue X are disjoint and together 
constitute the entire inverse image n -1 (U) of the set U under 
the mapping n: 
ni (U)= U Us. 
BEB 


It is just as clear that on any set U, the mapping n is a 
homeomorphism onto U (the inverse homeomorphism is 
the mapping x +> (Oa, g, (x)), where Oa, go: U > Uu, Ba 
is the homeomorphism inverse to nga lve. Ba) In particular 
we see that the sets Ug are connected and are therefore the 
components of the set x-* (U). 

We cannot, however, say that n evenly covers the set U, 


since U; are in general not open subsets of the space Xx. 


To rectify the matter, we introduce into X a new, stronger 
topology (the one having a greater number of open sets). 
To give a topology on a set it suffices, of course, to give its 
base and it is known (and trivial to prove) that a family is 
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a base of some topology if and only if for any two sets 
V, and V, of that family the intersection V, N V., is the 
union of sets of the family. This characteristic property of 
bases is obviously satisfied for a family of sets that are the 


components of open sets of a topological space X (if V, and 
V, are the components of open sets U, and U,, then VLA Vz 
consists of the components of the open set U, N U.). Hence 


we can take that family as a base of some topology on Xx. 
A space X provided with that topology will be denoted by 
X' and by n’ a mapping x considered as the mapping K's 


X. Since the sets open in X are obviously so in X’, 
the mapping x’ is continuous. 


Since the sets U are the components of the open set 


n-1 (U), they are open in X’. But we cannot yet say that 
x’ evenly covers the set X, since we cannot rule out the pos- 


sibility that in going from X to X’ the mapping z may lose 


the property of being a homeomorphism on U 4. In fact 
this does not happen, i.e. the mapping x’ remains a homeo- 


morphism on Üg. To put it another way, the topology on 


Ug induced by the topology of the space X’ (denote this 
topology by II) coincides with the original topology induced 


by the topology of X (to be denoted by I). Indeed, in topology 


I the set Us, being homeomorphic to the open set U of a 
locally connected set X, is itself locally connected, i.e. has 
a base compound of connected sets. On the other hand, in 


topology II any open set in Us is of the form C f as where 
C is a component of some open set V in X. Let x be an ar- 


bitrary point in Cf] Us. The intersection V N Ug is a 
neighbourhood of that point in I and hence contains some 
connected (and therefore contained in C) neighbourhood 


W of the point x. Thus every point x in C N Us has in I 
a neighbourhood W contained in C N Ug. This means that 


the set CN Ug is open in topology I. Hence topologies I 
and II coincide. 
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This proves that n’: X’ —> X evenly covers every simply 
connected open subset Uc X. If, therefore, X is a semilocally 
simply connected space, then any point of it has a neigh- 
bourhood evenly covered by =’. Hence st’ is a weak covering 


and therefore for any component x: of X; the mapping 
i, == 50 lz: X, >X 


is a covering. When we consider pointed coverings the com- 
ponent x cannot be chosen arbitrarily since we § should take 


as x; the component containing the base point T ’—=(1P)EX. 

Thus if X is a connected, locally connected and semilocally 
simply connected space, then the construction presented 
allows one to uniquely construct from any family of pointed 


coverings ng: (Xa, x ry’) > (X, zə) some pointed covering 


Admitting inexact terminology, we shall call that covering 
a coamalgam of coverings nq. 


It is clear that the mapping fe: X: —> X. defined by the 
formula 


fa ((t2)) = Le 


is continuous and satisfies n, = 14 of,, i.e. is a morphism of 
nm, into a covering na. Thus, if ng is a coamalgam of coverings 
Ne, then n; Na, for anya éA. 


If therefore na: Xa — X constitute a complete family of 


pointed coverings, i.e. if any pointed covering n: X + X 
of X is isomorphic to some covering na, (the existence of 
such a family is obvious: it suffices to choose in every class 
of isomorphic coverings of X one representative), then the 
covering n: X;—> X is universal. This proves that for 
any connected locally y connected and semilocalli yY simply connect- 


ed space X there is a universal covering ny X? >X. 
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Theorem 2 will now be proved if we show that for a Haus- 
dorff space X that covering is simply connected. To do this 
we shall need the following lemma: 

Lemma 4. If aconnected, locally connected and semilocally 
simply connected space X is Hausdorff, then the composition 


Top: XxX 


of any two coverings n: X — X and 0: £ i> X is also a cover- 
ing. 

Proof. Under the hypothesis, X has a covering composed 
of simply connected open sets U. By Corollary 1 to Theorem 
1 the sets U are evenly covered by a mapping x and there- 


fore the components U of their inverse images n-! (U) are 


open sets homeomorphic to sets U. Hence the space X is 
semilocally simply connected. In addition, under the hy- 
pothesis it is connected and according to the remarks made 
at the beginning of this lecture it is locally connected and 
Hausdorff. Therefore Corollary 1 to Theorem 4 applies again 


to the sets Ọ and hence each of them is evenly covered by 
the mapping p. But then it is clear that the mapping 7 o p 
will evenly cover all the sets U and will therefore be a cover- 
ing of the space X. O 

Now we are in a position to complete the proof of Theor- 
em 2. 

Lemma 5. For any Hausdorff connected locally connected 
and semilocally simply connected space X the universal cover- 
ing 

Me: Xo > X 
which is a coamalgam of a complete family of coverings na: 
Xa — X, is simpl; y connected. 
Proof. Let p: X i> X; be a pointed covering of the space 


Xi, By Lemma 4 the composition 1/0 p: X, —> X is a cover- 
ing and is therefore (the family Ara) being complete) iso- 


morphic to some covering ne: Xa, > X. Let f: Xq Nec Š, 
be the corresponding isomorphism. ‘Then the mapping pof: 


A > X: is a morphism of na, into 1), so that Ta, > 16- 
12—0450 
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Since by virtue of universality N, Ma, this proves that 
the coverings Tag and x, are equivalent and hence isomorphic. 


If now g: X»>> Xx a, is an isomorphism of x) onto na, 


then the mapping o = fog: X’ —> X, is E a section 
of the covering p. 
Hence by Proposition 6 p is a trivial covering. 


Thus any covering of the space X; is trivial, i.e. this space 
is simply connected. O 

The above proof of Theorem 2 may give rise to doubts 
in connection with the notion of a complete family of cov- 
erings in whose definition there appear “all” coverings, 
which is known to lead to paradoxes (by the way this ap- 
plies to the notion of a simply connected space as well in 
the definition of which there also appear “all” coverings of 
that space, but not to interrupt the presentation we have 
chosen not to dwell on that point there). 

It is customary to assume within the framework of the 
scope of usual “naive” theory of sets that no paradoxes arise 
if we deal only with subsets of some fixed set and with their 
factor sets. With this in mind (and assuming a given pointed 
space (X, Xo) to be fixed) we consider the set È of all finite 
sequences of the form 


(3) (Gi Ways. & atey Bay, Ce), 
where zı, ..., Zn are points of a space X and U,, ..., Un 
are its open subsets such that for any i=1,..., n the 


points z;-; and z; are in U,. In that set we consider subsets 
x’ that have the following properties: 

(i) there is a simply connected neighbourhood U of the 
point xz in X, such that (%, U) € X’; 

(ii) there is a factor set Xx = =‘/p of a set X’, a topology 


on that factor set and a continuous mapping n: X > X 
such that: 

(a) m is a covering; 

(b) all points of &° which have the form (Zo, U), where U 
is a simply «€ connected neighbourhood of x, in X, define the 


same point To of the f factor set X and x sends that point to 
£o (so that n: (X, za) > —> (X, Zo)). 
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Let tg: (Xas Lg) —> (X, zo) be all pointed coverings of 
the form %'/p— X that result from all possible choices 
of the subset }', the equivalence relation ọ on %’, the to- 
pology on %’/p and the mapping x. 

Lemma 6. A family of pointed coverings na: Xa —> X is 
complete. 


Proof. Let n: X — X be a pointed covering of a space X 
and let %’ be the subset of 2, which is composed of all 
sequences (3) for which all sets U,, ..., Un are evenly 
covered by the mapping x. Consider an arbitrary sequence (3) 
in &’. We associate the point x) with a distinguished point 


Ta of the space X. Under the hypothesis x (£a) = zə. Pro- 
ceeding by induction assume that for some i=1,..., n 


we have already constructed a point Tia € X having the 


property that x (x;_ i) = = 2;_,. Since the set U; is evenly 
covered by the mapping nz and since Zi € Us there is a 
unique open set Ü; in X containing Tia and homeomorphic- 
ally mapped onto the set U;_,. Since Zi € U;, there exists a 
unique point z; in U; for which x (x;) = = 2z;. Thus points 
T; are constructed by induction for all i = 1, ..., n. In 
particular, a point Ln is constructed. 


Notice that Ln is uniquely defined by sequence (3). There- 
fore the formula 


ow 


p (x1, Ua; . e. Tns Un) = Ly 


correctly defines some mapping of the set È’ into the set X. 
If that mapping is surjective, then the factor set %’/p of 


&' it defines is in bijective correspondence with X. We 
carry, with the aid of this correspondence, the topology of 


X and the mapping x over to X%’/q. All the conditions im- 
posed above will clearly hold, so that we obtain some cov- 
ering of the family {ta f Since by construction that covering 
is isomorphic to a given covering n, we thus see that to com- 
plete the proof of Lemma 6 it remains for us to establish that 


the mapping g: È’ > X is surjective. 
12% 
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To this end, consider the image @ (X’) of the set &’ under 
mapping ọ. If sequence (3) is in %’, then on replacing in it 
the point z, by a point of the set U, we again obtain a se- 
quence in %’. This shows that together with the point Ln 


the set @ (%’) contains the whole of its neighbourhood Ü. 
(see above). _ Hence ọ (ÈX) is open. 


Now let z be an arbitrary point of closure ọ p È ) of the 
set ~ (ÈŁ') and let U bea neighbourhood ofx=n2 (x) evenly 
covered by a mapping n and U be a neighbourhood of zx, 
which is homeomorphically mapped onto U. Since z € ọ (2’), 
we have ọ (È) N Ü + Ø. This means that there exists 


a sequence (3) in %’, such that Tn € U and hence x, EU. 
Therefore the sequence 


(Lie Ue 1 toes ee Un eo) 


is in 4" and its image under @ is z. Thus x E€ @ (&’) and hence 
the set @ (È) is closed. 
The set @ (%’) being an open and closed (nonempty) subset 


of a connected space X coincides with the entire X, so that 
œ is surjective. 

This completes the proof of Lemma 6. O 

At the same time, according to the general principle given 
above this completely (within the “naive” theory of sets) 
justifies the construction of a universal simply connected 
covering. That a complete constructed family explicitly 
contains iterations (isomorphic coverings) is not relevant 
since we did not depend on the absence of iterations in a 
complete family when proving Theorem 2. However, one 
could easily get rid of iterations by using the axiom of choice 
but this would introduce into the construction an un- 
pleasant element of uncontrollable arbitrariness. 


In conclusion we consider the question of whether the 
universal covering is a functor. 
A category AR-C is defined for any category C, whose 


objects are morphisms x: X —> X ofC and whose morphisms 
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are commutative diagrams of the form 


= T ae 
X Y 





X 





where f and J are morphisms of C. Morphism (4) is usually 
denoted by (f, f) and assumed to be a morphism of an object 


n: X>X into an object p : Y >Y. The composition of 
these morphisms can be defined in an obvious way. 

In particular, when C = TOP and C = TOP’ we obtain 
categories AR-TOP and AR-TOP*. Complete subcategories 
of these categories whose objects are coverings will be de- 
noted by COV and COV’ respectively and referred to as 
categories of coverings. Morphisms of these categories are 
squares of the form (4) in which = and p are coverings and 


f and f are continuous mappings. 
Morphisms in the sense of Definition 6 now to be referred 


to as morphisms over X are a special case of morphisms (f, f) 
resulting when f = id. This means that for any (pointed) 
space X the category COV (X) (the caliegory COV’ (X)) is 
a subcategory of the category COV (the category COV’). 

By associating a space X with every (pointed) covering 


n: X—>X anda mapping f with every morphism (f, f) we 
obviously obtain some functor COV — TOP (functor COV’ — 
TOP’). For any (pointed) space X the category COV (X) 
(category COV’ (X)) is obviously the inverse image of the 
trivial category (X, idx) under that functor. 

Let H-TOP* be a complete subcategory of TOP’, com- 
posed of Hausdorff connected locally connected and semi- 
locally simply connected spaces and let H- COV" be its 
inverse image under the functor COV’ — TOP’. In other 
words H-COV* is a complete subcategory of the category of 
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pointed coverings COV’ composed of coverings over a space 
in H-TOP. 
Theorem 3. There is a functor 


(5) H-TOP* — H-COV' 


associating with every pointed space (X, Xo) of the category 
H-TOP* some simply connected universal pointed covering 
of it 


(6) x: (X, Zo) > (X, z). 


This functor is unique to within an isomorphism. 
Proof. We define functor (5) on the objects by choosing 
covering (6) arbitrarily for every space (X, z). Let f: 


(X, %o) > (Y, Yo) be a pointed mapping. Since Š isa simply 
connected space, by Theorem 1 there is a unique mapping f: 


(X, To) +> (Y, Yo) which is a lifting of the mapping 7 y o f 
with respect to a covering my and which makes up there- 


fore together with f a morphism (f, f) of ny into my. On 
associaling the morphism (f, f) with the mapping f we just 


obtain (f being a unique mapping) the required functor (5). 

Having chosen covering (6) in a different way we obtain 
an isomorphic functor (the fact that the isomorphism will 
be functorial again follows from uniqueness). [J 

Remark 1. The presented construction of functor (5) 
contains an unpleasant element of arbitrariness. Although 
that arbitrariness is harmless, leading as it does to naturally 
isomorphic functors, we can get rid of it, if desired, by 
taking the coamalgam of a complete family of coverings 
as coverings (6) from Lemma 6. (Notice that the correspond- 


ing construction uniquely defines not only the space X but 


also a base point Lo.) 
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Smooth coverings-Isomorphism of the categories of smooth and 
topological coverings - The existence of universal smooth cov- 
erings-The coverings of smooth and topological groups - Uni- 
versal coverings of Lie groups - Lemmas on topological groups: 
Local isomorphisms and coverings-The description of locally 
isomorphic Lie groups 


Let us apply the results obtained in Lecture 8 to smooth 
manifolds and to Lie groups. For a smooth (connected) 


manifold M we shall call the coverings M — M in the sense 
of Definition 1, Lecture 8, i.e. coverings of M as a topolog- 
ical space, topological coverings, and denote the category of 
all such coverings by COVitop (M). 


Definition 1. A covering n: M—> M, where M and M 
are connected smooth manifolds, is said to be asmooth cov- 


ering if it is a smooth mapping of M onto M and for any 
connected open set Uc M evenly covered by the mapping 


nm a restriction of n to every component U of the set 1-1 (U) 


is a diffeomorphism U — U. 

The last condition implies in particular that any smooth 
covering is étale (is a local diffeomorphism). 

The trivial covering R —> R, z > z3, is an example of 
a nonsmooth covering that is a smooth mapping. 

We shall denote the category whose objects are smooth 
coverings of smooth manifolds and whose morphisms are 


their morphisms (f, f) (consisting of smooth mappings f and 
f) as topological coverings by the symbol COV-DIFF and 
denote its subcategory, which consists of the coverings of 
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a given manifold M and their morphisms over M, by the 
freed symbol COV (M). COV’-DIFF and COV’ (M) denote 
the pointed versions of these categories. 

Ignoring smoothnesses gives us some functor 
(4) COV (M) — COViop (M) 


for any smooth manifold M. 

Proposition 1. Functor (1) is an isomorphism of categories, 
i.e. is a bijective mapping on objects and morphisms. 

Proof. The statement that functor (1) is bijective on 


objects implies that for any topological covering n: M —> M 


on M there is a unique smoothness with respect to which 
z is a smooth covering. To prove this consider on M an 
arbitrary chart (U, h) such that the set U is connected and 


evenly covered by the mapping nz. Let U be a component 
of the set n-! (U) and h = ho (al). The pair (U, h) is 
clearly a chart on M. If (V, 3) is another chart of this kind, 
then, since on the set k (Č n V) =k (Uf) V) we have 


h Ja = ho k-!, the charts (U, h) and (V, È) are compatible 
with each other. This shows that all possible charts of the 


form (0 l h) make up an atlas on M. The mapping x in the 


corresponding smoothness on M, will obviously be a smooth 
covering. The uniqueness of that smoothness follows im- 


mediately from the fact that in any smoothness on M with 


respect to which a is a smooth covering pairs (U, h) are 


smooth charts. 
The statement that functor (1) is bijective on morphisms 


now implies that for any two smooth coverings T: M, > M 


and n: M — M every morphism f: Ñ, > M of them as 
topological coverings is a smooth mapping. But this is 


obvious after what has been said above. Indeed, since f is 
a covering (Lemma 3, Lecture 8), there exists on M an 
atlas of charts (U, h) evenly covered by a mapping x on M 


such that all the corresponding charts of the form (Ù ; h) on 
M are evenly covered by the mapping f. This means that 
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for any chart of the form (U, h) on M, there is a chart (Ui, h,) 
such that covers a chart (U, h) and such that f homeomorphic- 


ally maps Ü, onto U. But then h, = ho f and therefore in 
those charts F is given by the identity (and hence smooth) 


mapping. Therefore f is a smooth mapping. O 
Remark 1. A similar forgetful functor 


COV-DIFF — COV 


is not an isomorphism of categories. On objects that functor 
is neither surjective (because of the existence of non-locally 
flat topological spaces) nor injective (because of the possi- 
bility of introducing on the same topological manifold many 
different smoothnesses) and its image is not a complete 
subcategory of the category COV. We can only say (by way 
of a direct generalization concerning morphisms in the 


statement of Proposition 1) that if for a morphism (f, f) of 
a smooth covering mı: M,—» M, into a smooth covering x: 


M — M the mapping f is smooth, then so is the mapping f. 
Indeed, (cf. the proof of Proposition 1) for any two charts 


(U,, h,) and (U, h) of manifolds M, and M the mapping F 
is given in the corresponding covering charts (Ü, h,) and 


(U, h) by the same (and therefore smooth) functions as the 
mapping f is in the charts (Uy, h ı) and (U, h) (it is here as- 


sumed of course that f (c U and hence f (U )c U). O 


Any smooth manifold being a locally flat topological 
space is locally connected. It turns out that, in addition, 
it is semilocally simply connected and even locally simply 
connected, i.e. it has a base composed of simply connected 
open sets. This is immediately results from the following 
lemma: 

Lemma 1. A unit cube Q of R” (no matter whether it is 
open or closed) is a simply connected space. 

We first prove the following lemma: 

Lemma 2. If simply connected (and connected) spaces X 
and Y are Hausdorff and locally connected, then their product 
X x Y is also simply connected, 
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Proof. Let n: Z— X x Y be a covering of the space 
X x Y. We must show that that covering is trivial, i.e 


(Proposition 4, Lecture 8) that it has a section o: X XY >Z. 
Let us choose (and fix) arbitrary points tzo €X, yo €Y 


and Z, € n- (£o, Yo). By Theorem 1 there is a unique map- 
ping 
t: (Y, Yo) — (Z, Zo) 

which has the property such that (7n oT) (y) = (xo, y) for 
any point y € Y (that mapping is nothing but a lifting of 
the mapping y+» (zo, y) of a connected locally connected 
and simply connected pointed space (Y, y.) into a Hausdorff 
pointed space (X XY, (Xo, Yo)))- Similarly for any point 
y € Y there is a unique mapping 


Oy: (X, Lo) > (Z, T (y)) 
which has the property such that 
(mo Oy) (z) = (z, y) 
for every point xz € X. But then the mapping 
o: X X Yo Z 
defined by the formula 
o (£, y) = oy (1), (£, y) EX XY 


will obviously satisfy the relation too = id. To complete 
the proof, therefore, it remains to show that o is a continuous 
mapping. 

To do this it suffices to show that the image 
A =o (X x Y) of the space X Xx Y under mapping o 


is an open subset of a space Z. Indeed, any point z€A will 
then have a neighbourhood W entirely contained in A, and 
the image n (W) of that neighbourhood under mapping x 


will be a neighbourhood of a point x (z) mapped by means 
of o onto W. 
On choosing a point y, € Y, consider a subset o, (X) of 


the set Z (known to be homeomorphic to the space X). Let 
B be the set of all interior points of the set A, that are in 
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the subset o,, (X). We must prove that B = o,, (X). Since 
B is open in o,, (X), it suffices to show that B is nonempty 
and closed in o,, (X) 


Let Z, Eo, (X) and let x (z,) = (%,, Yı). There are con- 
nected neighbourhoods U and V of points x, and y, in X 
and Y, such that U X V is evenly covered by the mapping 


nx. Let W be a component of Z in n- (U x V). It is clear 
that 
yEV 


where U (y) = WN n>(U x {y}). Each of the sets U (y) 
either does not intersect A or isentirely contained in A. 


In the case where x, = zo the sets U (y) are nothing but 
the intersections of the neighbourhood W and oy, (X): 


Ü (y) = WN o (X). 


In that case therefore U (y)c A and hence Wc A. Since 


W is open in Z, this means that the point Z, for which z} = zo 
is in B. Hence P is a nonempty set. 


Now let Z, be a point in the closure B of B. Then the set 
Ü (y,) (a neighbourhood of Z, in Oy, (X)) intersects the set 


B. Let 2,€ Bi) U (yı) and x (z,) = (xg, Ya). Since Za is 
an interior point of the set A, there is a neighbourhood V’ of 
a point y, in a space Y, such that V’c V and the intersec- 
tion W N n- ({z,} X V’) is contained in A. This means 


that for any point y € V’ the set U (y) intersects the set A. 
But then we necessarily have U (y)—< A. Hence the set 
W= U Uy) 
yeV’ 
is contained in A. The set W’ is obviously open in Z’ and 


contains the point z,. Therefore z, € B. Hence the set B is 
closed. O 

Now we can prove Lemma 1. 

Proof of Lemma 1. By virtue of Lemma 2 it suffices to 
consider the case where Q is a one-dimensional cube, i.e. 
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it is an interval of the axis R. Suppose first that the interval 


is closed. Then for any covering n: Q —> Q there is a finite 
covering of the interval Q by evenly covered open (in Q) 


intervals J,, ..., Ia. These can clearly be numbered se- 
quentially, i.e. so that for any k =1,..., n the union 
J, of intervals J,, ..., J, should be connected and hence be 


also an interval. The intersections J; (| I,+, will be con- 
nected, and therefore an (n — 1)-fold application of Corol- 
lary 1 to Proposition 4 of the preceding lecture will show us 
that the interval J, = Q is evenly covered by the mapping 
n. Hence the mapping x is trivial, and therefore the interval 
Q is simply connected. 

But the open interval Q is the union of an increasing se- 
quence of closed intervals over each of which the covering 
m is trivial, i.e. a homeomorphism. Therefore x is a homeo- 
morphism over the whole Q as well. Thus the open interval 
Q is also simply connected. O 

Corollary. Given n> 2 the sphere S” is simply connected. 

Proof. Let p and q be two antipodal points of the sphere 
S” and let U = S"\ {p} and V = S” N {q}. The open sets 
U and V are homeomorphic to an open n-dimensional cube 
and are, therefore, simply connected. Their intersection 
UN V = S"\ ({p} U {q}) is homeomorphic to the prod- 
uct SS" x (0, 1) of the equator S"-' of the sphere S” 
by an open interval (0, 1) and is therefore connected (given 
n — 1> 1). Hence by Corollary 2 to Theorem 1 of Lecture 
8 the sphere $” = U U V is simply connected. O 

Let H-DIFF be a category of pointed smooth Hausdorff 
manifolds. By the foregoing the smoothness ignoring functor 
maps this category into the category H-TOP’, Combining 
this functor and the functor of Theorem 3 in the preceding 


lecture we associate a simply connected covering M— M 
with every manifold M. By Proposition 1 a smooth-covering 
structure is uniquely introduced into that covering. It is 
clear that we thus obtain some functor from the category 
H-DIFF* to the category H-COV* of pointed coverings over 
Hausdorff manifolds. 

We state this fact as a separate theorem: 

Theorem 1. There is a functor 


H-DIFF*’ — H-COV" 
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associating every pointed Hausdorff manifold M with its simply 
connected universal pointed covering 


Tym: M —> M. 
That functor is unique to within an isomorphism. Q 


We now proceed to Lie groups. The notion of covering 
is introduced by the following definition: 


Definition 2. Let G and G be connected Lie groups. A 


smooth covering n: G-—>G is said to be a group covering i 
it is a homomorphism of groups. 
In a similar fashion we can introduce the notion of group 


covering for the case where G and G are connected topolog- 
ical groups. 


Morphisms of group coverings are the morphisms Ü, f) 
of them as smooth (or topological) coverings for which the 


mappings f and f are homomorphisms. 

Since in every group we can single out in a natural manner 
a base point, its identity element, and since any homomor- 
phism sends identity to identity, all group coverings and all 
their morphisms are clearly pointed. 

All groups coverings of Lie groups (or of topological groups) 
and all their morphisms constitute the category COV-GR. 

Any Lie group G defines a subcategory of COV-GR whose 
objects are the group coverings of the group G and whose 


morphisms are the morphisms of COV-GR of the form (f, id). 
We shall denote that subcategory, without fearing certain 
ambiguity, by COV (G) (and the category of coverings of 
the group G as smooth Hausdorff pointed manifold will 
be denoted by COVaite (G)). 

It turns out that like functor (1) the forgetful functor 
is an isomorphism of categories. 

We shall prove this statement only partially. 


For any group covering 1: G—>G the mappings 


p: G x Ges G, (x, y) —> zy, 
(3) 


A 


—> G, z rt, 


e? 
R 
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are liftings(with respect to nz) of the mappings 
u: G x C286. (x, y) > ALIY, 
v: G—>G, x2—>(nz)"! 


Since these liftings are uniquely characterized (Proposi- 
tion 3 of the preceding lecture) by the conditions 


mwmw M M~ ~~ mv ~ 


(4) (ee =e, ve) =e, 


where e is the identity of the group G, functor (2) is an 
injective mapping on objects. 
To prove that (2) is bijective, it is necessary to show for 


any pointed covering n: (G, e) — (Gatt, £), where Gaite is 
the group G considered as a smooth manifold and e is its 
identity, that we can introduce a Lie-group structure into 


the manifold G, with respect to which x will be a group cov- 
ering. To do this one should clearly consider the mappings 


u and v (whose construction does not pressuppose that G 
is a group) and their liftings u and v that satisfy relations 
(4). Suppose that liftings u and v~ exist. 

Since the mappings u = Io u and v = nov are smooth 
and n is a local diffeomorphism, the mappings u and y are 
also smooth. Moreover, it is clear that with respect to the 
operations 

Ty = u (x, y) and z= v (x) 


the mapping n is a homomorphism. Therefore x will be 
a group covering if we show that those operations satisfy 
the group axioms. 


Since (top) (z, e) = = 7 (x) and | (nep) (e, =n (x), the 
mappings x +> u (e, 2) and Tyu (z, 2) are liftings of the 
mapping 7n: G— G, which have the property such that 


e> e. But the identity mapping id: GG (which is also 
a lifting of the mapping n) has the same property. By the 
uniqueness of liftings, therefore, (Proposition 3 of Lecture 8) 
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we have equations p (x, e) = u (e, x) = f, i.e. equations 


Pd Pd 


re = ex = x which imply that the point e is the identity 
of the multiplication u. 


In a similar fashion mappings (x, Y, z) > (2y) Z and 
(x, Y, 2) >T (yz) are liftings of the same mapping 1a Y, Zz) 
TL * ny 12, both mappings sending the point (e, e, e) to the 
same point e. Therefore (x1 ry) 2 = (1 YZ) for any elements 
z, Y, z € G, so that the multiplication u is associative. 

Finally, the mapping x» rz! is a continuous mapping 
of a connected space G into a discrete space n-! (e) which 
sends e to e. Therefore xz- = e for any x < G. 

Consequently, G is a group. O 


Thus the question of surjectivity of functor (2) on objects 
rests on the question of existence of liftings (3). We shall 
not prove their existence in full generality but restrict our 


discussion to the case where the manifold Gi is simply connected. 


In that case the existence of liftings p and v is ensured 
by Theorem 1 of the preceding lecture, since by Lemma 2, 


for a simply connected manifold Ĝ the product Gx G is 
also simply connected. 
Thus we have proved the following proposition: 


Proposition 2. Let G be a Lie group and let x: G— G be 
a simply connected smooth covering of it as smooth pointed 
manifold. Then we can uniquely introduce into the smooth 


manifold G a multiplication with respect to which it will te 
a Lie group and the mapping x will be a homcmorphism (and 
hence a group covering). O 

As for the statement that functor (2) is bijective on mor- 
phisms, it is equivalent tothestatement that for any two group 


coverings T: G —>G and x: G; —> G any morphism f: Gs G, 


of them as smooth coverings is a homomorphism Gs Gi 
We shall prove even a more general result relating to cover- 


ings n: G—>G and p: Ñ > H of two, in general, distinct 
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Lie groups G and H and to a morphism f, f) of the category 
COV'-DIFF of covering n into covering ọ: 





Ge: 
F f 
H ; H 


It turns out that if f is a homomor ‘phism of groups, then so 
is f. Indeed, mappings | GX G- H given by formulas 


(z, y) —> f (x) f (3 y) and (x, y) —> f (xy) both are liftings of 
the same mapping 


(x, y) > f (x) f (y) =f (ay), where z = x (2), y = n (y), 


and therefore coincide. [J 

It follows immediately that Theorem 1 remains also valid 
for Lie groups: 

Theorem 2. There is a functor GR-DIFF — GR-DIFF 
which associates every connected Lie group G with its simply 
connected group covering 


That functor is unique to within an isomorphism. 


The kernel Ker ng of the covering ng : G — G is uniquely 
(to within an isomorphism) defined by the Lie group G. It 
is called the fundamental group (or Poincaré group) of that 
group and denoted by mG. (It can be shown that 1,G coin- 
cides with the fundamental group 1,G1)p, known from topo- 
logy, where Glop is a group G considered as a topological 
space, see [9]. 


For applications we have in mind it is convenient to 
restate Theorem 2 in more algebraic terms. To do this we 
shall need several simple lemmas on topological groups. 

Lemma 3. Every open subgroup H of an arbitrary topolog- 
ical group G is closed. 
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Proof. Since a subgroup H is open, so is every coset Hx 
of G mod H. Therefore the union of any family of these cosets 
is an open set. In particular, an open set is the union of all 
cosets Hz other than the subgroup H itself. But this union 
is the complement in G to the subgroup H. Therefore H is 
closed. O 

Lemma 4. Every neighbourhood V of the identity of a con- 
nected topological group G generates a group G. 

Proof. Let H be a subgroup generated by a neighbourhood 
V. Since Vac H for any x € H, the subgroup H is open. 
But then by Lemma 3 H is also closed. Hence H = G, for 
under the hypothesis G is a connected group. O 

Recall that for any invariant subgroup (normal divisor) 
K of the topological group G the factor group G/K is sup- 
ipied with a factor topology in which the set Vc G/K is open 
lf and only if so is its complete inverse image n-' (V) under 
the natural epimorphism n: G— GIK in G. With respect 
to that topology the factor group G/K is a topological group. 

Lemma 5. For any invariant subgroup KE G the natural 
epimorphism n: G —> GIK is an open mapping. For any open 
epimorphism ®: G —> H the factor group GIK of a group G 
mod the kernel K = Ker ® of the epimorphism ® is isomorphic 
to the group H. The isomorphism ọ: GIK —> H can be chosen 
so that we have a commutative diagram 


(5) G ? 


Proof. If U is open in G, then the set UK, being the union 
of open sets Ux, x € K, is also open in G. But clearly UK = 
n- (nU). Hence the set nU is open in G/K. This proves 
the first statement. 

It is clear that the formula ọ (£K) = ® (zx) correctly 
defines the algebraic isomorphism ọ: G/K — H for which 
diagram (5) is commutative. We only need to prove there- 
fore that @ is a homeomorphism. 

But if V is open in H, then ®-}(V) is open in G (for ® is 
continuous), and since x is open, a (D-' (V)) = ọ~ (V) is 


13—0450 
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open in G/K. Similarly, if W is open in G/K, then n-! (W) 
is open in G, and since under the hypothesis ® is open, 
D (x-! (W)) = ọ (W) is open in H. Hence @ is a homeo- 
morphism. [J 


Definition 3. Let G and H be connected topological (or 
smooth) groups. A homomorphism ®: G — H of G into H 
is said to be a local isomorphism if ® bijectively maps some 
neighbourhood U of the identity of G onto some neighbour- 
hood V of the identity of H. 

Since by Lemma 4 the group H is generated by V, every 
local isomorphism ® is an epimorphism, and since that epi- 
morphism, being a local diffeomorphism, is open, we can 
apply Lemma 5 to it. Therefore H is isomorphic to G/K, 
where K = Ker@. Under the hypothesis, KN U = {e}, 
which, by definition, means that the subgroup K is a discrete 
subgroup of G. Conversely, if K is a discrete invariant sub- 
group of G, then the natural epimorphism n: G —> G/K is 
obviously a local isomorphism. By virtue of Lemma 5 this 
proves that the local isomorphism G —> H exists if and only 
if H is isomorphic to the factor group G/K of G mod some dis- 
crete invariant subgroup K. 

An example of a local isomorphism is obviously any group 
covering G — H. Conversely, a local isomorphism ®: G — H 
is a group covering since it evenly covers V, a neighbourhood 
stipulated by Definition 3 (by virtue of Lemma 5 it may be 
assumed without loss of generality that H = G/K, where 
K = Ker Ọ, and that ® is a natural epimorphism n: 
G— GIK, but then 


@1(V)=UK= U Urz, 
xE K 


where the open sets Uxc G do not intersect and each of them 
is homeomorphically mapped onto U), and hence evenly 
covers the neighbourhood Vh of an element h € H. Thus 
group coverings and local isomorphisms are the same thing. 

It is clear that the last statement holds for Lie groups 
as well. What is more it is easy to see that if we are given 
a group covering (= local isomorphism) G —> H, where H 
is a topological group and G is a Lie group, then a smoothness 
is introduced into H in a unique way with respect to which 
H is a Lie group and the mapping G— H is a smooth 
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covering. In particular, for any discrete invariant subgroup 
K of the Lie group G the factor group G/K thus turns out to 
be a Lie group, and therefore for any local isomorphism ®: 
G — H of Lie groups the commutative diagram (5) is a dia- 
gram over the category of Lie groups. 

All this implies that for Lie groups (as well as for topolog- 
ical groups) the following proposition is true: 

Proposition 3. A mapping ©: G —> H of connected groups 
is a group covering if and only if: 

(a) it is a local isomorphism; or equivalently if 

(b) there is a commutative diagram (5), where K is a discrete 
invariant subgroup, n is a natural epimorphism and @ is some 
isomorphism. Q 

Of particular interest in connection with this proposi- 
tion is the following, rather unexpected, lemma: 

Lemma 6. Every discrete invariant subgroup K of a con- 
nected topological (and, in particular, smooth) group G is 
in the centre of that group (and is, in particular, Abelian). 

Proof. Let x € K and let U be a neighbourhood of an ele- 
ment x containing no other elements of K. Consider a neigh- 
bourhood V of the identity of G which has the property such 
that VV -tœ U. (That such a neighbourhood exists follows 
immediately from the fact that the mapping y— yzy- is 
continuous.) Since A is invariant and U N K = {e}, we 
have yzy-' = x for any element y € V. This means that the 
centralizer of x (the subgroup of all elements commutative 
with x) contains the neighbourhood V. Hence, since V gen- 
erates G, that centralizer coincides with G and therefore x 
is in the centre of G. O 

Corollary. The fundamental group nG of every connected 
Lie group G is an Abelian group. O 


Now we are ready to formulate our final theorem. In this 
theorem connected Lie groups G and H are said to be locally 
isomorphic if there are local isomorphisms of the form 
P —— G and P —> H, where P is some connected Lie 
group. 

Theorem 3. For any connected Lie group G there is a simply 


connected Lie group G isomorphic to it that depends functorially 
on G 


G is uniquely defined to within an isomorphism. 
138 
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Two connected Lie groups G and H are locally isomorphic 


if and only if G and H are isomorphic. 
A connected Lie group is locally isomorphic to a group G 


if and only if it is isomorphic to the factor group GIK of 


G mod a discrete (and therefore ceniral) invariant subgroup K. 
Proof. The first two statements are by virtue of Proposi- 
tion 3 just a restatement of Theorem 2. 


If P > G and P — H are local isomorphisms and P —>P 
is a simply connected universal covering, then the composite 


mappings P — G and P — H are also universal coverings. 
Therefore P ~ G æ H. Conversely, if Ax É, then we have 


local isomorphisms P — G and P —> H, with P = G. This 
proves the third statement. 

The fourth statement follows from the third by virtue 
of Proposition 3. O 

In particular, it follows from Theorem 3 that the relation 
of local isomorphism is an equivalence relation. 


The group G isa simply connected covering group of the 
group G. 
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Local isomorphisms and isomorphisms of localizations. The 
Cartan theorem: A final diagram of categories and functors. 
Reduction of the Cartan theorem. The globalizability of em- 


beddable local groups. Reducing the Cartan theorem to the 
Ado theorem 





Theorem 3 of Lecture 9 gives quite a satisfactory descrip- 
tion of classes of locally isomorphic Lie groups but it has 
the disadvantage that these classes are not the classes that 
were introduced in Lecture 3, i.e. the classes of locally iso- 
morphic Lie groups are classes of Lie groups isomorphic in 
the category of local groups GR-LOC. We therefore must 
prove in addition that both notions of local isomorphism 
coincide. The clue to this is the following proposition: 

Proposition 1. Let G and H be connected Lie groups, U a 
connected neighbourhood of the identity in G and ọ: U —> H be 
a smooth mapping such that @ (xy) = @ (x) ọ (y) for any ele- 
ments x, y € U for which xy € U. Then, if G is simply connect- 
ed, there is a unique homomorphism ®: G —> H extending Q, 
i.e. such that 


Oly = Q. 


To prove this statement consider a subset D of G X G 
consisting of all pairs (z1, za) EG X G for which zzz! € U. 
The subset is obviously open and contains "a diagonal 
Ac G X G. Since D is the union of connected sets of the 
form {x} X Uz, x€G, each intersecting the diagonal A 
which is also a connected set (homeomorphic to G), the set 
D is connected. 
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A subset V of G is said to be small if V x VCD. i.e. if 
VV-'c< U, and a subset W of the product G X H of the 
groups G and H is said to be distinguished if for any point 
(x, y) € W there is a small neighbourhood V of x in G such 
that 

(v, ọ (vr-") y) E€ W for any point v E V. 


It is clear that: 

(a) the empty set is distinguished; 

(b) the entire product G x H is distinguished; 

(c) the union of any family of distinguished sets is 
distinguished; 

(d) the intersection of any finite family of distinguished 
sets is distinguished; 

Distinguished sets therefore may be taken to be open sets 
of some new topology on G X H. The product G X H pro- 


vided with that topology is denoted by X. Let 
n: X —>G 
be a mapping defined by the formula 


n (z, y) =£ (x, y)EX. 


It is clear that for any open set VG the set n -t (V) is distin 
guished and for any distinguished set W € X the set n (W) 
is open. This means that m is a continuous and open mapping. 

For any small open set Vc G, any element xo € V and 
any element y € H we denote the set of all pairs of the form 
(x, p (xx,") Yo, where xz € V by W (ao, V, yo). It is easily 
seen that the set W (zə, V, yo) is distinguished. Indeed, if 
(x, y) € W (ao, V, Yo), ie. if xE V and y = @ (rz9') Yo, 
then for any point v € V an equation 


p (vz) y = @ (va) p (£23) Yo = P (VE) Yo 
holds which shows that (v, ọ (vx) y) € W (xo, V, Yo). 
Clearly (£o, Yo) E W (zo, V, Yo), i.e. W (Xo, V, Yo) is a 


neighbourhood of the point (zo, Yo) in a space X. It is ob- 
vious that n homeomorphically maps that neighbourhood 
onto the neighbourhood V. On the other hand, it is easily 
seen that the set n~t (V) is the union of all possible sets of 
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the form W (z,, V, y), where x, E€ W is fixed and y € H 
ranges over the whole of H, none of these sets intersects (if 
there is a point (x, y) EW (zo, V, Y) N W (ao, VY, Ya), then 
p (x13) Yı = y = @ (£x,") Ya and therefore y, = y3). 

It amounts to saying that every small open set VCG is 
evenly covered by a mapping xn. Since any element of G 
obviously has a small neighbourhood, this proves that the 


mapping n: X — G is a weak covering. Therefore by Lem- 
ma 2 of Lecture 8 the mapping 


0 


is a covering for any component X, of X. We choose as X, 
the component containing the point (eg, ey), where eg 
and eé, are the identities of G and A respectively. 

Now recall that under the hypothesis G is a simply con- 
nected group and therefore any covering of it is trivial, i.e. 
is a homeomorphism. In particular, the covering x, is a ho- 
meomorphism. The inverse homeomorphism n, sends every 


point x €G to some point in X o of the form (z, y), where 
y € H. Consequently, by putting D (x) = y we obtain some 
uniquely defined continuous mapping 


®: G— H. 


Thus for any point z €G the point ® (x) € H is uniquely 


characterized by the fact that (x, Ð (x)) € Xo. Therefore, 
in particular, ® (eg) = ey. 

Let D* be a subset of D consisting of all the points (z4, £a)€ 
D for which 


(1) D (xq) = @ (x227) D (21). 


It is clear that Ac D*, so that D* is nonempty. In addi- 
tion, it is easily seen that for any small connected open set 
Vc G we have an inclusion 


V x Vc D*. 


Indeed, for any point x, € V the distinguished set W (£o, 
V, ® (x,)) is connected (since it is homeomorphic to V) 


and contains a point (£o, ® (x,)) € X,. Therefore W (x, V, 
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D (z) Z Xa i.e. for any point x€V_ the point (z, 
(p(rx,") ® (xo)) lies in X,. But according to the foregoing 


every point in X, can be uniquely represented as (x, ® (x)). 
Therefore ® (x) = @ (xz,*) ® (xo), which is equivalent to 
the inclusion (zo, x) E€ D*. Hence V x VC D*. g 

Further, we can easily see that if the product V X V’ of 
two small connected open sets V and V’ intersects D*, then it is 
contained in D*. Indeed, if (x, x9) € D*, (£o, x) € D* and 
(z; x’) ED*, then F x ED* (since D(z’ )=Q (t 2r T ® (x;,)= 
p (ex's!) p (z) D (x) = @ (E'R) @ (zr) ® (2) = 
P (x'x-!) ® (x)). On the other ‘hand, if (£o, z,) € 

Vx V and (z, x’) EV x V’, then according to the 
foregoing (x, z) € D* and (xi, x’) € D*. Therefore if in 
addition (zo, x.) €D*, then (zx, x’) € D*. D 

Since sets of the form V x V’ obviously constitute a base 
of the subspace D, it is immediate that the set D* is open 
and closed in D. Since D is connected and D* is nonempty, 
this is possible only when D* = D. Thus, equation (1) 
holds for any point (x,, zə) ED. 

Now we are in a position to prove Proposition 1. 

Proof of Proposition 1. That ® is a unique homomorphism 
follows immediately from the fact that (see Lemma 3 of 
Lecture 9) the group G is generated by the neighbourhood U. 
We must only prove the existence of ®, therefore. 

We show that the required homomorphism is the map- 
ping ® constructed above. 

By putting in (1) z, = eg and z, = x we immediately 
get ® (x) = ọ (x) for any element x € U. Proposition 4 
therefore will be proved if we show that the mapping ® 
is a homomorphism, i.e. that for any elements x, x EG 


(2) ® (x, x’) = © (x)-O (z’). 


To this end we notice that with z € U equation (2) holds 
for any x’ € G (since (x’, rx’) E€ D and therefore ® (xzx') = 
p (x) ®© (x’) = © (x) M (z’)). On the other hand, since G 
is connected it is generated by a neighbourhood of the iden- 
tity U N U-! and therefore every element x € G can be re- 
presented as 


G = hyo +1 e Uy 
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where zi, %,..., £n E U. Therefore by induction 

(3) P (zxz) = D (x)... D (£a) ® (z’) 

for any element x’ € G. In particular, with x’ = eg 
D (x) = P (z,) ... ® (za), 


which in conjunction with (3) proves (2). O 

The mapping ọ appearing in Proposition 1 is nothing but 
a homomorphism of a local group Gio, into Hioc, where 
Gioc and Hioc are the images of groups G and H under the 
localization functor 


(4) GR,-DIFF — GR-LOC 


and the mapping ® is a homomorphism of G into A turning 
under functor (4) into a homomorphism qg. Hence Proposi- 
tion 3 is nothing but the assertion that in the case where 
G is simply connected the condition of complete univalence 
of the functor (4) holds for groups G and H. If, therefore, 
we restrict ourselves to a complete subcategory GR- DIFF 
of the category GR,-DIFF consisting of simply connected 
Lie groups, then that condition will be satisfied. Thus on 
the category GR o DIFF the localization functor 


(5) GR,,.-DIFF > GR-LOC 


is completely univalent. 

But it is easy to see that any completely univalent func- 
tor establishes a bijective correspondence between isomor- 
phisms and therefore, in particular, sends only isomorphic 
objects to isomorphic. As applied to functor (5) this means 
that simply connected Lie groups are isomorphic if and only 
if so are their localizations. 

This directly yields an affirmative answer to the question 
asked at the beginning of the lecture: connected Lie groups 
are locally isomorphic in the sense of Lecture 3 (i.e. have iso- 
morphic localizations) if and only if they are so in the sense of 
Theorem 3 of Lecture 9. Indeed every local isomorphism in 
the sense of Definition 3 of Lecture 9 will obviously be an 
isomorphism of localization. Therefore, in particular, local- 
izations of any Lie group G and of its universal covering 
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tt 


group G are isomorphic: 
Gloc © Gloc: 
Hence if Goe Œ% Hioc, then Giwe & Hioc and therefore, 


by the foregoing, G x H, so that G and H are isomorphic. O 
Thus by the “local isomorphism” of Lie groups in Theo- 
rem 3 of Lecture 9 we mean the isomorphism of their localiza- 
tions. 
This implies that the theorem gives a full answer to the 
question of invertibility of the localization functor (4): 


Gos &% Hic if and only if G x Ñ. 


In particular, on the category GR, .-DIFF of simply connected 
Lie groups functor (5) is invertible (to within an isomorphism). 

This result cannot be considered to be full, however, 
since it remains unknown if every local Lie group is a local- 
ization of some Lie group, i.e. if functor (5) effects the equiv- 
alence of categories. 

The answer to this question is yes: 

Theorem { (Cartan). Functor (5) effects the equivalence 
of the category GR, DIFF of connected simply connected Lie 
groups and the category GR-LOC of local Lie groups. 

Corollary. The category of connected simply connected 
Lie groups is equivalent to the category of finite-dimensional 
Lie algebras over the field R. The equivalence is effected by 
the Lie functor. 

This corollary is the acme of the theory we are developing. 
It allows us to reduce any question concerning connected 
and simply connected Lie groups to the corresponding prob- 
lem of Lie algebras which, being a “linear” analogue of the 
original problem, is, as a rule, significantly simpler. 


All the categories and functors we have considered consti- 
tute a commutative diagram 


2 
GR- DIFF GR-LOC 
l 


GR-DIFF GRIE 





ALG-—LIE 
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Number 1 in this diagram designates the functor of going 
over to the component of the identity. It identifies groups 
that are extensions of a given connected Lie group by means 
of a discrete group. Number 2 designates the functor of going 
over to a universal covering group. It identifies groups that 
are factor groups of a given simply connected Lie group mod 
discrete (central) invariant subgroups. 

The other arrows designate functors effecting the equi- 
valence of categories. 

The above diagram contains all the essential information 
about interrelations between Lie groups and Lie algebras. 


Thus, to complete the entire theory it only remains to 
prove the Cartan theorem. The present state of affairs con- 
cerning this theorem turns out to be very peculiar, however, 
and may be said to be quite unsatisfactory. 

The only way of proving the Cartan theorem is to construct 
some functor from the category of local groups (or equiva- 
lently Lie algebras) into the category of simply connected 
Lie groups, which would be quasi-inverse to the localization 
functor. Up to now, however, despite numerous attempts 
(at any rate much effort has gone into it here in Moscow) 
no explicit “natural” construction (a construction using only 
basic concepts) of such a functor has emerged and say Serre 
believes that no such construction exists (see [8] p. 259; 
notice at the same time that Serre calls the Cartan theorem 
“Lie’s third theorem”). All known proofs (as a matter of 
fact, there are only two) of the Cartan theorem have no func- 
torial (= natural) character and cause inward psychological 
protest. It is evident that the last word has not yet been 
said here. Those proofs of the Cartan theorem rely on the 
following category-theoretic lemma: 

Lemma 1. Let A and B be arbitrary categories and let F: 
A — B be a completely univalent functor from A to B. 
If for any object B of B there is an object A of A such that the 
object FA is isomorphic to B, then F is quasi-inverse (it effects 
the equivalence of categories). 

Proof. For every object B of B we choose arbitrarily and 
fix an object A of A that is provided by the hypothesis of 
the lemma and denote it by GR. Also we fix an isomorphism 
0,3: FGB + B. Since F is completely univalent, for any 
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morphism B: B —> B, there is one and only one morphism 
a: GB — GB, for which there is a commutative diagram 











FGB——-"__~FGp, 
Op 9B, 
B B 
B l 


We set a = GB. 

It is immediate from the uniqueness of æ that the construct- 
ed correspondences B +> GB and B +> Gf constitute a func- 
tor G: B — A, isomorphisms 0, obviously constituting an 
isomorphism of the functor FG and the identity functor Id p. 
In addition, for any object A of A the equation F (a4) = 
Opa defines some morphism a,: GFA — A which is 
an isomorphism, with the isomorphisms a, easily seen to 
ae an isomorphism of the functor GF and the func- 
tor Id. 

Hence the functor G is quasi-inverse to F. O 

By virtue of this general lemma, for the Cartan theorem 
to be proved for any local Lie group it suffices to construct 
at least one Lie group, a neighbourhood of whose identity 
is that local group (or the local group isomorphic to it). 
It is possible (and that determines the success of the con- 
struction) not to take care of the functoriality and admit 
any arbitrariness in the construction. 

Definition 1. We shall say that a local Lie group is glob- 
alizable if it is isomorphic to a localization of some Lie 
group (i.e. isomorphic to a neighbourhood of the identity 
of that group). 

Thus to prove the Cartan theorem we must only establish 
that any local Lie group is globalizable. 


Definition 2. A local Lie group K is said to be embeddable 
if it is a local subgroup of some Lie group G, i.e. more pre- 
cisely, of the localization G,,, of that group. 

The first step in our proof of the Cartan theorem is the 
following proposition: 

Proposition 2. Any embeddable local Lie group K is 
globalizable, 
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Before proving this proposition we shall prove its analogue 
for topological groups. 

Let G be a connected topological group and K a subspace 
of it containing the identity element e of G, such that zy € K 
and x`! € K for any elements z, y € K N Uy, where U, is 
some neighbourhood of G. 

Lemma 2. There is a topological group H and an injective 
homomorphism i: H —— G homeomorphically mapping some 
neighbourhood V, of the identity of H onto some neighbour- 
hood of the identity element e in a subspace K, i.e. onto a set 
of the form K N Uo, where Uo is a neighbourhood of e in G. 

Proof. We shall say that a subset A C G is separated from 
e if there is a neighbourhood U of the point e in G, such that 
A N U = Ø. It is clear that if the sets A and B are separated 
from e, then so is A |J B. 

For any element g € G we shall denote by A£ the set g-!Ag 
of all elements of the form g-tag, a € A. Obviously A® is 
separated from e if and only if A is separated from e. 

Now let H be the set of all elements g € G for which the 
symmetric difference 


KEAK = (KENK) U (ANK*) = (K! U KN‘N(KE N K) 


is separated from e. Since K®* AK = (KE AK)®&" and 
Ke8: AK C (K8: AK)® |) (K£: AK), that set is a subgroup 
of G (or more precisely, of the corresponding abstract group 
Gapstr): 

Let Uo be a neighbourhood of the identity e of G such 
that zy € U, for any elements x, y € U. Then g`zg € K 
and gxg-! € K for any element x, g € K N Uso Therefore 
if g€ K N U y € KE N US, and hence z = gygy EKN 
Uw, then y = g`zg € K. Consequently KE N U8, — 
K N Uwo and therefore KE N V, c K N Vo, where Vo = 
Uo, N UZ, Conversely, if x € K N Uoo, then y = gag" € 
K and hence x = g-'yg € KE. Consequently K N Uoo S 
Ke N Ux and therefore K N Vac KE N Vo. Thus K N 
Vo = KE N Vo, i.e. (KE AK) A Vo = Ø. This proves that 
for any element g € K N U the set KE AK is separated 
from e, i.e. that g € H. Consequently K N Uw € H. 

We introduce into H a topology by taking as neighbour- 
hoods of the identity all possible sets of the form V = 
K Nñ U, where Uc U is a neighbourhood of e in G 
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contained in U,,. An automatic check shows that this does 
introduce in H a topology with respect to which H is a to- 
pological group. The embedding i: H — G is an injective 
homomorphism of topological groups and on the neighbour- 
hood V, = K N U,, that mapping is a homeomorphism. 

This completes the proof of Lemma 1. O 

Notice that in general H is not a subgroup of G i.e. the 
mapping i: H —> G is not a homeomorphism on i (H). For 
example, if K = {e}, then H is a group Gin a discrete topol- 
ogy. 

Now we are ready to prove Proposition 2. 

Proof of Proposition 2. Let the local group K be a local 
subgroup of a Lie group G and hence n Lecture 7) let there 


be a chart (U,, kh) = (Uo, xt, ..., x") in G, such that 
K N U, is defined by the equations 
g™tt— QO, ..., 2® = 0. 


Considering G as a topological group we can apply Lem- 
ma 2 to K. Thus by this lemma there is a topological group H 
and an injective continuous homomorphism i: H —> G map- 
ping homeomorphically some neighbourhood V, of the iden- 
tity of H onto the set K N Uso, where Uy, is a neighbour- 
hood of the identity in G. We may assume without loss of 
generally that Uo) = 

Then the pair (V,, k) = (Vo, Yt, .. +, y™), where y? (v) = 
x’ (iv), j = 4, ., n, is obviously some chart on H con- 
taining the element e € V and therefore for any element 
aCH the (aV,, ko L,-:) is a chart on H containing an ele- 
ment a. If aV, N bV Æ Ø, then on (k o Laa) (aVq N bVo) Z 
R” the mapping (k o L,-1)° (ko Dag)" = k o Lp-ia © 
k-t is (since R” c R”) a restriction of a smooth map- 
ping ho Lio- dgs h- and hence is itself a smooth map- 
ping. This proves that all charts of the form (aV,, k o La) 
are compatible with one another and therefore make up 
some atlas on H. A direct check shows that with respect to 
the smoothness defined by that atlas the group H is a Lie 
group and the mapping i is a smooth homomorphism diffeo- 
morphically mapping a neighbourhood V, onto K N U» 
Thus Hioc + K, so that K is a globalizable local group. O 
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Submanifolds of smooth manifolds. Subgroups of Lie groups- 
Integral manifolds of integrable subfiberings - Maximal inte- 
gral manifolds - The idea of the proof of Theorem 1-The local 
structure of submanifolds - The uniqueness of the structure of a 
locally rectifiable submanifold with a countable base- Submani- 
folds of manifolds with a countable base - Connected Lie groups 
have a countable base - The local rectifiability of maximal inte- 
gral manifolds + The proof of Theorem 1 


A two-dimensional torus 7* may be thought of as a factor 
group of an additive group of the space R? mod its lattice Z?, 
which consists of points with integral coordinates. Therefore 
any straight line in R? passing through the point (0, 0) 
yields some subgroups in 7?. If the slope of the straight line 
in R? is rational (and equals, say, m/n), then its image in 7°? 
is acircle running around the torus m times along a meridian 
and n times along a parallel. If, however, that slope is irra- 
tional, then the corresponding subgroup in T°? (called the 
irrational solenoid group) is everywhere dense in T? and 
in the induced topology every neighbourhood of any point 
of it contains a neighbourhood that is a disjoint union of 
a countable number of intervals. Hence this subgroup is 
not a manifold. 

This example explains why we accept the following, 
seemingly unnecessarily, general definition: 

Definition 1. A smooth manifold N is said to be a sub- 
manifold of a smooth manifold M if: 

(a) any point of N isin M, so that an embedding 1: N — M 
is defined; 
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(b) ı: N — M is smooth (and therefore, in particular, con- 
tinuous); 

(c) at every point a € N the differential (di),: T a (N) > 
Ta(M) of t is a monomorphism. 

It is usual to identify every vector A € T, (N) with the 
vector (dt),A, i.e. to consider T, (W) to be a subspace of 
the space T a (M). 

Any open submanifold is clearly a submanifold in terms 
of Definition 1. Such a submanifold is a subspace, i.e. the 
embedding t is a homeomorphism onto its image. However, 
this is no longer the case, say, for the irrational solenoid 
group. 


Definition 2. A Lie group H is said to be a subgroup of a 
Lie group G if the manifold Hait is a submanifold of the 
manifold Gait and the group H abstr is a subgroup of the group 
Gapstr- Lhe subgroup H of G is said to be an invariant sub- 
group if H pstr is invariant. 

In particular, irrational solenoids are its subgroups. 

Let g = { (G) and h = 1 (A) be the Lie algebras of Lie 
groups G and H. If H is a subgroup of G, then the homeomor- 
phism {(t): > g identified with the mapping d (t),: T e (H)—> 
T.-(G) is a monomorphism. It is usual to identify a Lie 
algebra ý with its image in g under that monomorphism. 
Thus by virtue of this identification the Lie algebras of 
subgroups of a Lie group G are subalgebras of the Lie algebra $ 
of G. The correspondence H +> fh between subgroups H c G 
and subalgebras ý c g will be called a Lie correspondence. 
Since the Lie algebras of a group and components of its 
identity coincide, it is natural to consider only connected 
subgroups H. It turns out that if restricted to connected sub- 
groups the Lie correspondence is bijective. Thus we have the 
following theorem: 

Theorem 1. The Lie correspondence H +>} is a bijective 
corres pondence between connected subgroups of a Lie group G 
and subalgebras of a Lie algebra g = 1 (G). 

The group G in this theorem may be considered to be con- 
nected, of course. 


We shall prove Theorem 1 starting somewhat from afar. 
Let M be a smooth manifold and let Æ be an integrable 
subfibering of a tangent boundle T (M) (see Lecture 7). 


14—0450 
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Definition 3. A submanifold N of M is said to be an in- 
tegral manifold of E if the embedding t: N —> M is integral 
with respect to E, i.e. if 


Ey = Fa (N) 


for any point a €N. 

It is easy to see that & is integrable (in the sense of 
Definition 10 of Lecture 7) if and only if at least one integral 
manifold of E passes throughany pointaof M. Indeed this con- 
dition is clearly sufficient for integrability. Conversely, let £ 
be integrable. Then it is completely integrable as well (the 
corollary to Proposition 6 of Lecture 7), i.e. (see Defini- 
tion 13 of Lecture 7) M has an atlas consisting of charts 


(U, zt, ..., 2") such that for any point a € U vectors 

(5) ped (sor) constitute a basis of a space E.. For 
a a 

every point Ẹ = (&!, ..., &"-™) € R"-™ we denote by Vg 


a set of points a € U whose coordinates satisfy the condi- 
tions 


g™ +l pan EL RO q” = Enem. 


That set (if nonempty) is naturally provided with the struc- 
ture of a smooth manifold which is diffeomorphic to some 
open set in R™. Clearly, the manifold is a submanifold in U 
(and hence in M), the subspace T (Vz) spanning at any 

; ð , 
point a € V§ the vectors (a) a:i o ( 550 
Ta (Ve) = Ea, so Vz is an integral manifold of #. To com- 
plete the proof it remains to notice that for any point a € U 
the submanifold Vz, with § = (z™*! (a), ..., 2"(a)) con- 
tains a. O 

Submanifolds of the form V; will occur rather frequently 
in what follows. They will be referred to as flat submanifolds 
of a chart U. 

We shall say that submanifolds N, and N, of M having 
a point a € M in common locally coincide at a if there is a 
submanifold N., open both in N, and N,, such that a € No 

It is easy to see that any two integral manifolds N, and N, 
of an integrable subfibering E that pass through a point a lo- 
cally coincide at a. Indeed, let u: N, — M and ta: Na — M 
be embeddings. By Lemma 2 of Lecture 7 there are neigh- 


) . Consequently 
a 
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bourhoods V, and V, of ain N, and N, and a diffeomorphism 
B: Va — V, such that t, = u o È on V,. But since tu, and t, 
are restrictions of the identity mapping M — M, the equa- 
tion t = to Ê is possible only when B = id (and hence 
V, = V,). This completes the proof, since the equation u = 
t in some neighbourhood of a precisely means that N, 
and N, locally coincide at a. O 


For an integrable vector bundle Æ, consider the collec- 
tion KR of allitsintegrable manifolds. According to the fore- 
going, if two submanifolds V,, Na ER intersect, then for 
any point a € N, N Nz, there is a submanifold N, such 
that a € No CN, N N; and N, is open both in NV, and Nj. 
Since NV, E€ R(an open submanifold of a manifold of ® 
is obviously in R), the family Ñ can be taken as a base of 
some new topology on M (whose open sets are the unions 
of submanifolds in R). A manifold M provided with this 
topology is denoted by Mg. 

It is easy to see that the identity mapping Mg —> M is 
continuous, i.e. any open set Uc M is open in Mp too. 
Indeed, let a € U and leta EC NER. Since N is locally 
connected, the component NV, of the set NN U, which con- 
tains a point a, is open in J, i.e. is an open submanifold 
of N. Therefore N, E€ R. This shows that U is the union of 
manifolds of K and is therefore open in Mg. O 

Further, it is easy to see that the topology of the space M g 
induces on any manifold N € Ñ (which is by definition an 
open subset of Mpx) the original topology of N, so that in 
other words every integral manifold N E€ R is an open sub- 
space of Mp. Indeed any neighbourhood of a point a € N 
in the topology of N is an integral manifold in and hence 
an open set in M,. Conversely, any neighbourhood U of a 
in the topology induced by that of M, contains an integral 
manifold NV, E€ R such that a € N,. Since N and N, locally 
coincide at a, there is a manifold N, E€ R containing a point a 
that is an open submanifold of both N and N,. The mani- 
fold N, is the neighbourhood of a in the topology of N con- 
tained in U. Thus the original topology of N coincides with 
that induced on N by the topology of M,z. O 

Now let W be a component of connectedness of M, (pro- 
vided with an induced topology). Then for any point a € W, 
every connected integral manifold N containing that point is 
149 
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contained in W (for N is connected also as a subspace in M g). 

In particular, contained in W is a coordinate neighbour- 
hood U of a in N. Since U, being an integral manifold, is 
open in M p, it is a neighbourhood of a in W too. This allows 
every chart (U, h) at aon N to be considered as a chart on W 
too. Thus we obviously obtain on W some smoothness com- 
patible with the topology. 

The constructed smooth manifold W will obviously be a 
connected integral manifold of a subfibering E that contains 
a point a and has the property that any connected integral 
manifold of E containing the point a is contained in W and 
is open in W. 

Definition 4. An integral manifold of a subfibering E is 
said to be maximal if it is connected and is not contained 
in any other connected integral manifold of that subfibering. 

In particular, we see that the constructed integral mani- 
fold W is maximal. 

This proves the following proposition: 

Proposition 1. Only one maximal integral manifold W 
of an integrable subfibering E passes through any point a € M. 
Any connected integral manifold of E passing through a is 
open submanifold of W. D 


To return to Lie groups, consider a subalgebra § of the 
Lie algebra g of a connected Lie group G. Recall that a (G) 
denotes the infinite-dimensional Lie algebra of all vector 
fields on G. Itis a module over the algebra ¥ (G) of all 
smooth functions on G. For any subfibering E œ T (G) the 
vector fields in Æ form a submodule a (E) of the module 
a (G). At the same time the Lie algebra g and hence the 
Lie algebra í are subalgebras in a (G). Therefore the sub- 
module F (G) h generated by ý is a subalgebra of a (G), 
with Z (G)g = a (G). 

As a first step in the proof of Theorem 1 we show that 
for any subalgebra } of the Lie algebra g, there is a subfibering 


RY of a tangent bundle T (G) such that 
(1) a (E) = F (G) h. 


Indeed, let E9 be a subspace of a space Ta (G) consisting 
of vectors of the form X,, where X € (here we use the 
interpretation of g as an algebra of left-invariant vector 
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fields; in the interpretation g = T e (G) the subspace E’ is 
the image of the space h) c T e (G) under the mapping (dL,),). 
It is easy to show that the union 


Py E 


a€G 


of those subspaces is a subfibering of the bundle T (G) that 
has property (1). OD 

We shall say that the subfibering EF) is generated by a 
subalgebra . 


According to the foregoing, it follows from (1) that a (£5) 
is a subalgebra of a (G), i.e. that E is involutory. Conse- 
quently, by the Frobenius theorem (Proposition 5 of Lec- 
ture 7) the subfibering E> is integrable. 

If a subalgebra is the Lie algebra of a connected sub- 


group H, then H is obviously an integral manifold of E’ 
passing through the point e (a maximal manifold, as we 
shall see below). For any subalgebra ý therefore it is natu- 
ral to consider a maximal integral manifold H of E® and 
to try to prove that it is a Lie subgroup having a Lie al- 
gebra }. 

To do this it is in the first place necessary to prove that 
H abstr is a subgroup of a group Gavstr, 1.e. that zy € H and 
x-t € H for any elements z, y € H. This is easy to do using 
the following general considerations. 

Let ©: M — M’ be a diffeomorphism and let N be a 
submanifold of M. Consider the image N’ of N under Q. 
Since ® bijectively maps N onto N’, we can use ® to trans- 
fer the smoothness from N to N’. Thus N’ will turn out to 
be a smooth manifold and @ will induce some diffeomor- 
phism Dy: N —> N’ that closes the commutative diagram 
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in which the vertical arrows are embeddings. The commu- 
tativity of this diagram implies that V = M ot o My, 
from which it is immediate that the mapping vw’ is smooth 
and that its differential (du’),- at every point a’ € N’ is a 
monomorphism. This means that N’ is a submanifold of M. 
We shall refer to that submanifold as the image of N under 
the diffeomorphism ®. 

If now Æ is an integrable subfibering of the bundle T (M), 
then its image E’ under the diffeomorphism T (®): T (M)—> 
T (M’) is an integrable subfibering of T (M’) and the 
image of any maximal integral manifold of E under @ is a 
maximal integral manifold of the subfibering E’. 

Since for M = M’ =G, E = E’ and ® = L, (or D = I, 
where I: G — G is a mapping x +» x-') the subfibering EF’ 
coincides obviously with E = E®, it follows that the diffeo- 
morphism @ sends the maximal integral submanifold H 


of E’ passing through the point e to the maximal integral 
submanifold passing through a point We, i.e. to the same H 
when ®e € H. Since for ® = J, as well as for ® = L,, 
x € H, the condition Me € H obviously holds, this proves 
that J (H) = H and L} (H) =H for z€ H, i.e. that H 
is a subgroup. 

To complete the proof it remains to show that H is a Lie 
group, i.e. that (z, y)+> zy and z+» x-t are smooth map- 
pings. As regards z —> z-t this fact follows from the fore- 
going, but as for (x, y)—> zy, we may only say that this 
mapping is smooth only in z or in y separately. 

It turns out unexpectedly that a complete proof of the 
smoothness of (xz, y) zy is quite a difficult task involv- 
ing subtle topological phenomena and requiring much pre- 
liminary work. Therefore we shall have to return to the 
fundamentals of the theory. 

Definition 5. The rank of a smooth mapping ®: N — M 
at a point a € N is the rank of its differential 


(dD)y: Ta (N) > Ta (M) 


considered as the linear mapping of vector space Ta (N) 
into vector space T, (M). 

Let yt, ..., y™ be local coordinates on N at a and let 
zi, ..., £” be local coordinates of M at Wa. Further, 
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let 
p! (y), e. q” (y), y = (y*, e. y”), 


be functions expressing the mapping ® in terms of those 
coordinates. Since the matrix of the linear mapping (d®), 


in the bases (sr). ae (sm), and (a ee ue (sara 


is the Jacobian matrix whose elements are partial derivatives 


agi es ce 
(2) (sr) i=1,...,n, j=1,..., m, 
calculated at a point (y! (a), ..., y™(a))€ R™, the rank 


of ® at a equals the rank of the matrix with elements (2). 
It follows from continuity that the rank r’ of @ at any 
point a’ of some neighbourhood of a is at least its rank r at a: 


r >r. 


If r’ = r for any point a’ € U, then © is said to be locally 
flat at a. 


It may be assumed, after rewriling the coordinates if 
necessary, that 





agi fie 
(3) det | (72 ) | «0 fort, JER whey Vs 
Consider the functions y’!, ..., y’™ defined in a neighbour- 


hood of a by the formulas 


(yt, ..., y™) if 1<j<cr, 
vis a BA y )i LJL 


y, if r+1<j<m. 
‘1 ‘m 
Since by condition (3) the Jacobian hgh ie at a is 
nonzero, the functions y’!, ..., y’™ are local coordinates 


in some neighbourhood of a. In these coordinates the map- 
ping @ can be expressed as 


= | y*, if {1<i<r, 
gt (yt, ..., yY'™), if r+1<i<n. 


If @ is locally flat at a, then in these formulas the func- 
tions œt (yt, ...,y'", r+1<i<cn, are easily seen 
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to be independent of the coordinates y’"t!, ..., y’™, i.e. 
are of the form 

D PE Gea araa AD OY oe oben N 
Therefore the formulas 

at =| a if 1<i<r, 

r? — pt (zt, ..., £), if r-+i<i<n, 

define in some neighbourhood of ®a local coordinates z't, . . ., 
x" having the property that in coordinates y’!,..., y” and 
gt, ..., x” the mapping ® can be manifested as 


E y, if (<i, 
0, if r+i1<i<n. 


The following proposition has thus been proved. 

Proposition 2. Jf a smooth manifold ®: N —> M is locally 
flat at a point a € N and has at that point a rank r, then on the 
manifolds N and M there are local coordinates yt, ..., y™ 
and x’, ..., x” (defined in the neighbourhoods of a and ba 
respectively) such that 


i if 1<i<cr, 
rio@a| Yr’ | 
0, if r+i<i<n. O 


As applied to an embedding 1: N — M of a manifold N 
into M (which is obviously a locally flat mapping) this prop- 
osition says that for any pointa EN in M there is a chart 
(U, xt, ..., 2") with a € U, such that the functions 
(4) Toke neg Arei 
are local coordinates in some neighbourhood V of a on V and 
the functions 

GE GG, EE E Ee Oe E 
are identically zero (in V). 

The last statement implies that the submanifold N locally 
coincides at a with the flat submanifold V, = V of U. 

Remark 1. The example of an irrational solenoid shows 
that in general Vi UN N. 

Since the embedding ı: N — M is smooth, for any func- 
tion f smooth in M its restriction fo ı to N is smooth in N 
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(of course, if that restriction exists, i.e. the domain W (f) 
of f intersects with N). Conversely, consider a function g 
smooth in N. Let the domain W (g) of the function contain 
the above coordinate neighbourhood V of a on N. Then 


A 
g= g(t otn ..., z” ot) on V, 


where g is some smooth function of m variables. We define 
in the coordinate neighbourhood U of the point a on M a 
function f using the formula 


f = g (2, E nu 


Clearly f is a smooth function and f o ı = g. We have thus 
proved the following lemma: 

Lemma 1. Any point of a submanifold N has a neighbour- 
hood V such that every function smooth in N is a restriction to V 
of some function smooth in M. D 

Corollary. If there is a submanifold structure on some sub- 
set N of a smooth manifold M, then fora given topology on N 
that structure is unique, i.e. any other submanifold structure 
on N will induce another topology on N. 

Proof. By virtue of Lemma 1 every smooth chart (W, 
yt, ..-, y™) on N consists of an open set W and functions 
Yt, ..., y” with a nonzero Jacobian which are locally 
restrictions to N of functions smooth in M. Therefore any 
two submanifold structures on N inducing the same topo- 
logy on N will have identical charts and will consequently 
coincide. O 

Of course, by varying the topology we may obtain different 
submanifold structures on N. For example, any submanifold 
N c M can be provided with a discrete topology, thus 
turning it into a zero-dimensional submanifold. 

A less trivial example is obtained if we consider in R? 
an open square —1 < xz <1, —1 < y <1. In the induced 
topology it is a two-dimensional open submanifold. It can 
be turned, however, into a one-dimensional submanifold 
if we introduce a topology whose open sets are the sets inter- 
secting with every vertical interval x =a, —1<y<1 
the intersections being an open set (in that interval). The 
resulting submanifold consists of an uncountable number of 
components, each being diffeomorphic to the straight line 
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R. We shall call it a dissected square. 
Such pathologic possibilities will be excluded if we im- 
pose on submanifolds the condition that there should be a 


countable base. 


A B 

There are, however, other possibilities of varying topol- 
ogy. Consider, for example, in the plane R? the figure of 
eight set represented in Fig. A. In the topology induced by 
the topology of the plane, this subset is not a submanifold. 
But it can be turned into a submanifold, there being even 
two methods of doing so, if we introduce the stronger topol- 
ogies represented schematically in Fig. B. In both cases 
the resulting submanifold is diffeomorphic to the straight 
line R and is therefore connected and has a countable base 
unlike the previous manifolds. 

Definition 6. An (m-dimensional) submanifold N of an 
(n-dimensional) manifold M is said to be locally rectifiable 
at a point a € N if there is a chart (U, h) of M and a subset 
&c R”-™ such that a € U and in the topology induced by 
the topology of N the intersection U N N is the union of 
flat (see p. 210) submanifolds Vg, & € E, of the chart (U, A): 


UNN= U V:. 
EEE 


A submanifold N is said to be locally rectifiable if it is lo- 
cally rectifiable at each of its points. 

The submanifolds of Fig. B are not locally rectifiable. 

The “parametrizing” set & may in general be arbitrary 
and the fact that it exists is not enough by itself to guar- 
antee against pathologies. For example,:a dissected square 
is locally rectifiable, and for any of its points the set & 
is an interval. In less pathologic situations, however, this 
set cannot be too large. For example, it is immediate from 
the fact that all submanifolds V_ are obviously open in N 
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that if a locally rectifiable submanifold N has a countable 
base, then for any point a of N the set & is at most countable. 

It is also worth while keeping in mind that as it follows 
immediately from the definition of an induced topology, 
if the topology of a submanifold N is induced by the topology 
of a universal manifold M, then the manifold N is locally rec- 
tifiable and for any of its points the set E can be chosen to con- 
sist of a single point. 

Thus locally rectifiable submanifolds can be considered 
as generalizations of submanifolds with induced topology. 

To avoid constant reservations we shall henceforth once 
and forever assume that all the charts (U, h) under consider- 
ation are cubic, i.e. that the set h (U) c R” is a cube 


| ze; e e [æ <e. 


The number c will be called the half-width of a chart (U, h). 

Then for |E|<c,..., |&™™|<c every flat sub- 
manifold V is connected (and nonempty). 

Therefore, in particular, for a submanifold N locally 
rectifiable at a point a, all flat manifolds V, & € & consti- 
tuting an intersection U (| N are components of connected- 
ness of that intersection in the topology induced by the topo- 
logy of N. The example of a dissected square shows that as 
regards the topology of the containing manifold M this is 
in general false. If, however, the submanifold N has a count- 
able base, then submanifolds V are components of UQ N 
in the topology induced by the topology of M as well. Indeed, 
the mapping U N N — & defined by the formula 


(2) a > (c™*! (a), ..., 2” (a)) 


is obviously continuous (in the topology of M). It there- 
fore sends every component of the set U N N to a component 
of &. But since E is countable, as was noticed above, its 
components are points. Therefore every component of the 
set U N N is contained in the inverse image V of some 
point € € & under mapping (2) and hence coincides with 
Ve. O 

Lemma 2. Let P and M be smooth manifolds and N be a 
locally rectifiable submanifold of M having a countable base. 
Also let ı: N — M be an embedding and ®: P —> N be a map- 
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ping of P into N such that the composition ı o ®: P — M 
is a continuous mapping. Then ® is also continuous. 

If in addition the mapping ı o @ is smooth, then ® is also 
smooth. 


Proof. Let b € P and a = @ (b). 

By definition there is a cubic chart (U, h) (for which 
h (a) = 0) in M, such that the intersection U N N in the 
induced topology is the union of a countable number of 
connected flat submanifolds V;, € € E. Since the mapping 
Lo @ is continuous, there is in P a neighbourhood W of a 
point b whose image (to ®) (W) is contained in U and 
hence in U NN. It may be assumed without loss of gener- 
ality that W is connected. Then (under a continuous map- 
ping aconnected set goes over into a connected set) the image 
(uo D) (W) of W under the mapping ı o ® is also connected 
and is hence contained in one of the components Vz of the 
set UN N. Since ® (b) =a and a € Vo, that component 
is necessarily V, = V. Thus for the neighbourhood V of a 
in the manifold N there is a neighbourhood W of b in P 
such that ÐP (W) c V. Since neighbourhoods of the form V 
constitute the fundamental system (base) of neighbourhoods 
of a in N, this proves that the mapping ®: P — N is con- 
tinuous at b. Since b € P is an arbitrary point, the mapping 
@ is consequently continuous. 

Now let to@ be a smooth mapping. To prove that ® 
is a smooth mapping, one must prove that for any function g 
smooth in N the function go @ is smooth in P. But by 
Lemma 1 g is locally of the form f o 1, where f is some func- 
tion smooth in M. The function g o M therefore locally coin- 
cides with the smooth function f o (to ®) and is therefore 
smooth. 0O 

The example of manifolds in Fig. B shows that without 
the condition of local rectifiability Lemma 2 is false. 
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Now we are in a position to prove the uniqueness theorem 
at which we aimed. 

Proposition 3. Jf it is possible lo introduce into a subman- 
ifold N the structure of a locally rectifiable submanifold 
with a countable base, then this can be done only in a unique 


ay. 

Proof. Let NV’ and N” be locally rectifiable submanifolds 
with a countable base with N being a set of points for the 
submanifolds. Then it will be possible to apply Lemma 2 
to the identity mapping N’ —> N”. That mapping therefore 
will be smooth. By the same reasoning so will the identity 
mapping N” — N’. Hence the smoothnesses on N’ and N” 
coincide. O 

Corollary. Let N be a locally rectifiable submanifold with 
a countable base of a smooth manifold M and let ©: M — M 
be a diffeomorphism of M onto itself such that Da € N and 
@-1a E N for any point a €E; N. Then the mapping N—> N 
induced by ® is also a diffeomorphism. 

Proof. Let N’ be the image of N under ®. Obviously N’ 
is also a locally rectifiable submanifold with a countable 
base. In addition, under the hypothesis N’ being a set coin- 
cides with M. By Proposition 2, therefore NV’ being a mani- 
fold coincides with N as well. Hence the diffeomorphism N —> 
N’ induced by ® will in fact be a diffeomorphism N > N. O 


In connection with the results obtained the question arises 
as to the conditions ensuring that a submanifold has a count- 
able base. We show that for a connected submanifold to 
have a countable base it is sufficient that the containing 
manifold M have a countable base. 

Lemma 3. Suppose for a connected topological space X, 
there is an open covering {Ua} such that 

(i) every set Ua (provided with the topology of a subspace) 
is a space with a countable base; 

(ii) for any a, there is at most a countable number of sets U „ 
intersecting with Ua,- 

Then X has a countable base. 

Proof. It suffices to show that X is the union of a countable 
(or finite) subfamily of {Ua}. On fixing some U,,4@ con- 
sider all possible elements U, of a given covering for which 
there is a finite sequence 


is Vigne, Oe. 


222 Semester V 


of the elements of {U,}, such that Ua, = Ua and Ua, N 
Ua; Æ @ for any i=1,..., n. It is immediate from 
condition (ii) that all such elements constitute at most a 
countable subfamily of {U}. Let X’ be their union. Clearly 


X’ is open (and nonempty). But it is also closed, for if x € X’ 
and «€U,, then X' N Ua ~@ and therefore U, inter- 
sects with some element of the subfamily constructed and 
hence is itself in that subfamily. Therefore U, Œc X and 
hence x € X. The set X’, being an open and closed nonempty 
subset of the connected space X, must coincide with the 
entire X. Consequently, X has a countable base. [O 

Lemma 4. Suppose that for a connected space X there is 
an open countable covering {Up} each element U, of which 
is the union of disjoint open sets Ur, a having a countable 
base. Then X is also a space with a countable base. 

Proof. It suffices to show that the open covering {U}, aps 
satisfies condition (ii) of Lemma 3. Since {Up} is countable, 
it suffices to show that for any k, l and q@,, there is at most 
a countable number of sets U,, a, intersecting with Uy, a,.- 


Suppose this is not the case, i.e. let there be an uncountable 
family of sets Uj, q, intersecting with Up, ,,. By choosing 
in each intersection a point we obtain in U+, a, an uncount- 
able subset consisting of isolated points (recall that U, «, 
are disjoint sets under the hypothesis). Since any discrete 
subset of a space with a countable base is at most countable, 
the existence of such an uncountable subset contradicts the 
fact that Ur, a, iS a space with a countable base. Hence 


at most a countable number of sets U;, a, intersect with 


Urap CJ 

Corollary 1. Any space covering a space with a countable 
base also has a countable base. 

Proof. The inverse images of the elements of a countable 
covering which consists of evenly covered sets constitute 
a covering of a covering space, that satisfies the conditions 
of Lemma 4. O 

Corollary 2. If there is a locally homeomorphic mapping 

f: X > R” 


for a connected space X then X has a countable base. 
Proof. Let {U;} be a countable base of a space R™ , the 
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former consisting of connected open sets (of parallelepipeds, 
for example), and let V;,,,, be open subsets of X homeomorphic- 
ally mapped by f onto U, (here œ ranges over some set of 
indices A that depends on k and that can be empty for some 
k). The local homeomorphism of f implies that the sets 


Vie= U Vra 
aE A, 


cover the entire X. Consequently, to apply Lemma 4, it is 
necessary only to show that the connected open sets Vp a 
are components of the sets V}, i.e. that for any a, B E€ Ax, 
Vra = Vag, if Vara N Vag Æ Ø. 
Let W = Vka N Vip Æ D and let 
Ba: Un —> Vra» gB: Ur > Vip 

be the homeomorphisms inverse to homeomorphisms f (Vha 
and f lva, a" If z, € Wand z = lim z,, then f (x)= lim f (zn) 
and gg (f (£n)) = zn. Therefore 


&p (f ()) = lim Eg (f (ta)) = lim 2, = z. 


Consequently, if z € Vh,a (and therefore f (x) € Ux), then 
x € V} g, i.e. x € W. This shows that W is closed in V, q. 
Since W is also open in V,,, (and nonempty) and V,,, is 
connected (as it is homeomorphic to the connected set U;,), 
this is possible only when V;,, = W. In a similar manner 
it can be proved that V}, p= W. Consequently V;,,= Vpr ge O 

Corollary 3. Any connected submanifold N of a manifold 
R” has a countable base. 


Proof. Let zt, ..., x” be coordinates in R” (relative 
to some basis) and let t: N — R” be an embedding. Con- 
sider a collection œ = (i, ..., im) of indices 1, ...,n 


(with m being the dimension of the manifold N) and a sub- 
set Va of N. V, consists of points a € N in the neighbour- 
hood of each of which the functions z:o t, ..., zim ot 
are local coordinates. It is clear that V, is open in N. In 
addition (see Proposition 3) any point a € N is at least in 
one of the sets V,. Let Va be a component of a set V,. By 
construction, the mapping Va — R™ defined by the formula 


ar> (rt, (a), ..., zîm (a)), AE VE 


is a local homeomorphism. Hence by Corollary 2 the con- 
nected set Vg has a countable base. Thus a finite open cov- 
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ering {Va} of N satisfies the conditions of Lemma 4. There- 
fore N has a countable base. [J 

Now we are ready to prove the statement announced above: 

Proposition 4. Any connected submanifold N of a manifold 
M with a countable base is itself a manifold with a countable 
base. 

Proof. Let {U,} be a countable covering of M, the former 
consisting of coordinate neighbourhoods and let V} = 
Up N N. The sets V, are open in N and any point a € N 
is at least in one of them. Every component V, of a set V, 
is a connected smooth manifold diffeomorphic to some sub- 
manifold of R”. Therefore by Corollary 3 that component 
has a countable base. This means that the open covering 
{V,} of the manifold N satisfies all the conditions of Lem- 
ma 4. Therefore N has a countable base. O 


The applicability of the above results to Lie groups is en- 
sured by the following proposition: 

Proposition 5. Any connected Lie group G has a countable 
base. 

Proof. Let U be a neighbourhood of the identity of a 
group diffeomorphic to an open set of a space R” and having 
the property that U~! = U. On choosing in U a countable 
everywhere dense set Y consider the set Z of all elements of G 
of the form y,Y..-.- Yr, Where y,,..., Yp E Y (with k 
arbitrary). Clearly Z is countable. Since G is connected, 
it is generated by U, i.e. any element x of G is of the form 
Lylo - .. Lp, Where £i, Za, ..., Lp E U. Let ay = Zia 
zi, i =1,..., k (in particular za) = zı and ta, = 
x). It can be derived immediately from the continuity 
of multiplication in G by an obvious induction that the 
identity of G has a neighbourhood V such that 


V+ ty Vth: Xa) Vt -2a Vtm © U. 
Since Y is everywhere dense in U, there is a point y; € Y 
in the neighbourhood Vz; of a point z; € U. Let v; = y:zī! € 
V. Then 
YY o eee Uk = ViTi’ Vala’ e e o ‘Ukk 


= Vy LQW_LG)*LayyVgFQy* e © © Leh- UkER) er) = UL, 
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where u € U. This shows that the point z= y ... YR EZ 
has the property that z € Uz (recall that under the hypo- 
thesis U-! = U). This proves that open sets of the form Uz, 
z E Z, cover G. Since Z is countable and sets Uz (homeo- 
morphic to the set U) have a countable base, it follows im- 
mediately that G has also a countable base. O 

Corollary. Any connected submanifold of a connected Lie 
group is a manifold with a countable base. 


In particular, the maximal integral manifold H of the 


subfibering ÆÌ we are concerned with in the first place is a 
submanifold with a countable base. It is easily seen that 
it is locally rectifiable. Indeed, in any manifold M every 
maximal integral manifold W of an integrable subfibering E 
is locally rectifiable. Indeed, as we know, M can be covered 
by charts having the property that each of their flat sub- 
manifolds Vz is an integral manifold of the subfibering Æ. 
Therefore the intersection of W with every such chart is the 
union of some of these submanifolds, by virtue of the maxi- 
mality of W which means by definition that the manifold 
W is locally rectifiable. O 

Remark 2. That the integral manifold H is locally recti- 
fiable follows also from the general lemma below. 

Lemma 5. A connected submanifold H of a Lie group G, 
for which the set H »str is a subgroup of the group Ganetr, iS 
locally rectifiable. 

Proof. As we know, there is a chart (U, xt, ..., x”) at 
the point e in G, such that the flat submanifold 


Ve = 0,.2435 2" 0 


is a neighbourhood of e in H and a local subgroup of a local 
group U. In the Lie algebra such that í (G) = í (U) sub- 
algebra ġ = { (V) corresponds to the subgroup. 

Without loss of generality we may clearly assume the 
coordinates zt, ..., x" to be canonical coordinates defined 
by some decomposition { (G) = h @ £. Then (see Lecture 7) 
the flat submanifolds Vg of the chart U will be cosets aV = 
all ñ U of the local subgroup V. Since the intersection 
U N H is the union of cosets aV such that a € U N H, this 
proves that the intersection U fN H is the union of some flat 


15-0450 
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submanifolds V;. Hence the submanifold H is locally rec- 
tifiable at e. 

Now let a be an element of H. Consider a diffeomorphism 
La: G—G. This maps H onto itself and sends the point e 
to the point a. Hence H is locally rectifiable at a too. O 

Since H has a countable base and is locally rectifiable, by 
virtue of Lemma 2 every mapping ®: P — H of a smooth 
manifold P into the integral manifold H, having the property 
that its composition 


Lo@M: P+>G 
with an embedding \: H — G is smooth, is a smooth mapping. 
We apply that statement to the manifold P = H x H 


and to the mapping py: (x, y)+> zy. Since we have the 
commutative diagram 














T 

HX H——"_~—H 

Xt t 

GXG G 
UG 


and the mappings t X t and ug are smooth, the mapping 
Lo ug is smooth. Hence so is the mapping py. 

This proves that the maximal invariant manifold H of the 
subfibering E’ is a Lie group and hence a subgroup of a Lie 
group G. 

We shall denote this subgroup by G (b). 

Remark 3. By virtue of Lemma 5 the above reasoning also 
proves that a connected submanifold H of a Lie group G is 
its subgroup if the set H pstp is a subgroup of the group Gapstr- 

Since the subspace E = h is the tangent space at e to 
the subgroup H = G (b) the given subalgebra ý is the Lie 
algebra of H. 

Now we are ready to prove Theorem 1. 

Proof of Theorem 1. We already know that any subgroup 
H of a Lie group G has the corresponding subalgebra } = 
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ı (H) of the Lie algebra g = 1 (G) and any subalgebra 
ýa g has the corresponding connected subgroup H = 
G (9), with 1 (H) =. To complete the proof of Theorem 1 
therefore it remains only to show that for every connected 
subgroup H of G we have H = G (9), where h = 1 (H). 
But the subgroups H and G (b) have the same Lie 
algebra h and therefore if considered as local groups they 
coincide (see Lecture 7). This means that H and G (b) have 
the same neighbourhoods of the identity. Consequently 
H = G (b), since being connected the groups H and G (b) 
are generated by every neighbourhood of the identity. O 
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Alternative definitions of a subgroup of a Lie group: Topolo- 
gical subgroups of Lie groups: Closed subgroups of Lie groups: 
Algebraic groups-:Groups of automorphisms of algebras. 
Groups of automorphisms of Lie groups-Ideals and invariant 
subgroups: Quotient manifolds of Lie groups-Quotient groups 
of Lie groups-The calculation of fundamental groups: The 
simple-connectedness of groups SU(n) and Sp(n)- The funda- 
mental group of a group U(n) 


Remark 3 of Lecture 11 gives us an alternative definition of 
a subgroup of a Lie group that is formally broader. It turns 
out that the conditions imposed on subgroups of Lie groups 
can be relaxed in other directions as well. 

A smooth mapping ®: N — M is said to be an immersion 
if for any point a € N the linear mapping 


(d®),: Ta (N) +> Toa (M) 
is a monomorphism (i.e. the mapping is injective). 
Proposition 1. Any monomorphism ®: H —> G of Lie groups 


is an immersion. 
Proof. Consider the exponent 


exp: 1 (G) >G. 


In the interpretation of the elements of 1 (G) as one-para- 
meter subgroups that mapping is defined by the formula 


exp B = 6 (1). 
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Since í (P) = Mo P (Proposition of 5 Lecture 2), 
it follows that there is a commutative diagram 


ij 6) 


exp exp 





G 


If the linear mapping { (®) = (d@), is not injective, then 
in the normal neighbourhood of zero of the algebra { (H) = 
T-(H) there is a nonzero vector A which is in the kernel 
of 1 (D), i.e. such that t (©) A = 0. But then 


(® o exp) A = (expo 1 (®)) A = exp0 =e 


and hence exp A = e (for ® is injective). Since this is im- 
possible (in a normal neighbourhood the mapping exp is 
a diffeomorphism), this proves that the mapping (d®), is 
monomorphic. 

On the other hand, the fact that the mapping ® is a homo- 
morphism implies that for any element a € H we have 


DoL, = Loa ° MD. 


For differentials this means that there is a commutative 
diagram 


(dLa) 
T.(H)———-—>T ,(H) 


(do), (do) 


TO) Tol) 


from which it follows (the horizontal arrows of the diagram 
heing isomorphisms) that the mapping (d®), is also mono- 
morphic. O 
Corollary. A Lie group H for which Hapst, is a subset in 
Gapstr and an embedding 1: H —G is a homomorphism of 
ie groups is a subgroup of a Lie group G. 
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Proof. By Proposition 1 the mapping t is an immersion, 
and this precisely means that H is a subgroup of a Lie group 
GO 

By virtue of this corollary the matrix Lie groups intro- 
duced by Definition 1 of Lecture 3 are nothing but subgroups 
of the Lie group GL (n; R). 


Of paramount interest, of course, are subgroups H of a 
Lie group G whose topology is induced by that of G, i.e. 
for which the topological group Htop is a subgroup of Giop. We 
shall call such subgroups topological subgroups of Lie groups. 

Recall that a subset A of a topological space X is said to 
be locally closed if any point a € A hasin X a neighbourhood 
U such that the intersection A N U is closed in U. We have 
already met with the notion in Lecture 7 in connection with 
local subgroups. We shall need the following lemma from 
the theory of topological groups: 

Lemma 1. Any locally closed subgroup H of a topological 
group G is closed. 

Proof. Let U be a neighbourhood of a point e, such that 
H N U is closed in U. Clearly, it may be assumed without 


loss of generality that U-! = U. Consider a point < € H. 
ThenzU N H Æ Ø. Let y €xU N H. Since the left shift L,: 
a> ya is a homeomorphism, the set y (U N H) is closed in yU. 
But since y € H, we have y (U N H) = yU f H. Hence 
yU N H is closed in yU, i.e. yU N) H N yU = yU fH. 
On the other hand, x € yU-' = yU and therefore x € yU N 
Hc yU N H. Consequently «€yU N H and hence z €E 
H. O 


A subgroup H of a Lie group G will be said to be closed 
if the set of its points is a closed subset in G. 

Note that the topology of the subgroup H itself does not 
figure at all in this definition. Nevertheless it turns out that 
the closure condition uniquely fixes that topology: 

Proposition 2. A subgroup H of a Lie group G is closed if 
and only if its topology is induced by that of G, i.e. if it isa 
topological subgroup. 

Proof. By virtue of Lemma 1, we prove the sufficiency 
of that condition if we establish that every submanifold N 
whose topology is induced by the topology of the containing 
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manifold M, is locally closed. This is nearly obvious. Indeed, 
any point of such a submanifold has in M a neighbourhood U 
that intersects with NV in some flat submanifold V in U. 
On the other hand, it is clear that any flat submanifold is 
locally closed. 

To prove necessity we use the fact that every closed sub- 
group H of a Lie group G is a locally rectifiable submanifold 
with a countable base. Therefore there is a neighbourhood U 
of the identity e in G, such that the intersection U N H is the 
union of a countable number of flat submanifolds V:, E € 
Gc R"-™, Since H is a closed subgroup, the set (which 
is the image of the set U N H under the continuous mapping 
defined by formula (2) of Lecture 11) is locally closed. Con- 
sequently, being countable, it has at least one isolated point 
Eo The corresponding flat submanifold Vz, has the property 
that any point a of it has in U a neighbourhood U, such that 
the intersection U, N H is in Vg, and is hence a neighbour- 
hood of a in H. This means that a has in U (and hence in G) 
a fundamental system of neighbourhoods that cuts on H a 
fundamental system of neighbourhoods of a in H. By apply- 
ing a left shift Lea- we find that this property holds for any 
point b € H as well. Then by definition, the topology in H will 
just be induced by the topology of the containing space G. O 

By virtue of the corollary of Lemma 1 in Lecture 14 (or 
if you please by virtue of Proposition 3 of Lecture 4) it fol- 
lows from Proposition 1 that on every closed subgroup H of 
a Lie group G its smooth-manifold structure is unique. 

It is surprising that the closure condition by itself should 
be quite enough for H to have a smoothness with respect to 
which it is a Lie group and a subgroup of the Lie group G: 

Theorem 1 (Cartan). If a closed subset H of a Lie group G 
is a subgroup of G »ste, then H has a unique smoothness (com- 
patible with the topology induced on H) with respect to which H 
is a subgroup of the Lie group G (and, in particular, a Lie 
group). 

Proof. Every Lie group G is at the same time a local Lie 
group. Since H is closed, for any neighbourhood U of e 
in the local group G the intersection U (| H is closed in U. 
Hence H is a local subgroup of a local Lie group G 
(see Definition 1 of Lecture 7). Therefore by the Cartan theo- 
rem for local groups (Proposition 1 of Lecture 7) the local] 
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group H is locally flat, i.e. in other words, its intersection 
U (| H with some chart U at e is a flat submanifold of U 
of the form exp }, where h is some subalgebra of a Lie algebra 
g =1(G). This means that H locally coincides at e with 
a connected subgroup G (h) of a Lie group G. Since any 
neighbourhood of a connected topological group generates 
the entire group (Lemma 3 of Lecture 9), this proves that 
the group G (h) (more precisely, the group G (b)abstr provided 
with an induced topology) coincides’ with the component 
of the identity H, of the group H. This introduces into the 
group He and hence into the entire group H a smoothness 
with respect to which that group is a subgroup of the Lie 
group G. 

The uniqueness of that smoothness is ensured, according 
to the remark above, by the closure of the subgroup H. O 

Notice that by virtue of being closed the subgroup H of 
the Lie group G is its topological subgroup. 

Theorem 1 is the most powerful tool for establishing 
whether or not a particular topological group is a Lie group. 

Example. A subgroup of GL (n, R) (or of GL (n; C)) is 
said to be an algebraic group if it is an intersection of GL (n; 
R) (or GL (n; C)) with an algebraic variety in a space R (n)= 
R”? (or in C (n) = C™ respectively), i.e. with the set 
of general zeros of some system of polynomials in n? un- 
knowns. 

Since any algebraic variety is clearly closed, we find by 
Theorem 1 that every algebraic group is a matrix Lie group. 

This immediately proves that the groups considered in 
Lecture 1 (SL (n), O (n), Sp (n), U (n), etc.) are all Lie 
groups (notice that U (n) should be treated not as a sub- 
group of GL (n; C) but, by virtue of the embedding GL (n; 
C) c GL (2n; R), as a subgroup of GL (2n: R)). 

Let 4 be a finite-dimensional algebra over a field R 
or C (in general neither an associative nor Lie one) and 
let e}, >.. ên be its basis. Clearly, an invertible linear 
mapping ©: 4 — & is an automorphism of 4 if and only 
if D (e;e;) = D (e;) ® (e;) for any i, j = 1, ..., n. Conse- 
quently if @ (e;) = wie; and ejej = cfe, and hence 


D (c1e)) = D (hjer) = chaker 
P (e:i) D (e) = (afep) (23eg) = chartale 
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then Ď is an automorphism if and only if 
c} ch = cl xh ry 

for any i, j, ~—1,..., n. This means that the matrices 
(x$) corresponding to the automorphisms of Æ constitute 
an algebraic, and hence smooth, group. Thus giving a basis 
ĉi, +++; €n defines an isomorphism of a group of automor- 
phisms Aut .4 of Æ onto some matrix algebraic Lie group. 
The Lie-group structure transferred to Aut æ with the aid 
of that isomorphism is clearly independent of the choice 
of basis e,, ..., e. Thus the group Aut Æ of automorphisms 
of a finite-dimensional algebra 4 is a Lie group. 

Let us find the Lie algebra of that group. 

Proposition 2. The Lie algebra Der ÆA of all differentia- 
tions of an algebra A is the Lie algebra of Aut A: 


(Aut 4) = Der &. 


Proof. On choosing in a basis we may assume that 
Aut £ and Der & consist of matrices. 

Let D € Der 4. Then for any elements x, y € Æ and any 
p > 0 





p 
DP (zy) = > ( j ) Dix. D?-‘y (the Leibnitz formula) 
ix0 
and hence 
co iP 
(etP) (zy) = 2) Fp DP (zy) 
p=0 
p i -i 
a Di op (p ) D'r- D” y 
p=0 i=0 
co co jiti ; 
=2 da Die Dy 
i=0 j=0 


| 


ti i ti ; 
(D a Die) (D Fp Diz) = eeey 
i=0 j=0 
(the convergence of all series is ensured by standard calcu- 
lations using matrix norms). This means that eP € Aut 4 
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and hence that D € (Aut Æ). 
Conversely, let D € (Aut 4), i.e. eb? € Aut 4. Then 
(etD — E) (xy) = etDx-etD y — xry 
= (e'Px — x) eP y 4- x (etPy — y) 
and hence 
1D tD 
=lim E etDy | lim z 
tro t t+0 t 





__ (e'P—E) (zy) 
(xy) m 


= Dz- y + x. Dy. 
Consequently D € Der 4. O 


Suppose, in particular, that 4 is the Lie algebra g of 
a simply connected Lie group G. Since the Lie functor is 
completely univalent on the category of simply connected 
Lie groups (see Lecture 10), any automorphism g — g of 
the Lie algebra g is realized by some automorphism G —> G 
of G. This shows that the group of automorphisms Aut G of 
the simply connected Lie group G is isomorphic to the group of 
automorphisms Aut g of its Lie algebra g: 


Aut G = Aut g. 


By transferring by means of this isomorphism the smooth- 
ness from Aut g into Aut G we define Aut G as a Lie group. 
By virtue of the foregoing the Lie algebra Der g will be the 
Lie algebra of the Lie group Aut G: 


(Aut G) = Der {(G). 
To obtain a similar result for a connected Lie group G, 
consider its universal covering group G. We know (see Lec- 


ture 9) that G is functorially dependent on G and therefore 
any automorphism ©: G — G defines uniquely some auto- 


morphism Ð: G-—»G for which there is a commutative 
diagram 














G—*—¢ 
x n 
G G 
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This defines a mapping (obviously a monomorphic one) 


Aut G —> Aut G. 
The image of that monomorphism consists of automor- 


phisms VY: G—> G for which x (a)=n (b) yields n¥ (a)= 
n¥ (b). This condition is precisely equivalent to the re- 
quirement that ¥ should send to itself the kernel K = 
Kern of the covering n. Therefore the set of all such 
automorphisms is closed and is consequently (Theorem 1) 


a subgroup of the Lie group Aut G and hence a Lie group. 
By transferring this Lie-group structure into the group 
Aut G we define the latter group as a Lie group. 

This proves that a group of automorphisms of a connected 
Lie group is a Lie group. 


Let us now return to general Lie groups and their closed 
subgroups. Since a simply connected Lie group G can be 
reconstructed from its Lie algebra g = 1 (G) in a unique 
way, all subalgebras ý of g are correctly distributed in two 
classes: subgroups of the simply connected Lie group G 
correspond to subalgebras of one class and nonclosed ones 
to subalgebras of the other. The question thus arises as to 
the internal algebraic characterization of subalgebras of 
these classes or, equivalently, that of the corresponding sub- 
groups. We shall not deal with this question in full gener- 
ality and restrict our discussion to the following, perhaps 
most interesting and unexpected, result: 

Theorem 2. Any connected invariant subgroup H of a sim- 
ply connected Lie group G is closed. 

We first prove a proposition characterizing Lie sub- 
algebras which correspond to invariant subgroups: 

Proposition 3. The Lie algebra { (H) of every invariant sub- 
group H of a Lie group G is an ideal of the Lie algebra Y (G) 
of the group G. Conversely, if a subgroup H is connected and 
the Lie algebra í (H) is an ideal of the Lie algebra 1 (G), then H 
is invariant. 

Proof. This proposition is quite similar to Proposition 2 
of Lecture 7 and can be proved exactly in the same way. 
To avoid repeating ourselves, however, we shall give another 
proof here, one that relies on Proposition 2 of Lecture 7. 

Clearly, by virtue of that proposition it suffices to prove 
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that a connected Lie group H of a Lie group G is invariant if 
and only if a neighbourhood V of its identity is an invariant 
local subgroup of G (considered as a local group). But, in- 
deed, if H is invariant, then V is invariant by definition. 
Conversely, let V be invariant and let g € G. Then there is 
a neighbourhood W of the identity such that g Wg c V. 
Since the group H is connected, any element a of it is of the 
form a,a,... Ar, Where a,, a, ..., ap E W. Hence 


gag = gag gag: ... egag EVV... VCH 


and therefore the subgroup H is invariant. [J 

Notice that there are disconnected noninvariant subgroups 
H for which a subalgebra { (H) is an ideal of the Lie al- 
gebra í (G). Their components of the identity are invariant. 

A substantial addition to Proposition 3 is the following 
proposition. 

Proposition 4. For any homomorphism ®: G — H of Lie 
groups its kernel Ker ® is a subgroup of a Lie group G. The 
Lie algebra í (Ker ®) coincides with the kernel Ker (D) of 
the induced mapping { (®): í (G) — í (H) of Lie algebras: 


{ (Ker D) = Ker { (®). 


Proof. Since Ker @ is closed, the first statement follows 
from Theorem 1. Every one-parameter subgroup fp: R —> 
Ker ® is sent by @® to a constant mapping, i.e. to the 
zero of the algebra í (H). Hence 1 (Ker ®) c Ker í (®). 
Conversely, if a one-parameter subgroup £6: R—>G of G 
is in the kernel of 1 (®), then Do Bf = const, i.e. P (t) € Ker P 
for all ¢ ER and hence B €{(Ker ®). Consequently Ker {(®)c 
í (Ker ®). 

Now we are in a position to prove Theorem 2. 

Proof of Theorem 2. Let g = { (G) and h = 1 (H). Since H 
is invariant, the subalgebra ý is an ideal and therefore a 
quotient algebra g/f is defined. By Theorem 1 of Lecture 10 
(notice that so far the theorem has been proved by us only 
modulo the Ado theorem) there is a simply connected Lie 
group N with a Lie algebra g/ġ. Since on the category of 
simply connected Lie groups the Lie functor is completely 
univalent there is a homomorphism ©; G — N of Lie groups 
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that realizes a natural homomorphism ọ: g — g/b, i.e. such 
that { (®) = q. By Proposition 4 the kernel Ker ® of that 
homomorphism is a closed subgroup with a Lie algebra 


{ (Ker D) = Ker í (D) = Kerg = b. 


The component of the identity (Ker ®), of that kernel is 
also closed and its Lie algebra is also the ideal h). Thus we 
have in G two connected subgroups H and (Ker ®), with 
the same Lie algebra. Therefore by Theorem 1 of the pre- 
ceding lecture H = (Ker ®),. Hence H is closed. QO 
Remark 1. Proposition 3 says that a Lie correspondence 
puts connected invariant subgroups of a Lie group into 
one-to-one correspondence with ideals of a Lie algebra g. 
Clearly, if the group G is a direct product A X B of invariant 
subgroups A and B, then the Lie algebra g will be a direct sum 
a @ b of ideals a = { (A) and b={(B). The converse, howev- 
er, is in general false even for connected lie groups G. If 
g =a@ band A, B are invariant subgroups of a connected 
group G, such that í (A) = a and í (B) = b, then G is not 
necessarily a direct product A Xx B of the groups A and B. 
We can only say that G is generated by A and B (since any 
element of some normal neighbourhood is obviously a prod- 
uct of the elements of A and B, and G, being connected, is 
generated by that neighbourhood) and that the intersection 
A N B, being a subgroup of the Lie group G with a zero Lie alge- 
bra, is a zero-dimensional invariant subgroup. In particular, 
if A N B is closed (which by virtue of Theorem 2 always holds 
if G is simply connected), then it is discrete. In addition, if 
the subgroups A and B are connected, then since it is con- 
tinuous the mapping (a, b) -»aba-'b" of a connected 
manifold A x B into a discrete manifold A N B sends the 
entire manifold A x B to a point e € G, i.e. A and B are 
commutative subgroups. Hence the mapping A x B — G 
defined by the formula (a, b) —> ab is an epimorphism. 
Since the latter induces an identity isomorphism a @ b > g 
of Lie algebras, by Proposition 4 its kernel] is discrete. The 
epimorphism thus is a group covering and therefore, for any 
simply connected group G, it is an isomorphism. This proves 
that a simply connected Lie group G can be decomposed into 
a direct product A X B of connected subgroups A and B if 
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and only if the Lie algebra g = { (G) can be decomposed into 
a direct sum a + h of subalgebras a = 1 (A) and h = í (B). 

For any subgroup H of a Lie group G the components of 
left cosets aH, a€G, are obviously nothing but all pos- 


sible maximal invariant manifolds of a subfibering £9, 
hy = I (H). There is therefore a (cubic) chart (U, h) = 
(U, xt, ..., a") in G, such that e € U and for any a € G 
the intersection U N aH is a union of flat submanifolds of 
the form V, €€ R”-™. In particular, U N H has this 
property. If H is closed (which is to be assumed throughout 
now), then the chart (U, h) can be chosen so that the inter- 
section U N H should consist of only one submanifold V, 
(see the proof of Proposition 1 above). Let W be a neigh- 
bourhood (cubic with respect to h) of the point e in G, such 
that Wc W and W‘c U. If the points a, b€ W are 
congruent modulo H, i.e. atb € H, thena DEW?) Hc 
U N H = V, i.e. b € aVy. Since a€aV, and aV, together 
with Vo is connected, this proves that a and b are in the 
same component of connectedness of U N aH, i.e. in the 
same manifold V;. Since the converse is obvious (if a, b € 
W N Vg, then ab € H), the points a, b € W are in the 
same coset mod H if and only if there is € such that a, b € 
Vz, i.e. in other words, that the intersections Vg (| W for 
different Ẹ are in different cosets mod H. 

We now consider the set G/H of all cosets aH, a€G. 
The group G acts on this set by the formula 


g (aH) = (ga) H, g€G, aH EG/H. 


The mapping aH = g (aH) will be denoted by Lg It is 
connected with the left shift L, in G by the formula Lg o 
o = W o Lg, where œ is a natural mapping G > G/H, 
a = aH. 

Let W be the image of W under o. 

According to the foregoing, the mapping h: W — R"-™ 
which associates every coset aH € W with a point € € R?” 
for which a € Vg N W is correctly defined. Since it is ob- 
viously injective and the set h (W) is an open cube in R”-™ 
of a half-width c equal to that of W, the pair (W, h) is a 
chart on G/H containing a point H. That chart is connected 
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with the chart (W, h) by the commutative diagram 


ww 


(1) 


R——~R”"” 


in which the upper horizontal arrow is a mapping o: a+> aH 


and the lower one is a projection onto the first m coordi- 
nate axes. 


By associating every coset aH € W, a € W with a point 
in W with coordinates 


gree 0, te aad ea D. gmtlee gMt(g) ..., a = x(a), 


we obtain a mapping o: W — W which is a section of a 
mapping o: W — W, i.e. such that woo = id on W. 


The section o is connected with mappings h and h by the 
formula 


h =hoo. 
Notice that o o œ: W — W is a smooth mapping. 
Since for any element a €G the mapping L, is bijective, 
the pair (aW, ha), where h, = ho La, is a chart at aH € 


GIH. If aW f bW Æ Ø, then we have for h, o hz! on 
ha (aW N bW) the formula 


hy o hz! = ho L, o LZ oh-! 
= hodelyg10 woh" 
= hoo © o Lya- 0 h~t 
from which it follows immediately that that mapping is 
smooth and hence the chart (aW, ha) is compatible with 
a chart (bW, họ). 


Since charts of the form (aW, ha) cover G/H, this proves 
that they constitute an atlas and therefore define some 
smoothness on G/H. The set G/H provided with that smooth- 
ness is called a quotient manifold (or a homogeneous space) 
of a Lie group G mod its closed subgroup H. 
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The mapping œ: G— G/H sends every chart aW to a 
chart aW and therefore (see diagram (1)) is, in the corre- 
sponding coordinates, a projection R” — R”-™. This means 
that a natural mapping 


wo: G — GH, a = aH, 


is smooth and has at all points the same rank n — m (so that 
its differential (dm), at every point a € Gis an epimorphism). 


—<* 


The section o: W —> W is, of course, a smooth mapping. 
The mapping 


u: G X GIH > GIH, (g, aH) +> (ga) H 


giving the action of the group G on G/H is connected with 
the multiplication in G by the commutative diagram 





GXG G 
idX W w 
GXG/H G/H 





T 


For any points g, a € G the mapping id X œ% on a neighbour- 
hood gW X aW of a point (g, aH) has a section id x o. 
On that neighbourhood therefore the mapping u is a com- 
position of smooth mappings id X o, u, @ and is hence 
smooth. This proves that p is a smooth mapping. 

Suppose now that H is an invariant subgroup. Then 
the formula 

aH -bH = abH 

correctly defines in G/H a multiplication with respect to 


which G/H is a group. It is easy to see that that multipli- 
cation gives a smooth mapping 


(2) GIH x GIH —> GIH, 


i.e. that the factor group G/H is a Lie group. Indeed, let 
a, b € G. Consider neighbourhoods aW and bW of cosets 
aH and bH in G/H. On the neighbourhood aW x bW mapp- 
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ing (2) is a composition of smooth mappings o X o, u, © 
and is therefore smooth. Hence it is smooth everywhere. 

Proposition 5. The Lie algebra of a factor group G/H 
is isomorphic to a factor algebra of the Lie algebra g = { (G) 


mod an ideal h = í (H): 
1 (GIH) ~ g/b. 


Proof. Since œ: G— G/H is a smooth mapping, it is 


a homomorphism of Lie groups and induces therefore a ho- 
momorphism 


í (a): g > 1(G/H) 


of their Lie algebras. In Lie algebras g and { (G/H) interpret- 
ed as tangent spaces at the point e the homomorphism 
í (œ) is nothing but a differential 


(do): Te(G—> Te (G/H) 


of w. But we have seen earlier that that differential is an 
epimorphism with a kernel h = T e (H). Therefore, { (œ) 
induces an isomorphism of a quotient algebra g/h onto 
{ (GIH). O 

It should be emphasized that H in this theorem is assumed 
to be a closed subgroup. Quotient algebras g/h mod ideals 
bh < g to which there correspond nonclosed invariant sub- 
groups of a Lie group G are not Lie algebra of any factor 


groups of G (at least if factor groups are understood in the 
usual sense). 


If an invariant subgroup H is not connected, it follows 
from Proposition 5 that the factor groups G/H and G/H., 
where H, is the component of the identity of H (which is 
also an invariant subgroup), are locally isomorphic. This 
remark can be made more precise if we notice that since 
H,<H every coset mod H, is contained in some uniquely 
defined coset mod H. This fact defines a natural mapping 


p: G/H, > G/H. 


Since natural mappings œ: G — G/H and oe G > GIH. 
are continuous and open, so is p. If H is an invariant sub- 
group, p is obviously a homomorphism. 


146—0450 
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Proposition 6. For any closed subgroup H of a connected 
Lie group the natural mapping 


p: GIH, — GIH 


is a covering. 

Proof. Since the subgroup H, is open in a subgroup A, 
the identity of G has a connected neighbourhood V such 
that V-V œ He. Proposition 6 will be proved if we show 
that for any point œ (g) = gH of the manifold G/H, its 
neighbourhood V(g) = œ (gV) is evenly covered by a mapp- 
ing 0. 

Choosing a representative h, in every component A, 
of H consider in G/H. open connected sets w,(gVh,). These, 
first, do not intersect (if we (Wha) = We (gu’hg), i.e. guhy = 
guheh, where heH., then hy, =v-'v’+hgh, where 
v-v € He, and therefore hg = hg), second, constitute 
together the entire set p-'V (g) (since cosets of the form 
gVH, where v € V are elements of the set V (g), the set 
o-1V (g) consists of cosets of the form gvh,H,) and, third, 
o maps each of them bijectively, and hence homeomorphical- 
ly, onto V (g) (if œ (gvha) = o (gv'ha), then v'ha = vh,h, 
where h € H and therefore v-!v’ € H and hence v-'v’ € H,; 
but then h = hgz!-v-'v' -h, E€ He, for A, is invariant in H, 
and hence , (gvh,) = Oe (gu’h,,)). Consequently the neigh- 
bourhood V (g) is evenly covered by a mapping pọ. O 

Corollary. Jf under the hypotheses of Proposition 6 the 
quotient manifold (G/H) is simply connected, then H is a 
connected subgroup. O 

We can now show that the general method of establishing 
the connectedness of topological groups, which relies on 
Lemma 2 of Lecture 1, can be used to establish simple- 
connectedness as well: 

Proposition 7. If a connected Lie group G contains a closed 
connected and simply connected subgroup H mod which the 
quotient manifold G/H is simply connected, then G is also 
simply connected. 

The following more general proposition is true: 

Proposition 8. Given any connected closed subgroup H of 
a connected Lie group G mod which the quotient manifold 
GIH is simply connected, fundamental group 1,G of G is a 
factor group of fundamental group 1,H of the Lie group H. 
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Proof. Let G be a simply connected Lie group covering 


G and let n: G —> G be the corresponding covering. The 
complete inverse image H, = nH of a subgroup A under 


a homomorphism zx is a closed subgroup in G, with the 
mapping G/H, —> G/H induced by x being as is easily seen 


a diffeomorphism. Thus the manifold G/Hx is also simply 
connected and hence the subgroup Hx is connected. There- 
fore the restriction a, of the mapping x to H, is a cover- 
ing H — H and there is a commutative diagram 


p nee 


P Ny 


where p: H — H is a universal covering of the Lie group 
H. The mapping H, — H (being itself a covering) is epi- 
morphic and thus induces an epimorphism of the kernel 
Ker p of the homomorphism p onto the kernel Ker ny 
of the homomorphism nyg. This proves Proposition 8 (to- 
gether with Proposition 7) since by definition m, H = 
Ker p and mG = Ker n = Ker ng. O 


As an example of applying Proposition 7, consider a 
group SU (n) of unimodular unitary matrices. Since 
(see Lecture 1) for any n >1 a quotient manifold 
SU (n)/SU (n — 1) = U (n)/U (n — 1) is diffeomorphic to 
a sphere S°”-t, by the corollary to Lemma 1 of Lecture 9 
that quotient manifold is simply connected. Since the group 
SU (1) consists of only one element and is therefore simply 
connected, by virtue of Proposition 7 an induction leads 
to the conclusion that for any n> 1 the group SU (n) is 
simply connected. 

A similar reasoning using the simple-connectedness of 
the sphere S*"-!=Sp (n)/Sp (n— 1) and the fact that the 
group SP (1) œ Sis simply connected shows that given 


any nœ 1 the group Sp (n) = UË (n) is simply connected. 
16% 
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As for the group U (n) one should apply Proposition 8, 
since the group U (1), being a group §! of complex numbers 
|z | = 1, is not simply connected, for it has a nontrivial 
covering R — S! given by the formula ¢ +» emit, t E R. 
Since in view of the group R being simply connected that 
covering is universal, the group 1,5! is isomorphic to its 
kernel, i.e. to the group of integers Z. Therefore the above 
induction, using, however, Proposition 7 instead of 8, 
shows that the fundamental group mU (n) of a Lie group 
U (n) is a factor group of the group Z. 

To calculate completely that factor group we use the 
following proposition dual in a certain respect to Proposi- 
tion 8: 

Proposition 9. For any invariant connected closed sub- 
group H of a connected Lie group G the fundamental group 
1,G/H of the Lie group GIH is a factor group of the fundamental 
group mG of G. 


Proof. Let x: G—>G and o: GJH > G/H be universal 
coverings and let œ: G — GH be a natural mapping. 
Since G is a simply connected group, the homomorphism 
won: G — G/H is lifted to some homomorphism o: G—> 
GIH. If A = Ker oand u: H —Ĝ is an embedding, then, 
with wono t=p° w0 y 0, the homomorphism x sends H 


to H and hence induces some homomorphism ay: H — H. 
All this is graphically represented by the commutative 
diagram 








H—~—G—"—G/H 
“| x P 
H——>—-G—5~-G/H 


It turns out that if a homomorphism is an epimorphism, 
then it induces an epimorphism of the group mG = Kern 


onto 1,G/H =Ker p. Indeed, in that case the group GIH 
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is isomorphic to the factor group G/H, so that the factor 
group is a simply connected group. By the corollary to 
Proposition 6 therefore the subgroup H is connected and 
hence the homomorphism ny: Be is a covering and, 
in particular, an epimorphism. If now a € Ker o and g is 
an element in G such that o (g) = a, then the element 


ng €G is in the kernel H of the epimorphism œ and is 
hence the image under the epimorphism ny of some ele- 


ment h € Ñ, i.e. more precisely, we have (tony) j 
ng. Then the element 2, = (th) -lg is in the kernel Ker x 
of a homomorphism x and the given element a€ Ker p 


is its image œ (gı) under the homomorphism w. 

To prove Proposition 9 it is thus sufficient to show that 
~ ow} Parani 
o (G) = G/H. 

It is obvious that there are bases {U,} and {Va} of open 
sets is G and G/H, that consist of connected sets evenly 
covered by mappings x and p respectively, such that for 
any œ the set Va is the image œ (U„) of a set U, under an 
epimorphism œ. Let Ua, g be components of the inverse 
image n-i (Ua) of Ua and Va, y components of the inverse 
image p-! (Va) of V, under n and p, respectively. Since 
the homomorphism won maps every set U,,, onto Vea, 


the homomorphism o maps it onto some set | Va, y- 
Therefore, if some set V,, y intersects a subspace © (G), then 
it is contained in that subspace Va, yZ @ (G). Since sets 
of the form Va, y constitute a base of the space GIH, this 
is possible if any only if @ (G) is at the same time closed 


and open. Therefore by connectedness, © (G) = = GJH 
(cf. the proof of Lemma 3, Lecture 8). 

This completes the proof of Proposition 9. O 

We apply Proposition 9 to the epimorphism U (n) — S' 
given by the formula 


A det A 


“> TdetA|? AEU (n). 
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Since 1,5) = the group x, U (n) is epimorphically 
mapped onto the group Z. Since, on the other hand, Z 
as shown above, is also epimorphically mapped onto U (n), 
this proves that the fundamental group mU (n) of the Lie 
group U (n) is isomorphic to Z. 

Of the classical connected matrix Lie groups only the 
group SO (n) remains to be considered. We shall do this 
in the next lecture. 
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The Clifford algebra of a quadratic functional: Z.-grad- 
uation of a Clifford algebra: More about tensor multiplica- 
tion of vector spaces and algebras-Decomposition of Clifford 
algebras into a skew tensor product» The basis of a Clifford 
algebra: Conjugation in a Clifford algebra» The centre of 
a Clifford algebra-A Lie group Spin(n)- The fundamental 
group of a group SO(n)-Groups Spin (n) with n < 4. Homo- 
morphism y-The group Spin (6)- The group Spin (5)- Matrix 
representations of Clifford algebras-Matrix representations 
of groups Spin (n)-Matriz groups in which groups Spin (n) 
are represented-Reduced representations of groups Spin (n). 
Additional facts from linear algebra 


We shall begin the calculation of the fundamental group 
1,90 (n) of the group SO (n) somewhat from afar. 


Let Q be an arbitrary (but fixed once and for all) square 
functional given in a (finite-dimensional) vector space Y 
over the field of real numbers R. 

We shall consider pairs of the form (4, a), where 4 
is a unital algebra over R (not necessarily finite-dimension- 
al) and @ is a linear mapping F — A such that æ (x)?= 
= Q (x) 1 for any element x €%, where 1 is the identity 
of 4. (In what follows, we shall as a rule omit the identity 
1 in all equations of this sort, i.e. we shall identify ele- 
ments of the form Al € # with the corresponding numbers 
A ER.) 

Remark 1. To check in practice the condition & (æ)? = 
Q (x) it is useful to keepin mind that it holds for all x €7 
if it does for elements of some basis of 7, 
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A morphism of a pair (4, @) into (@,B) is a homomor- 
phism ®: Æ — # for which there is a commutative diagram 





A B 


i.e. such a homomorphism that B = Moa. Clearly all 
pairs (4, œ) and all their morphisms (4, a) > (Z, B) con- 
stitute a category. We shall denote this category by 
CLIFF (Q). 

Recall that an object A, of some category G is said to be 
initial (universal, in another terminology) if for any object 
A € Gř”there is a unique morphism A,—A. Clearly, the 
initial object (if it exists) is unique up to an isomorphism. 

Proposition 1. There is an initial object in CLIFF (Q). 

Proof. Let 


To) =T) 9... PT7) S... 


where 74%) is a vector space of multilinear functionals 
of the (0, q) type in Y (see IJ, 5). Clearly, with respect 
to the operation of tensor multiplication, the direct sum 
T(%) is an (infinite-dimensional) algebra. 

In To (V) we consider an ideal J (Q) generated by all 
elements of the form x © x — Q (x), wherex EF =T). 
Let Cl (Q) is a quotient algebra of T o (V7) mod the ideal 
and let u: Y — C1 (Q) a restriction toY = T} (7) of the 
natural epimorphism T (7) — C1 (Q). It turns out that 
the pair (C1 (Q), 1) is the initial object of CLIFF (Q). 

Indeed, by construction, ı (x)? = Q (x), , so that (C1 (Q), 
t) € CLIFF (Q). On the other hand, it is clear that the alge- 
bra T o (7) is isomorphic to the algebra R (£i, ..., Xn) 


of polynomials in n non-commuting unknowns zı, ..., £n 
(the isomorphism is defined by a basis e,, ..., e, F 
and realized by the correspondence e;,® ... @ ej, +> 
Zi -++ tg). For every unital and associative algebra 4 


therefore, any linear mapping a: F — Æ extends uniquely 


— 


to some homomorphism @: Ty) (V7) — 4. lf a (x)? = Q(x 
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for every element r€7, i.e. if (4, a) € CLIFF (Q), then 


a = 0 on T (Q) and therefore œ induces some homomorphism 
az: Cl (Q) — A which obviously has the property that 
ato. =a, i.e. which is a morphism (Cl (Q), 1) > (4, a). 
Since the vector space Y generates T (7°) and hence the 
vector space t% does the algebra Cl (Q), the morphism is 
unique. Consequently the pair (C1 (Q), ı) is the initial 
object of CLIFF (Q). O 

Definition 1. The constructed algebra C1(Q) is called 
a Clifford algebra of a quadratic functional Q. 

By definition, Cl (Q) has the property that for any object 
(4, «) of CLIFF (Q) there is a unique homomorphism of 
algebras a#: Cl (Q) — & for which ato. = a, the algebra 
C1 (Q) being completely characterized by this property 
up to isomorphism. 

In the special case, where 7° is a Euclidean space and Q 
is the corresponding metric functional (associating with 
every vector x EF the square of its length, | x |), the 
algebra Cl (Q) will be denoted by Cl, (7). But if (on the 
same assumption that 7 is a Euclidean space) the func- 
tional Q is defined by the formula Q (x)= —|a|?, then 
C1(Q) will be denoted by Cl (7). When considered simul- 
taneously, Cl, (V7) and Cl (V7) will be denoted by Cl, (Z), 
where’ e = +1, meaning the algebra Cl, (V7) when e = +4 
and the algebra Cl (V7) when € = —41. 

If an orthonormal basis is chosen in Y and thus7Y is 
identified with the standard Euclidean space R” we shall 
denote Cl, (7) and C1 (7°) respectively by Cl, (n) and 
Cl (n) (and by Cl, (n) when considered simultaneously). 

Pairs (V7, Q) form clearly a category Q whose morphisms 
(7, Q) +> (Fi, Q) are linear mappings 9g: Y — F such 
that Q (x) = Q, (px) for any vector x EF. Every such 
mapping obviously induces a homomorphism T o (7) —> 
To (VW) sending an ideal 7(Q) to J (Q,) and hence induc- 
ing some homomorphism 


Cl ọ: C1 (Q) > Cl (Q,). 


Clearly, correspondences (7, Q) +> C1 (Q), p> Cl ọ con- 
stitute a functor Cl from the category Q to the category 
ALG,-ASS of associative unit algebras. 
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Notice that Cl ọ isnothing but a mapping (t,oq)#, where 
u: VY, — Cl (Qı) is a natural mapping. Allowing a certain 
liberty we shall use this fact to denote the homomorphism 
Cl @ by g#. 

Since ı (x)? = Q (x), it follows from t (x) = ı (y) that 
Q (x) = Q (y). Therefore the correspondence t (x) +> Q (x) 
correctly defines some square functional in a subspace 
LY = C1(Q). (In fact, as shown below, it follows from 
u(x) = u(y) that x = y, so that all these precautions are 
virtually unnecessary.) 

For simplicity we shall denote the functional t (#)+> 
Q (x) as before by Q and the element t (x) by x. According- 
ly for any element x € if. 


(1) x* = Q (2). 


In particular, (x+y)? = Q(x + y), i.e. z? + zy + 
yx + y? = Q (1) + 20 (z, y) +Q(y) and hence 


(2) ry + yx = 2Q (z, y) 


for any elements z, y= iW. 

Let a mapping —w F — Cl (Q) be defined by the 
formula (—1t)(x) = —1t (ax). Clearly, the pair (C1 (Q), —1t) 
is in CLIFF, (Q). Therefore a homomorphism a = (—1)* 
is defined, i.e. a homomorphism ea: Cl (Q) —> Cl (Q) 
having the property that ox = —z if x € JW. Obviously, 
a? = id, i.e. the homomorphism & is an involutory auto- 
morphism. For every element u € Cl (Q), the element 
au will be denoted by u*. 

To investigate the automorphism u> u* we use the 

following lemma from linear algebra: 
Lemma 1. Ifa linear operaior A: W —— W acting in a real 
or complex vector space W is involutory, i.e. if A? = E, then 
its eigenvalues are +1 and it is diagonalizable, i.e. W is a 
direct sum 


(3) W=W.OW- 


of an invariant space W` corresponding to the eigenvalue 
+1 and an invariant space W- corresponding fo the eigen- 
value —1. 

Proof. Suppose first that the ground field is the field 
of complex numbers C, Then we can apply to the operator 
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A the theorem on the reduction to Jordan normal form 
(see II, 16), i.e. A is a direct sum of operators of the form 
AE + C, where AEC and C is either a zero or a cyclic 
operator. If A is involutory, then each of the operators 
NE + C is also involutory. But (AE + C)? = WE + 24C + 
C? and therefore the equation (AE + C)? = E is possible 
only when C = 0. This proves that the original operator A 
is diagonalizable. Since all elements in an involutory di- 
agonal matrix are obviously +1, this completes the proof 
of Lemma 1 for the case of the ground field C. 


If Y° is a real space we go over to its complexification we 


(see II, 17). Since the complexified operator AĈ is obviously 
involutory as before, it follows from the foregoing that 


= way". 


By restricting ourselves in this decomposition to real vec- 
tors we obtain, as is easily seen, precisely decomposition 
(3). O 

By this lemma, as applied to the automorphism ur> u*, 
the vector space Cl (Q) is decomposed as a direct sum 


C1(Q) = Cl (Q) @ CP (Q) 


of two subspaces C1° (Q) and Cl’ (Q). The elements of C10 (Q) 
are characterized by the condition u* = wand those of C1'(Q) 
by the condition u* = —u. 
Elements of C10 (Q) will be called even elements of the 
Clifford algebra Cl (Q) and those of Cl! (Q) odd elements. 
Clearly, a product of two even (odd) elements is even and 
an odd-even one is odd, i.e. 


CI (Q)e CP (Q) = Cl? (Q) 


for any i, j = 0, 1 (modulo 2 summation is meant). 

In particular, we see that Cl? (Q) subspace is a subalgebra 
of CQ). 

The resulting algebraic structure deserves a special name. 

Definition 2. An algebra 4 is said to be a Z, -graded 
algebra if A = A?! Q 4}, with 


Ai - AIT At mod 2 
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for any i, j = 0, 1. A morphism of Z,-graded algebras is 
a homomorphism P: A — such that ọ (4A) c #' for 
any i = 0,' 1. Clearly, all Z,-graded algebras and all their 
morphisms’ constitute a category. The category will be 
denoted by Z,-ALG and its subcategory consisting of uni- 
tal associative algebras by Z,-ALG,-ASS. 

According to the foregoing, the functor Cl may be 
assumed to be a functor from the category Q to the category 
Z,-ALG,-ASS. It is easily seen that if given a pair (4, œ)€ 
CLIFF (Q) the algebra is a Z.-graded algebra and the 
mapping a: 7 — 4 is a mapping into .4!, then the corre- 
sponding homomorphism a#: Cl (Q)—> Æ is a morphism 
of Z,-graded algebras. 


In Lecture 5 we introduced the notion of a product of 
vector spaces and algebras. Recall that elements of a vec- 
tor space Æ ® # are linear combinations of the form 
a Q b, where a € & and b EB, with 


(a4, +a,)®b=—a,®@b+a, ® hb, 

for any elements a,, a,,a€ A and b, b, b EB. Ife,. 
e, is a basis of a vector space 4 and fi» l 
a basis of #, then the elements e; ® f; i=1,.. 
j=1, m, constitute a basis of 4 ® # (so that. 
in particular, dim (4 ® #) = dim & -dim @). 

It is immediate from this description of 4 ® @ that for 
any vector spaces Æ, #, € there are natural isomorphisms 


(4) 48% xB O & (commutativity), 
(5) (ADB) SEX 4 ® (F O GE) (associativity), 
(6) (4 ® B) D E = (48 6) © (Z Q 8) (distributivity). 


If the spaces 4 and are algebras we introduce such 
a multiplication into 4 ® & that 


(7) (a ® b)(a, © b,) = aa, ® bb, 


for any elements a, a, E A, b, bL E B. A® @ is an algebra 
with respect to that multiplication and isomorphisms (4), 
(5) and (6) turn out to be isomorphisms of algebras. (If 
A and # are algebras, then multiplication is introduced 


ae 
R dan a 
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componentwise into the direct sum Æ @® @, i.e. by the for- 
mula (a, b)(a,, b) = (aa,, bb,). If 4 and # are associative 
and unit algebras, then 4 ® # is also an associative and 
unit algebra (with identity element 1 ® 1). 

Let #4 =4°@ A and Z = 2°@ #'be arbirtary 
“Z,-graded algebras. Then, by putting 


(A O #) = (A° @ #) D (At 8 #), 
(A D #) = (4° O B!) @ (A' H), 
we immediately get, in view of (4) and (6), 
AOD B =(4A @ BY O(4K @ #)'. 
Although the algebra 4 © Z is a Z,-graded algebra with 


respect to that decomposition, it turns out that it is worth- 


while introducing into 4 ® @ a different multiplication 
for which 


(8) (a ® b)(a, @ by) = (—1)# (aa, ® bb,), 


if b € Bt and a, € A. It isclear that with respect to that 
multiplication the vector space 4 ® B is also a Z,-graded 
algebra, a unit and associative one when so are Æ and BØ. 

The algebra 4 ® Z with multiplication (8) will be called 
the skew tensor product of Z,-graded algebras Æ and #. 
When it is necessary to stress the difference between this 
product and the usual (although Z,-graded) tensor product 


A D B we shall denote it by 4 ® Z. 

The three tensor multiplications (for vector spaces, for 
algebras and for Z.-graded algebras) all have the property 
of being functorial, i.e. for any morphisms 9: 4 —> A, 
p: @ > Z, a morphism p 8 4: 48 >A, ®@ Z, is 
defined which satisfied the usual functorial identities. That 
morphism is uniquely characterized by the relation 


(p 8 p)(a 8 b) = p (a) 8 Y (b), 
which must hold for any elements a € 4, bE B. 

In addition, for any vector spaces 4 and # and any 
algebra © we can associate with linear mappings 9g: 4 — 6 
and p: Ø — €C a linear mapping p8 Y: 4 ® B — G 
which is uniquely characterized by the relation 


(p 8 pa @ b) = ọ (a) Y (b), a E A, bE®. 
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If Æ and @ are algebras and g: 4 >@ and y: E >@ 
are homomorphisms, with @ and jp commuting (i.e. ga -pb = 
pb -pa for any elements a € 4 and DEF), then the 
mapping pọ ® 4: A ®  — is also a homomorphism. 
Similarly, for any Z,-graded algebras “4, @ and © and any 
skew commutative morphisms ọ: 4—~€ and wp: B >G 
(i.e. such that ọpa -pb = (—1)*pb -pa if a € 4t, b E #4) 
the mapping ọ ® 4: 4 ® Z — 6 is a morphism of a skew 
tensor product Æ ® into the algebra ¢. 

For every two objects (7,, Q,) and (7z, Q2) of Q the for- 
mula 


Q (£1 + £2) = Qi (21) + Qo (£2), EFi, LE Fa, 


defines on the direct sum Y=7, S F, a quadratic func- 
tional Q called the direct sum of quadratic functionals 
Q, and Q, (and usually denoted by Q, @ Q,). 

In these terms the Lagrange theorem (see II, 11) means 
that any quadratic functional is a direct sum of functionals 
in one-dimensional spaces. 

Proposition 2. For any two quadratic functionals Q, and 
Q, there is a natural isomorphism 


Cl (Q, ® Qs) ~ C1 (Q1) 8 C1 (Q3). 
Proof. Putting Y =i ® FY, define a linear mapping 


a: T —> Cl (Q1) B Cl @) 
by the formula 
(9) a (zı + £) = 1, 8 1 + 18r, 
Lı EF is La EF a, 
where as ever 2; = £i, Lo = Zə Since 
(x, 8 11 8 z3) = zti 8 x, 
and 


(1 8 z) (zı © 1) = —(q, 8 z3), 
we have 
a (x) = a (a, + £)’ (xz, © 14 1 @ z,) 
1i 801 418z 


= Qı (#1) + Qe (£2) = Q (£x) 


| 
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for any vector x = 2, + £ E VY, where 2, EFi, £a EF a, 


Q=Q, © Qz and hence (Cl (Q,) B Cl Q,), a) € CLIFF (Q). 
We show that the corresponding morphism 


ait: Cl (Q) + Cl (Q1) & Cl (Q) 


of Z,-graded algebras is an isomorphism. 

To this end we consider natural embeddings o: Vi > 7 
and 0: a —F. These are clearly morphisms of pairs 
(Fi, Qı) and (Zz, Q,) into (7, Q), respectively. Therefore 
homomorphisms of: C1 (Q,) > Cl Q and of: Cl (Q,)— C1 (Q) 
are defined. Since for any vectors a, € Yı and 2, € 7’, the 
vectors O£, O£ EF are by definition Q-orthogonal, by 
formula (2) 


ofr ofr, = —o#r, ofz. 


Since any even (odd) element of the algebra Cl (Q;), i = 1, 
2, is the sum of the products of an even (odd) number of 
elements x; € 1%;, it follows immediately that mappings 
oj and of are skew commutative and therefore the mapping 
of Q of: C1 (Qı) ® Cl (Q,) > C1 (Q) is a morphism of 
Ze-graded algebra Cl (Q,) ® Cl (Q,) into Z,-graded algebra 
Cl (Q). 
In accurate notation (with o, and o, ) formula (9) is of 

the form 

(0,2, + O£) = 7,01 + 18r. 
Since by definition ofz, = 10,2, 03a, = \o,@, and ato = 
a, it follows that 

at(ofx, + o¢2,) = 1,01 + 182, 


for any elements x, € and z, € ta. Here otz + os, 
is nothing but an element z of t%. Therefore 


((oz* ® 07) o a#) x= (07 8 05") (31 @ 1+ 1 8 a) 
=o 2,-4-+1-0%x, 
== oF x, + Oo; x, =f, 
so that (oj Q of) oat —=id in the subspace 7’. Since the 
mapping (oË © of) o atis ahomomorphism of algebras while 
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\Y generates the algebra C1 (Q), it follows that (of @ 


os')c at = id on the entire algebra Cl (Q). 
Similarly 


(ato (oF Q of) (z, Q 1) = at (ofa, 1) =a, @ 1 
(at o (a @ oF) (1 Q x) = a4 (1-022,) = (1 @ z3) 


for any elements z, €t i, £a € WW, and hence ato (of &® 
os) = id since the elements xz, ® 1, 1, € 7 aand 1 ® 2p, 


ta €Ta, generate the algebra Cl (Q,) Cl (Q,). 

Thus morphisms a# and oj ® of are inverse isomor- 
phisms. O 

Let n = dim Y. Given n = 1 there are (up to isomor- 
phism) only three quadratic functionals Q+,, Qı and Qo 
characterized by assuming the values +1, —1 and 0, re- 
spectively on some vector e€Y (which is the basis of a one- 
dimensional space 7). Since for n=1 the algebra T, (7) 
is isomorphic to the algebra R [e] of (usual) polynomials 
in e, it follows that the algebra Cl (Q), e = +1, O is 
obtained from R [e] by superposing the relation e? = e, 
i.e. it is the algebra C of complex numbers or the algebra D 
of double numbers (of the form a + be, where a, b € R and 
e = 1) or the algebra of dual numbers (of the form a + 
be, where a, b € R and œ = 0). 

Theorem 1. For any quadratic functional Q in an n-dimen- 
sional space VY the Clifford algebra Cl (Q) is isomorphic to 
a skew tensor product of p algebras of double numbers, r — p 
algebras of complex numbers and n — r algebras of dual 
numbers, where r is the rank of the functional Q and p is its 
positive index of inertia. In particular, 


Cl(n)=C@...@C, Ch(n)=D®... QD. 


Nos — e a 
n times n times 


Proof. It can be obtained by induction from Proposition 
2 and Lagrange’s theorem. O 

Since under tensor multiplication the dimensions of 
quotient algebras are multiplied out, it follows from Theo- 
rem 1 in particular that dim Cl (Q) = 2”. 
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Moreover, if ej, ..., en is a Q-orthogonal basis of a space- 
J’, then, the basis of the ith factor consisting of elements 
1 and e;, the algebra Cl (Q) has a basis consisting of 2” 


n of the form zr ... Lh, where k,, oe ee 
= 0, 1 and x = 1 and x) = e; for any i = 1, a Ne 
Ta introducing a subset J of an interval [n] = {1, 2, ” 


n} of a natural series, the subset consisting of indices 
i for which k; =1, we shall denote an element z,)7~ .. 
Ly” by eœ. Thus it ls liigi -c eia then 
Cr = lise’ Cin 

The number m eiM be denoted by |Z |. 

In particular, for m = 1 we obtain elements ep; = 
ĉis «+ +» ĉin} = Cn. Therefore these elements are linearly 
independent and hence the linear mapping t: F —> Cl (Q) 
(recall that it sends the basis vectors e,, ..., en to elements 
is... ĉn) is precisely a monomorphism, as was stated 
above. As a rule we shall identify every vector rE 
with the corresponding element x € t 7’ € C1 (Q). By this 
convention, the morphism a#: Cl (Q) > 4 for any object 
(A, œ) € CLIFF (Q) will be nothing but an extension of the 
mapping œ from F to Cl (Q). 

oe m = 0, i.e. for J = Ø, the element e, (denoted also 

e) is the identity 1 of the algebra Cl (Q). 

Ente the vectors e; and e; are by hypothesis Q-orthogonal, 

it follows from (2) that 


(10) ee; + eje; =0, iÆj. 
In addition, by formula (1) 


(41) ej = ©; where g; = Q (e). 


Relations (10) and (14) allow a product of any basis ele- 
ments e; and ey to be immediately written. For example, 


for n =r and p = Q, i.e. in Cl, (n), we have the for- 
mula 


(12) eres = (1U Deas, 
where JAJ = (I U J)N(I Q J) is a symmetric difference 


of the sets J and J and t+ (Z, J) is the number of all pairs 
(i, j) EI x J for which i >j. 


17-0450 
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Similarly in Cl (n) 


(13) ere; =(— 1) eras, 
where q (J, J) is the number of pairs (i, j) € J X J such 
that i>]. 


A linear mapping a+ > a of a not necessarily associative 
algebra Æ into itself is said to be an involutory antiautomor- 
phism if a =a and ab = ba for any elements a, DE Æ. 
An example is a mapping of a tensor algebra T, (7) into 


itself that is given on generators 7, ®... © £p by the 
formula 
LIQ ... OQ Tp= TZ 8 ... OXY. 


Since all elements of the form x © x — Q (x) remain fixed 
under this antiautomorphism, 7 (Q) = I (Q) and therefore 
the antiautomorphism induces some involutory antiauto- 
morphism of the algebra Cl (Q). 

Definition 3. The involutory antiautomorphism a+» a 
of Cl (Q) is called a conjugation. 

On the basis elements e,, I = {i <... <im}c [n] 
the conjugation acts, as is easily seen, by the formula 


_ m(m— 1) 
€r=(-—1) 2 er. 





Thus e; = e; when m = 4p, 4p + 1, and e, = —e, when 
m = 4p + 2, 4p + 3. 

Recall that the centre of an associative algebra is its 
subalgebra consisting of all elements commutative with 
each element of the algebra. 

We calculate the centre of the Clifford algebra C1 (Q) 
for the case where the functional Q is positively or negative- 
ly defined, i.e. for algebras Cl, (n). 

Proposition 3. If n is even, then the centre of an algebra 
Cl, (n) is one-dimensional (and consists only of the elements 
of R) but if n is odd, then the centre of Cl, (n) is two-di- 
mensional and is generated by the elements 1 and ein = 
AERE T 

Proof. Since the elements e,, ..., ĉa generate an algebra 
Cle (n), every element z € Cl, (n) is in the centre of that 
algebra if and only if ze; = e;z, i.e. e;xe; = ex, for any 
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i—1,..., n. Clearly, if i € l= {ii <... < im} andi = 
i,, then 


e;er =(—1)' eer (4, and 
ere; = (— 1)" Een iy, 


and if i¢J and i,,<i<i,, then 
e,e;:=(—1)"! CIU {i} and 
ere = (—1)™" ery. 


Therefore if x= f) zrez, then 
I 


eixe; =>} (—1)™*! exe; + >| (—1™)ezx;e;,, where m=| TJ |. 
i€I iI 


Hence e;xze; = ex; if and only if zy = (—zx)™*z, for i€ 
I and x; = (—1)"a, for ig J. Since given any I Æ Ø 
[n] exists as both i € J and i ¢ J, it follows that if e;ze; = 
ex for all i=1,...,m, then (—41)™*4z, = (—1)™2, 
and hence x, = 0. Besides x(n} = (—1)"**z[n} and hence 
Ltn] = 0 if n is even. Therefore x = xge, if nis even and 
£ = Xgey + Tinin] if n is odd. O 

Corollary. For any n and any & numbers in R are the 
only even elements of the centre of an algebra Cl, (n). O 

Since z? = e |x |? for every element z€ R” = R", 
all nonzero elements of R” are invertible in Cl, (n). In 
particular, so are all elements in a unit sphere S”-! of 
a space R” with 27! = ex = exif z € S”, 

Definition 4. A subgroup pin, (n) of the multiplicative 
group of all invertible elements of an algebra Cl, (n) 
which is generated by elements of S"~! is called a Clifford 
group of degree n and index e. This group is also denoted 
by pin; (n) if e = —4. 

A subgroup of pin, (n) consisting of even elements is 
denoted by Spin, (n) (and also by Spin, (n) if e = +1 
and by Spin (n) if ¢ = —1) and called a spinor group of 
degree n and index e. 

Clearly, groups pin,(m) and Spin,(m) are closed in the 
Lie group of all; invertible elements of Cl, (n). Therefore 
these groups are Lie groups. 


17* 
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By definition, every element u of pin,(7)' can be repre- 
sented (not uniquely in general) as a product zı... Zm, 
where zi, .. . Zm € S"-!, and the element is in Spin,(n) 
if and only if m is even. Since both u +» u- and u > u 
mappings are antiautomorphisms and x7! = ex for z€ 
S"-1_ we have u`! = e™u and hence 


u` =u if u€Spin,(n) (or e= +1). 


If 
n n 
u= >} ue, ER” and z = >) r ER”, 
i=1 i=i 
vt 
ux = — È) Uti t È) wpryere;, 
i=1 ix j 

and hence 


uru = > U pL Upeze yep, + a jaca 
(ijk) 


where the dots signify terms linear in e,,..., en (i.e. 
terms in R”) and (ijk) under the summation sign designates 
that the summation is taken over all triples (ijk) consisting 
of pairwise distinct numbers 1, ..., n. Interchanging any 
factors makes the product e;ejep change sign and the coef- 
ficients u,;r7j;u, are symmetric in i and k. Therefore the sum 
is zero and hence uru € R”. Since (uv) x (uv) = u (vzv) u, 
uxu € R” for any element u € Cl (n) representable as a 
product of elements of R” and hence, in particular, for 
any element u € pin,(n). This shows that by putting 


g (u) x = uzu, u€pin,(n), xz ER’, 
we obtain some (obviously linear) mapping 
ọ (u): R” —> R”. 


We also see that ọ (uv) = ọ (u) ọ (v), i.e. that ọ: u —> ọ (u) 
is a homomorphism of a group pin, (n) into a group of 
invertible linear operators R” —> R” which, using the 
fact that we have a fixed basis e,, ..., e, in R” will be 
identified with a group GL (n) of invertible matrices. 
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Moreover, since for every element x € R” 
| ọ (u) x |? = e (9 (u) z} = euxuuzu 


= guru uzu! = esuzrtu™! = | x Puu = |z |, 


the operator ọ (u) for any element u € pin,(u) is orthogonal, 
so that ọ is indeed a homomorphism 


o: pin, (n) — O (n). 
Proposition 4. The mapping 
p: pin,(n) > O (n), 


with e = —1 or n even, is an epimorphism onto a group O (n) 
and, with € = +1 and n odd, it is an epimorphism onto 
a group SO (n). 

Given any g and n the homomorphism @ maps a group 
Spin, (n) into SO (n), with the induced homomorphism 


pı: Spin, (n) — SO (n) 


being an epimorphism. 

The second-order group {1, —1} is the kernel of the epi- 
morphism Qo. 

Proof. If u € S"-! and x € R”, then by formula (2) 


ọ (u) z = uzu = uzu = (2e (z, u) — zu) u 
= —e (x — 2 (x, u) u) 
and hence 
ọ (u) = —eut, 


where ut: x +> x — 2 (x, u) uis a symmetry in the hyper- 
plane perpendicular to a vector u. Therefore any symmetry 
of R” (when e = —1) and a composition of a symmetry 
and the operator +++ —x with the determinant (—1)” 
(when g = 1) is in the image of the homomorphism ọ. 
This proves the first three statements of Proposition 4. 
Indeed, we know (see I, 27) that in one- and two-dimensional 
spaces any orthogonal operator is a symmetry or a composi- 
tion of symmetries, and in an n-dimensional space it is 
a direct sum of orthogonal operators in one- and two-dimen- 
sional subspaces (see II, 21) and hence again a symmetry 
or a composition of symmetries. The operator is in 
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SO (n) if and only if it is a composition of an even number 
of symmetries. 

If u € Ker ọọ then ue; = eu for any i=1,...,n 
(for, as observed above, u~? = u for any element u € Spin, (n) 
and hence u is in the centre of Cl, (n), i.e. being odd, 
it is a number in R. Therefore ọ (u) x = uz, i.e. ọ (u) = 
u?E and consequently, with the operator @ (u) being 
orthogonal, u = +1. Conversely, it is clear that +1 € 
Ker ọo O 

It follows from Proposition 4 that if for n > the Lie 
group Spin, (n) is connected, then the epimorphism Qo 
is a group covering. Otherwise Spin, (n) must be a direct 
product SO (n) X Z, (and the mapping g, must be a pro- 
jection SO (n) X Z, > SO (n)) and hence the points 1 and 
—1 of Spin (n) will be in distinct components of the group. 
But it is obvious that if we put 


u (t)=€ (cos + f-e,+-sin-+ t-e,) 


N 


x (cos 5 


t-e,—sin > tes) 
=cosnt—esinat-ee,, O<t<l, 


we obtain in Spin, (n) a path t —> u (t) connecting the point 
1 with —1. Therefore the first case must take place. Con- 
sequently, the group Spin, (n) with n>1 is connected 
and the epimorphism q, is a group covering. 

The inverse image of any point for the covering o con- 
sists of two elements. This kind of covering is called a 
two-sheeted (or double) covering. 


The fact that SO (n) has a nontrivial covering implies 
that SO (n) is not simply connected. 

To find its fundamental group we again use Proposition 
8 of Lecture 12. As already observed in Lecture 1, the quo- 
tient manifold SO (n)/SO (n —1) is naturally identified 
with a sphere S”-! and is therefore simply connected for 
n>3. By Proposition 8 of Lecture 12, therefore, for any 
n>3 the fundamental group 1,SO (n) of SO (n) is the 
factor group of the group 1,SO (3). It is therefore sufficient 
for us to calculate only the group 7,SO (3). 
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Let H’ be a vector space of “pure imaginary” quaternions 
y (i.e. such that n = —y) and §3 be a group of “unit” 
quaternions Ẹ (i.e. such that Ẹ = E-). If Ẹ = §3 and y € 


H’, then En! = Ein = —EnE-! and hence Eng € H’. 
Consequently, for any quaternion € §? the formula 
o (E): n > ng, neH’, defines an (obviously linear) 
operator @(§):H’ > H’. Since Jng t] = |n], the operator 
m(&) is orthogonal. By virtue ofthe identification 
H’ = R3 the mapping g: & +» ọ (&) is therefore a mapping 
(obviously homomorphous) of the group $ into O (3). 
Moreover, since $ is a connected group, the homomorphism 
ọ is in fact a mapping into SO (3). 

Proposition 5. The homomorphism 


p: S8 — SO (3) 


is an epimorphism. The second-order group {1, —1} i, 
its kernel. 

We shall use the following general lemma to prove this 
proposition. 


Lemma 2. A homomorphism ®: G —> H of connected Lie 
groups is a group covering (and hence an epimorphism) if 
its kernel K = Ker ® is discrete and dim G = dim H. 

Proof. Since the kernel of ® is discrete, the homomorphism 
considered as a mapping onto its image ® (G) ~ G/K is 
a group covering. Therefore it is only necessary to prove 
that P (G) = H. Since dim ® (G) = dim (G) = dim H, the 
identity e € M (G) is an interior point of the subgroup 
@ (G), i. e. there is a neighbourhood of the identity U 
in H, such that U œ Ọ (G). This proves the lemma since 
by virtue of the connectedness of the group H the neigh- 
bourhood U generates H. 0O 

Proof of Proposition 4. Since dim §? = dim SO (3) = 3s 
in view of Lemma 2, it suffices to prove only the statement 
about the kernel. But if Ẹ € Ker p then for the quaternion 
identities i, j, k we have i = i&, Ẹj —j& and Ek = kK, 
which is easily seen to be possible only for € € R, i.e. for 
$ = +41. 0 

Proposition 4 implies that the mapping 4: $8 — SO (3) 
is a group double covering. Since the sphere $? is simply 
connected, that covering is universal. Therefore m,SO (3) = 


264 Semester V 


Z, and hence, by the remarks above, the group SO (n) 
with any n> 3 is a factor group of the group Z,. But we 
know that Z, is nontrivial. Therefore, with n> 3, the 
group 1,SO (n) is the second-order group Z,. 

When n = 2 the Lie group SO (2) is a circle §f and 
therefore the group 1,SO (2) is isomorphic to Z. 

When n = 1 the group SO (1) is a unit group. 

Moreover, we now See that Spin,(n) with n > 3 is a simply 
connected group while the covering @,: Spin, (n) — SO (n) 
is a universal covering. 

In view of the uniqueness of a universal covering 
it follows, 'in' particular, that Spin,(m) is isomorphic to 
Spin (n). 

Thus, although Cl+ (n) and Cl (n) are not isomorphic, 
their subgroups Spin;(m) and Spin (n) are. 

Remark 2. Of course, it is desirable to have the isomor- 
phism between Spin+(n) and Spin (n) in a more explicit 
form. One would also like to understand the algebraic 
reasons for this isomorphism. Both desires will be satisfied 
if we construct an isomorphism of Cl? (n) and C° (n) 
mapping Spin,(n) onto Spin (n). It turns out that such an 
isomorphism is the’ linear isomorphism op: Cl? (n) > 
Cl° (n) sending the basis element e; of Cl? (n) to the 
basis element é@, of Cl®(n), i.e. to (—1)?e,;, where 2p = 
| J |. Indeed, it obviously suffices to show that p is a 
homomorphism of algebras, i.e. that p (e,e;) = p (er) p (e;) 
for any basis elements er, ez of Cl? (n). Let | J | = 2p, 
| J | = 2q and |JAJ | = 2r. Also let t+ be the number of 
pairs (i, j) € J X J for which i œ j and let t be the num- 
bers of pairs (i, j)€ I X J for which i =œ j. By formulas 
(12) and (43) ee; = (—1)*er,7 in CIL (n) and ee; = 
(—1)"ezaz in CI’ (n). Therefore p (erez) = (—1)™t5 erag 
and p(er) p (e;) = (—1)+? "eraz. This proves all that 
was to be proved since it is easy to see that t — 
t =| VJ \|=p+q—s. O 

Remark 3. The fact that the mapping p is a homomorphism 
of algebras can be proved without any calculations if we 
notice that p is a restriction of an isomorphism of complex- 
ified algebras Cli (n)®C and Cl(n) ®C_ generated 
by the correspondences e, +> iej, ..., €n -» ie,, where i = 


y —1 is an imaginary unit. 
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As a rule, in what follows we shall consider only the 
group Spin (n). 


Groups Spin (n) with small n are easy to describe. 

Clearly, Spin (1) like SO(1) consists of only the unity 
identity element. 

The algebra C]° (2) is two-dimensional (its basis con- 
sists of elements 1 and e,e,) and Spin (2) is a circle in that 
two-dimensional vector space. Thus 


Spin (2) ~ SO(2) + S! = U (1). 


As for Spin (3), by virtue of the uniqueness of the uni- 
versal covering it is isomorphic to the group $8: 


Spin (3) ~ © = Sp (1). 


It is interesting that the group Spin (3) ~ §3 should 
be isomorphic to the group SU(2) as well. Indeed, a direct 
calculation shows that any matrix in SU(2) is of the form 

ab 


(14) (i SF where |a|?+]b|?=1 


and that the mapping SU(2)—S? associating matrix 
(14) with a quaternion § = a + bj € $3 is an isomorphism. 

In particular, it follows that SU(2) doubly covers the rota- 
tion group SO(3). 

To obtain an explicit description of the covering SU(2) — 
SO(3) we associate every matrix (14) with a linear frac- 
tional transformation 
(15) ieee 

—bz-+a 
of the augmented plane C* of a complex variable. When 
identifying by stereographic projection of the plane Ct 
with the sphere S? transformations (15) turn, as is known 
(see I, 28), into rotations of a sphere, i.e. into SO(3). It 
is this that gives the covering SU(2) — SU(8) since ma- 
trices differing in sign generate the same rotation (15). 

Further, it is easily seen that the group Spin (4) is iso- 
morphic to the direct product §? X S? of groups S? ~ Spin (8). 
This is most easily established if we notice first that for 
any two quaternions &, n € $ the formula 


E — bn, CEN 
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defines an isometric (for | fn |= |E]-]S]-ln |] = [61 
mapping of the algebra H into itself, secondly, that the 
resulting mapping §* x §*-—SO(4) is a homomorphism 
(since &, (E262) Ni = (E162) 6 (nina)) and, thirdly, that the 
kernel of that homomorphism consists of only two elements 
(1, 1) and (—1, —1) (if Cn = € for all € then, in particu- 
lar En = 1 and hence Ẹ = n; consequently E% = CE, from 
which, as we now know, it follows that — = +1). This 
means (see Lemma 1) that the group 5? X ©? doubly covers 


SO(4). Hence the covering is universal and therefore $8 x $° 
is isomorphic to Spin (4). O 


It turns out that similar results are obtained for the 
groups Spin (5) and Spin (6). To get them we start with the 
group SL(4; C) of unimodular linear operators of the complex 
four-dimensional space C*. Every operator A € SL(4; C) 


obviously induces some linear operator A: A? (C4) > 
A? (C*) in a vector space A? (C*) of bilinear skew-sym- 
metric functionals in C4 of (0, 2) type. On bivectors, the 
operator acts by the formula 


A(x A y) =Az A Ay, x, y€ CT. 
Since dim A? (C+) = 6, on choosing in the space AN? (C*) 
a basis consisting of bivectorse; À ej, i < j, where e;, és, £3, 
e, are vectors of the standard basis of Ct, we may assume A 
to be an element of GL (6; C). Moreover, on considering 
in A? (C*) space a quadratic functional Q associating every 
vector pe; N e; of A2(C*) with a number pip? + pp + 


p'3p#, we discover from calculation that A preserves the 
functional Q. (This can be proved geometrically without 


any calculations as well. Indeed, the operator A sends 
bivectors to bivectors and therefore preserves the equation 
Q = 0 that is equivalent to the Plucker relation charac- 
terizing bivectors among all functionals in A? (C*); see II, 
10, This means that the operator A leaves a second- 
degree hypersurface Q = 0 invariant. But then by the 
theorem on the uniqueness (up to proportionality) of the 


equations of second-degree hypersurfaces, the operator A 
must send the functional Q to a proportional functional 
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A40. Therefore it is only necessary to prove that A4 = 1 
for any operator A € SL(4, C). But the correspondence 
A > àa is obviously a homomorphism of SL(4; C) into 
a multiplicative group C* of nonzero complex numbers 
and any such homomorphism can be easily shown to be 
trivial.) 
If we go over from the basis e; A e;, i<j, to a basis 
fi = e1 N e2 + eg N & fa = ie, N ea — ils N &, 
(16) fs = ez N estan & fa = te, N e3 — ity N e 
fs =e, N es + e, A eo, fe = ie, N es — ie, N ea 
in which Q is written as a sum of squares. then in this basis 
every operator A will be expressed by an orthogonal matrix. 


On denoting that matrix by y (A) we thus obtain some 
(obviously homomorphous) mapping 


y: SL(4; C) — O(6; C). 

The kernel of the homomorphism y consists of matrices A 
whose columns a,, @, a3, a, satisfy the relation a; A a; = 
e; A e; for any i, j and so have the property that for every 
pair (i, j) vectors a; and a; can be linearly expressed in 
terms of vectors e; and e;, which is obviously possible only 
when a; = A,e; for every i. Besides, for any i and j the 
equation A;A; = 1 must hold, which is possible only when 
either A; = 1 or A; = —1 for every i. This proves that the 
second-order group {£, —E} is the kernel of y. 


Consider now in SL(4; C) a subgroup consisting of matrices 
A for which a matrix y (A) has real coefficients, i.e. it 
is in the group O(6) = O(6, R). Clearly, A is in that group 


if and only if the operator A is commutative with a semi- 
linear transformation S: A? (C+) ~ A? (C+) replacing all the 
coordinates of every element of the vector space /\? (C$) 
relative to basis (46) by complex conjugate numbers. If the 
functional from the space /\? (Ct) has the coordinates 


Zi, ..., 2g in the basis (16), then in the basis consisting 
of bivectors e, A e; i< j, it has coordinates 

Piz = 2% + Wo, Px = 4, — ls, 

Pos = 23 + iZ, Pis = Z3 — %, 


Piz = 25 + İZ6, Po, = —45 + ize, 
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and therefore the transformation S sends it to a functional 
with coordinates 


P sus Dias Digs ave — Poi» = pia: 


This means that S = T o O, where T is a linear operator 
N? (C$) — A? (C4) acting in basis bivectors by the formulas 


T (e Nea) = es A eù T (23 Nea) = e A éa 
(17) T (e Aes) = e Ne T (e A &) = ez Nes, 
T (e; A e3) = —ee A e T (e3 A %) = —e, A 8s, 


and o: Ct —> C4 is a semilinear isomorphism replacing the 
components of every vector by complex conjugate numbers. 
Thus y (A) € O(6) if and only if 


AoTeo=T egs A. 
We shall show below that for any operator A € SL(4; C) 
(18) AcT=ToA’, 


where A° is an operator on Ct whose matrix is obtained 
from the matrix of A by transposition and passage to the 
inverse matrix. It follows that y (A) € O(6) if and only if 


~ yar ns on™ fos 

A‘ o'o = o o A, i.e. if A° o o = o o A. In particular, y (A) € 
O(6) if Af o o = g» A, i.e. if A* = A-1, where A* is the 
conjugate (relative to the standard scalar multiplication 
in C4) operator (whose matrix is obtained from the matrix 
of A by transposition and complex conjugation). Since 
the equation A* = A-! characterizes unitary operators in 
the subgroup SU(4) of SL(4; C), this proves that the homo- 
morphism y maps the group SU(4) into O(6) and hence, 
SU(4) being a connected group, into SO(6). It therefore 
induces a homomorphism 


yo: SU(4) > SO(6). 


Since the kernel of yo coincides with that of y and is there- 
fore a second-order group and dim SU(4) = dim SO(6) = 15, 
the homomorphism y, is a double covering. This proves 
that the group SU(4) doubly covers SO(6) and is therefore 
isomorphic to Spin (6). 
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The group SU(4) contains a subgroup Sp(2) whose ele- 
ments A are characterized by the property that they leave 
invariant a skew-symmetric bilinear functional with matrix 


0 0041 

0 010 
= 0 —10 0]? 

—~1 000 


or equivalently by the property that A°J = JA, where J 
is a linear operator on C* with matrix J (cf. formula (5) 


of Lecture 1). Therefore if A € Sp(2), then Ao J = foi 
and hence (see formula (18)) Ao ToJ = ToJ oA. Calculation 


shows that 7 oJ = —J, where J isa linear operator A? (C4) > 
N? (C+) leaving all vectors (16) fixed, except vector fs 


which goes into vector —f ;. Thus Asl =e A, which is 


equivalent to Af, = +/,. This means that y (A) is contained 
in a subgroup of SO(6) isomorphic to SO(5) and even, in 
view of the connectedness of Sp(2), in the component of 
the identity SO(5) of that subgroup. Since dim Sp(2) = 
dim SO(5) = 10, this proves that the group Sp(2) doubly 
covers SO(5) and is therefore isomorphic to Spin (5). 

Collecting, all the proved facts together we obtain the 
following proposition: 

Proposition 6. Groups 


S O° = Sp(t) = SU(2), © X ©,  Sp(2), SU(4) 
doubly cover the groups 
SO(2), SO(3), SO(4), SO(5), SO(6) 
and are therefore isomorphic to the groups 
Spin (2), Spin (3), Spin (4), Spin (5), Spin (6) 


respectively. C] 

Thus we have succeeded in representing groups Spin (6) 
with n< 6 as matrix groups. Similar results hold for 
n >6, the difference, however, being that groups Spin (n), 
n >6, are identified only with some subgroups of the 
corresponding orthogonal groups. 
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Clearly, to prove that statement it suffices to obtain 
matrix representations of complete Clifford algebras Cl,(n). 
In those representations we shall neglect Z,-graduation 
and therefore, in particular, assume all tensor products 
to be ordinary (not skew). 

We now know that Cl (1) ~ C and Cl; (1) œ% D where D 
is the algebra of double numbers a + be, € = 1. It is 
easy to see, however, that the correspondence a + ber> 
(a + b, a — b) is an isomorphism D % R ® R. Thus 


Cl (1) æ C, Cl (A) SRAR. 


Further, a check shows that correspondences e,+> i, e> j, 
€,¢,+» k define an isomorphism of the algebra Cl (2) with 
an algebra of quaternions H and correspondences 


1 0 0 14 0 1 
a(o aa a=, )> cea ( 5) 
do an isomorphism Cl, (2) œ% R (2). Thus 
Cl (2) ~ H, Cl. (2) & R (2). 
Proposition 7. For any n >Q there is an isomorphism 
Cl, (n + 2) æ Cl, (n) 8 Cl, (2), 
i.e. two isomorphisms 
Cl (n + 2) æ Cl, (n) H, 
Cli (n + 2) æ Cl (n) ® R (2). 
Proof. Consider a linear mapping 


a: Rt? —> Cle (n) ® Ch (2) 


Ad 
ow 


for which 
æ (e:i) =e; Q ee, fori=i1,..., n, 
æ (en+1) =1 8 &, % (Cn+o) =1 8e, 


(we denote by the same symbols e; the generators of all 
the three algebras Cl, (n + 2), Cle(n) and Cl (2)). 
A check shows that a(x)? = e |x |? for any z € R"+. 
Therefore the mapping œ can be extended to some 
homomorphism a#: Cle (n + 2)— Cle (n) ® Cl, (2) of 
Cl, (n + 2) into an algebra Cl_, (n) ® Cl, (2). A similar 
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reasoning yields homomorphisms f#: Cl_, (n) ~ Cl, (n + 2) 
and y#: Cl, (2) > Cl, (n + 2) for which 
BH (e:i) = —eiln +n +o i =1,... n, 
and 
pË (e1) = entis y (e3) = en+e- 


Since, as is easily seen, B# (e;) y# (e;) = y# (e;) BF (e;) 
for any i= 1, ..., n, and j = 1, 2, the homomorphisms 
B#¥ and y# commute and hence the mapping 


B+ &@ yH: Cl, (n) ® Cl, (2) > Cl, (n +- 2) 


is a homomorphism of algebras. For every i=1,..., n 
we have 
[(B* @ p#) © at] (e) =B™ (e1) Y# (e123) = — es (en+1n+2)? = e: 
(since (ei, €a)? = —1 for any e) and for every j = 1, 2 
we have 


[(B# @ pH) o aH] (en+j) = 1 @ yË (e) = 1 @ ents, 
so that (B# ® y#) oat = id. Similarly, foranyi=1,..., 
n 


[at o (BË @ y#)] (e; Q 1) =a (B* (e;)) = a4 (— epen +12 n +2) 

= — QH (e;) OH (Cn 41) AË (Cn +o) 
= — (e; Q €123) (1 Q &) (1 @ 25) 
= — 6; Q (6122)? = €; 

and for any j = 1, 2 

la o (PH @ y#)] (1 @ e;) = a (p# (e;)) 
= aF (en+j) = 1 @ ej, 
from which it follows immediately that a# o (PB# ® y#) = id. 
Thus the mappings a# and p+ ®@ y* are reciprocal isomor- 


phisms. O 
It follows immediately from this proposition that 


C1 (3) = (R ® R) 8 H æ H Æ H, Cl, (3) &C @ R (2) & C (2), 
Cl (4) ~ R (2) & H æ H (2), Cl+ (4) = H ® R (2) © H (2). 
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To proceed we need the following lemma: 
Lemma 3. There are isomorphisms 


COCxCe@ec, COHC), HO®H RG). 
Proof. Clearly, C ® Cl (n) + C ® Cl, (n). Therefore 
CSC+CO8CI(1) xC Cl, (1) = C © (R @ R) 


=C@C. 
Similarly 


C@HYCOC(2)2C@Ci (2) COR (2)  C(2). 


However, these isomorphisms are easy to establish directly 
as well. For example, the isomorphism C ®CHC@Q@C 
is defined by the correspondences 1 ® 1 +> (1, 1), ¿i 8 1 +> 
(i, it), 1 Birr (i, —i), i @ ir (—1, 1). 

The isomorphism H ® H ~ R (4) is established if we 
identify H with Rê and associate any element of H © H 
of the form — ® y, where £, n E€ H with a linear operator 
a (E @ n): H — H acting by the formula 


o (E @ n) ¢ = Etn, SEH. 


A check shows that the operator œ (€ ® n) is correctly defined 
lie. if E@®y= & Sn’, then o (E8 n) = wo (E’ 8 n’) 
and that by linearity the mapping wcan be correctly extend- 
ed to some homomorphism œw of the algebra H @ ih into 
the algebra of linear operators H — H, i.e. in view of the 
identification of [H with R‘, into the algebra of matrices 
R (4). Since ti=1, iti =i, iji = —j, iki = —k, we 
have 


o (i @ i) = Fy, + Eg, — E33 — Ew 


and since ij = —k, üj = j, ijj = i, ikj = —1, we have 
o (i 8 j) = —Eu + Eas + Egg — Er 


In a similar fashion we can calculate all the sixteen matrices 
o(§ ® n), where & n = 1, i, j, k (of course, œ (1 @ 1) 
is the unit matrix E = E., 4 Es + E35 + E,,). On mak- 
ing these calculations we at once discover that any matrix 
unit Eup, 1<a, P <4, can be represented as a linear 
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combination of matrices œ (E ® n). For example, 


Eu= 7 o(1@1+i@itj@j+k@h) 


and 
E,=—+ 0(i@1—1@i+k@j—j@h). 


Hence the mapping w is an epimorphism and therefore, in 
view of the equality of the dimensions of the algebras 
H&H and R (4), an isomorphism as well. O 

Given an algebra 4 we shall denote by & (n) an algebra 
of square n X n matrices over Æ, i.e. with elements in 4. 
If Eag are as ever matrix units, then the correspondence 
a® Egg +> aE gg is easily seen to extend to an isomorphism 


A®R(n) = A(n). 


Since an algebra R(n) (m) of m X m matrices whose 
elements are n X n matrices can be naturally identified 
with an algebra R (mn) of order mn, it follows in particular 
that 


R (m) ® R (n) & R (mn) 
for any numbers m, n œ 0. Therefore 
A (m) O B (n) Z (4 @ R (m) @ (B S R (n)) 
X (48 B) S (R (m) E R(n)) & (4 8 #) (mn) 


for any algebras 4, and any numbers m, n >Q. 
Hence by Lemma 3 ~- 


C (m) ®@ H (n) ~ C (2mn), H (m) 8 H (n) = R (4mn). 
Returning to Clifford algebras we in the first place get 
Cl, (2) © Cl (2) & H @ R (2) & H (2). 


By applying Proposition 7 twice we therefore obtain the 
isomorphisms 


Cl (n + 4) © Cl (n) ® H (2) and l4 (n + 4) & Cl, (n) 
® H (2) 


18—0450 
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from which, in view of the isomorphism h (2) @ lH (2) ~ 
R (16), it then follows that 


Cl (n + 8) = Cl (n) © R (16) & Cl (n) (16) 
and 
Cl. (n + 8) & Cl, (n) @ R (16) & Cl, (n) (16). 
Since we have already calculated algebras Cl, (n) with 
n <4, this yields algebras Cl, (n) for all n. We shall state 


the final result as the following theorem: 
Theorem 2. There are isomorphisms 


C1 (8m — 3) æ C (21-2), Cl, (8m — 3) 
a H (2*3) @ H (24-3), 
C1 (8m — 2) æ R (21-1), Cl, (8m — 2) œ H (24-2), 
Cl (8m — 1) Cl, (8m — 1) x C (2-1), 
a R (24-1) @ R (2-4) 
C1 (8m) ~ R (2%), Cl, (8m) æ R (24), 
Cl (8m-+ 1) = C (24), Cl, (8m + 1) 
oe R (24) @ R(2*”), 
Cl (8m + 2) æ h (2*”), Cl, (8m +4- 2) œ R (2+1), 
C1 (8m +3) Cl, (8m + 3) æ C (2+), 
zæ H (24") @ H (24), 
C1 (8m + 4) = H (2+1), Cl, (8m + 4) ~ H (2*”+1). O 


Notice that 
Cl (8m) ~ Cl, (8m), Cl (8m + 4) & Cl, (8m + 4). 
No other algebras Cl (n) and Cl, (n) are isomorphic to 
each other. It is also useful to keep in mind that 
Cl (2n) if n=4m—1, 4m, 
TOREA 
Cl, (2n) if n=4m+1, 
and similarly for C (2") and [h (2). It is interesting that 
the algebra R (*"+?) should not be isomorphic to any algebra 
Cl, (n). 
Ít follows for groups Spin(n) (and pin, (n)) from Theo- 
rem 2 that they are embedded into the corresponding matrix 


Lecture 13 275 


groups or their direct sums. But since any pair (A, B) 
of n X n matrices are identified with the 2n X 2n matrix 


(19) a 


embedding into direct sums can be replaced by embeddings 
into groups of matrices twice their size. Thus elements of 
groups Spin (n) can be represented by matrices of some order N 
over algebras R, C or H, with N being equal to 2%, where 


4m—2 if n=8m—8, 

4m—1 if n=8m—2, 

4m if n=8m—1, 8m, 8m+1, 8m-+2, 
4m+-1 if n=8m-+3, 8m+4, 


a (n) = 


and the matrices being real at n = 8m — 2, 8m — 1, 8m, 
complex at n = 8m — 3, 8m + 1 and quaternion ones at 
n = 8m + 2, 8m + 3, 8m + 4. 

However, when a pair (A, B) is identified with matrix 
(19) there is a certain loss of information. So it is more 
appropriate not to make the identification but represent 
elements of groups Spin (n) with n = 8m —1 and n = 
8m + 3 by pairs of matrices of order 2%) -1 (real or quater- 
nion ones respectively). 

Definition 5. Two matrix representations of a group G, 
i.e. two embeddings (or more generally two homomorphisms) 
of G into some matrix group are said to be equivalent if they 
differ by an internal automorphism of that group, i.e. if 
they are obtained from the same representation of G as 
a group of linear operators of some vector space by a dif- 
ferent choice of basis in that vector space. 

It is important to bear in mind that the above represen- 
tations of groups Spin (n) are defined up to an equivalence 
only, since isomorphisms in Proposition 7 and Lemma 2 can 
be constructed in many ways having no advantages over 
one another (it may be assumed, for example, that a (e,) = 
18 e, a (e) =1@e, and «a (e;) = e;_, ® ee, for 2 < 
t< n+ 2). 

It is interesting that this statement can be made more 
precise. 


18* 
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Let us say that the matrix (over a unital algebra Æ) 
is monomial if all elements in each row and each column 
are zero, except one which is +1. The operator correspond- 
ing to the monomial matrix interchanges basis vectors 
multiplying them at the same time by +1. Therefore any 
monomial matrix is an orthogonal one when 4 =R, a 
unitary one when .4 = C and a symplectic one when 4 = H. 

The arbitrariness in the isomorphisms of Proposition 7 
and Lemma 2 can obviously be restricted to interchanges 
of basis elements which would be accompanied by multi- 
plication of the latter by +1. Therefore the constructed 
representations of groups Spin (n) may be assumed defined 
up to equivalences effected by monomial matrices. 


It is clear that for any monomial matrices A € R (m) 
and B ER (n) the matrix in R (mn) & R (m) ® R (n) cor- 
responding to a tensor product A ® B (by the way, this 
matrix is called the Kronecker product of A and B) is also 
monomial. 

In addition it is easy to see that under isomorphisms 
C 8 H æC (2) and H8 H wR (4) of Lemma 2 the gen- 
erators £ ® n, where Ẹ = 1, i or Ẹ = 1, i, j, k and y = 
1, i, j, k, turn into monomial matrices. The same property 
holds for the isomorphisms Cl, (2) æ R (2) (with respect 
to the generators e, and e,). Therefore it follows by an 
induction that under isomorphisms of Theorem 2 the genera- 
tors €j, .. +, En of algebras Cl (n) turn into monomial ma- 
trices Ej}, ..., En (or into pairs of monomial matrices). 

In particular, if E}, ..., En are real matrices, then 
they are orthogonal and if E}, ..., En are complex or 
quaternion matrices, then they are respectively unitary or 
symplectic. In other words, these matrices satisfy the 
identity UUT = E, where Æ is the identity matrix. But 
since e? = —1, we have E} = —E and therefore E] = 
—E,. Hence UT = —U for every matrix U of the form Æ; 
and hence, by linearity, for every matrix U of the form 
uE; representing an element u = ute; € iR” c Cl (n). 
On the other hand, since u? = —] u |?, we have U? = 
—]u E and, in particular, U? = —E for u € S". 
Therefore UUT = E, i.e. U is an orthogonal matrix or it 
is respectively unitary or symplectic. 
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Putting for notational simplicity 


O(n) if K=R 
On (n)=4 Un) if K=C 
Sp(n) if K=H 


we thus find that every element u € S°! c Cl (n) can be 
represented by a matrix U in the group Oy (n), where K = 


R, C or H depending on n. 

Since elements in S"! generate a group pin (n), this 
conclusion is true for any element u € pin (n) too, and, 
in particular, for any element u € Spin (n). 

Thus the group Spin (n) turns out to be embedded into 
Ox (220), where 


R forn=8m—2, 8m—1, 8m, 
K= ¢ C forn=8m—3, 8m-+-1, 
H forn=8m+2, 8m+3, 8m-+4. 


When K = R it is possible to state in addition, in view of 
an ela of the group Spin (n), that Spin (n) = 
n). 

In the case K ~ R it is, of course, possible to go over by 
identifying C with R? and H with Ré to real (necessarily 
orthogonal and unimodular) matrices; however, this will 
not only double or quadruple the dimension but also lead 
to an essential loss of information. 

When n = 8m — 1 or n = 8m + 3 we in fact effect the 
representation of the elements of a group Spin (n) by pairs 
of matrices half the order. 

Note that we have ignored the possibility of obtaining 
another series of representations by using the algebra 
Cl; (n) and the isomorphism Spin (n) ~ Spin, (n). The 
reason for this is that these representations essentially 
give nothing new leading as they do to equivalent repre- 
Sentations or to representations resulting from them by 
realizing, complexifying or constructing a direct sum. 


There is, however, another possibility of constructing 
representations of groups Spin (n), which while actually 
giving nothing new helps define more precisely the structure 
of the representations already constructed. 


278 Semester V 


This possibility is based on the fact that by definition 
the group Spin (n) is contained in a subalgebra C}? (n) 
of Cl (n) consisting of even elements. 

Proposition 8. For any n> 1 an algebra C?’ (n) is iso- 
morphic to Cl (n — 1). 

Proof. We define a linear mapping 


wo: Cl (n — 1) > CI’ (n), 
by putting 
| er if |Z| is even 
(=) ee, if [I] is odd 
for any basis element e; of an algebra Cl (n — 1), where J 
is a subset of the set [n —1] = {1, ..., n — 1}. In other 
words, œ (er) = é;+, where 
j i if |Z| is even, 
=- (ZU{fn} if |Z] is odd. 
Denoting as before by t (I, J) the number of pairs (i, j) € 
I x J for which i œj, we at once get 
v(t, J*) = q (I, J) mod 2. 


In addition, it is easy to see that J* AJ+ = (I AJ)*. Hence 
(see formula (43)) 


I+, J+ 
© (er) © (ez) = e+e 7+ =(— 1)*° ) 


CI+AJ+ 
I,J 
= (—1)*'  eragyt =O (erez) 


for any basis elements e; and e; of Cl (n — 1). Hence w 
is a homomorphism of algebras and therefore (effecting as 
it does a bijective correspondence between their bases) also 
an isomorphism. QO 

Note that the inverse isomorphism œ~! acts by the formula 


wo (u + ve,) = u +o, 


where at the left-hand side u and v are elements of an algebra 
Cl (n) (in CI?’ (n) and Cl! (n), respectively) that contain 
no ln, i.c. that can be decomposed into basis vectors ezr 
with J c [n — 1], and at the right-hand side u and v are 
the “same” elements of Cl (n — 1). 
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Remark 4. As we know, CIl’ (n) and CI? (n) are isomor- 
phic. Therefore Cl (n — 1) is isomorphic also to Cl? (n). 
In explicit form the isomorphism w+: Cl (n — 1) > CI? (n) 
is given by the formulas 


(er) e; if |Z| is even, 
©, (er) = Mi 
ii ener if |I| is odd. 


It may be assumed by Proposition 8 that Spin (n) c 
Cl (n — 1). Therefore by applying again Theorem 2 we 
obtain a representation of elements of Spin (n) by matrices of 
order 2%("-1) over an algebra K, where 


R if n=8m—1, 8m, 8m--1, 
K=< C if n=8&m—2, 8m-}-2, 
H if n=8m+3, 8m +4, 8m-+5 


For n = 8m and n = 8m + 4, of course, we in fact obtain 
a pairwise representation of matrices of order 2¢-)-}, 

Any vector u € R” can be written as u = wu’ + Ae,, where 
u' € R”-! and A € R, with u € S”-! if and only if | u’ |? + 
à = 1. By definition a group Spin (n) is generated by all 
possible elements of the form uv, where u, v € S”-!, i.e. 
by elements of the form 


(u + hen) (V + pen) = (uv — Au) + (uu — Av") en, 


and hence its image in Cl (n — 1) is generated by elements 
of the form (u'v' — àu) + (uu’ — Av’). But putting vë = 
v’ — pe, we find that the element 


Ue, Ve, = (Uen — À) (v'en + u) = (uv — An) 
T (uu — Av") en 


has in Cl®(m—1) the same image (u’v’ — Ap) + 
(uu’ — Av’) as an element uv. This shows (since we, €E 
Spin (n) and v* € S"-' if v € S"-!) that the image of Spin (n) 
in Cl? (n — 1) is generated by the images of elements of the 
form ue,, u € S"-1. Since ue, = u'e, —A, these images 
are of the form wu’ — A and hence can be represented by 
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matrices of the form U — AE. Since UT = —U and hence 
(U — iE) (U — AE)T = —(U — 1E) (U + AE) 

= —U? 4 XE = (lu PH X)E 

— E, 


all these matrices are orthogonal (or unitary or symplectic, 
respectively). This proves that the newly constructed repre- 
sentations are also representations in groups On (N) (and, with 


K = R, in groups SO (N)). 

Thus, for example, we have now represented the group 
Spin (8m + 1) by orthogonal matrices of order 24m whereas 
earlier we represented it by unitary matrices of the same 
order. It is possible to show, however, by carefully examin- 
ing all the isomorphisms that these unitary matrices are in 
fact real and that the resulting representation by real uni- 
tary, i.e. orthogonal, matrices is equivalent to that just 
constructed. (This follows without any calculations from 
the general results on matrix representations of groups 
Spin (n) which will be proved in the next semester course 
within the general theory of representations of compact Lie 
groups. Therefore we shall not prove this fact here.) Con- 
sequently we have in fact only one representation of the 
group Spin (8m + 1) by orthogonal matrices. It is called 
a spinor representation of the group. 

For group Spin (8m) we now obtain a representation by 
pairs (A, B) of unimodular orthogonal matrices of order 
24m-1 Tt turns out (which is again easiest to prove using 
the general theory to be developed in the next semester 
course) that on identifying these pairs with matrices (19) 
of order 24” we arrive at a representation equivalent to that 
constructed earlier. Thus here, too, we obtain only a slightly 
more refined representation of the previous representation. 

However, it is more common to consider not pairs of 
matrices but components of those pairs individually, i.e. 
the two homomorphisms 


(20) Spin (8m) = SO (2:™-1), 


These are called semispinor representations of group Spin (8m). 
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It should be emphasized that semispinor representations 
are not monomorphisms. Indeed, under the isomorphism 
Cl, (n) ~ Cl, (n — 2) Q Cl, (2) of Proposition 7 an ele- 
ment efin] = ¢;... en of Cl, (n) goes over into an element 
Ctn-21 Q (e12)! = (—1)"1 ein. © 1 of Cle (n — 2) @ 
Cl, (2). Therefore under an iterated isomorphism Cl (n) ~ 
Cl (n — 4) ® H (2) (we restrict ourselves to the case 
e = —1) that element goes over into e,_, ® E, where E 
is the identity matrix. An induction now shows that given 
n = 8m —1 the element eg ® E in Cl (3) @ HH (24™-8) 
and hence the element e, ® 1 8 E x (E, —E) in Cl+ (1) ® 
C1 (2) ® H (24"-3) & (R ® R) ® R (24-1) correspond to 
an element egaj- This proves that under one semispinor 
representation (20) an element etsm-ı] goes over into the 
identity matrix Æ and under the other, an element —e;gm_y 
does. (It is assumed here that Spin (8m) c Cl (8m — 1); 
under a natural embedding Spin (8m) < Cl° (8m) there ap- 
pears an element eism] instead of eism) O 

Remark 5. It can be shown that elements efgm] and —érgm] 
are the only nontrivial elements of a group Spin (8m) that 
go over under homomorphisms (20) into an identity matrix. 

The earlier constructed “paired” representation for a group 
Spin (8m — 1) can also be split into two homomorphisms. 
These, however, will be faithful representations (i.e. mono- 
morphisms) and will be equivalent to a single new repre- 
sentation of the group Spin (8m — 1) in SO (24™-1), 

For a group Spin (8m — 2) we now obtain a complex 
representation in a group U (2‘*”-?), It turns out that under 
an embedding U (2!™-?) œ SO (24-1!) it goes over into a 
representation equivalent to the representation constructed 
earlier in the group SO (24-1), 

For a group Spin (8m — 3) the earlier constructed repre- 
sentation is obtained in a Similar fashion from the new quater- 
nion representation. 

For a group Spin (8m + 2) the quaternion representation 
constructed earlier turns out to be in fact a complex repre- 
sentation equivalent to the new representation. This situation 
is similar to that arising for n = 8m + 1. 

For a group Spin (8m + 3) the “paired” quaternion repre- 
Sentation constructed earlier consists of two representations 
equivalent to the new representation. 
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For a group Spin (8m + 4) the quaternion representation 
constructed earlier turns out to be in fact a “block” represen- 
tation reducing to a “paired” new representation. 

In the last two cases the situation is similar to that for 
groups Spin (8m — 1) and Spin (8m), respectively. 

As is already noted, all these statements follow easily from 
the general theory to be presented in the next semester’s 
lectures. Their direct verification, though tiresome, is quite 
possible. It will be left to the reader. 

We conclude this lecture by proving formula (18) from 
linear algebra which was taken above without proof. For 
the matrix of an operator A this formula is equivalent to a 
relation between its second-order minors and hence can be 
proved by a direct, though somewhat cumbersome, calcu- 
lation. To elucidate the intrinsic significance of that formula, 
however, we prefer to give it here a more conceptual proof 
in its natural generality. 

Let Y be a finite-dimensional vector space over a field K 
and suppose as ever that 7’ is the conjugate space. Suppose 
further that A? (7) and A? (7) are spaces of skew-symmet- 
ric p-linear functionals on Y and Y’, respectively: see II, 
9. For any p-vector 2, A... A pE A? (7) and any 
p-covector E1 A... A EP E€ NP (Z) we put 


(x, Ne.. A 2p: Er N- A &) = det | 3 (z;) li,j=t...p- 


It can be easily checked that the function (,) by linearity 
can be correctly extended to any elements of vector spaces 
A? Z) and A? (7') and is a pairing (see II, 4) be- 
tween the spaces. Thus A? (7) and A? (7) are naturally 
dual to each other and therefore the vector space A? (7) = 
Ap (7) may be identified with a vector space A? (7°) con- 
jugate to A? (7). 

For every skew-symmetric functional y € N9 (F) (it is 
now convenient for us to somewhat change the notation 
adopted in II) the correspondence z —> x N y, where z € 
A? (7), is a linear mapping A? (7) — AP" (7) and 
hence defines the conjugate mapping A?*? (7”’) > A? (7). 
The image of a functional z € A?*? (7’) under that mapping 
is denoted by y _| z and called the left internal product of 
functionals y and z. By definition, 


(z, y J2)=(@ Ay, 2) for any z€ A? (7°). 
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Similarly, the right internal product x|_ y of functionals 
x € APT (7) and y € AZ (7) is in A? (F) and is charac- 
terized by the equation 


(æ [| y, z) =z, y Nz) for any 2€ A? (7). 


If e;,..., €n is the basis of 7, then for any subset J = 
fi... ip} ofa set [n] = {1,... n}, where i, <... < ip, 
a basis p-vector e;, N... A e; _ will be denoted by e, (see 


a similar notation above for elements of a Clifford algebra). 
In a similar fashion e7 will denote a basis p-covector eù! / ... 


A ep, where e!, ..., e* are vectors of the conjugate basis 
of the space 7’. As it follows directly from the anticom- 
mutativity of external multiplication, for any subsets 
I, Jc [n] there is a formula 


—f (HO Pens, if INJ=Ø, 

CINE -| 0 otherwise, 

where t (J, J), as in (13), is the number of pairs (i, j) for 
which i€ J, j €J and i œi. The same formula holds, of 


course, for the multi-covector e! A e/. 
It follows immediately from these formulas that 


t(K,I) Ks 
yes | Vd) eV Cds 
a | 0 otherwise, 


and similarly 


i -| (A eek. if Fed, 
r=) Q otherwise, 


where K = JNI is the complement of J in J. 
Consider now a linear operator A: F —>— F. Setting for 
any multivector q \ ... N tp € A? (7) 


Arp) (1 A. ++ A tp) = AM A... A Afp, 


and extending Arp, by linearity to any elements of the 
vector space AP (F) we obviously define correctly some 
linear operator Atp : A” (Z) > A? (VF) usually called the 


p-th external degree of the operator A. (The operator A con- 
sidered above is nothing but an operator Aga.) 
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It is clear that 
Atp+q) ( A Y) = Atp A Atay 
for any functionals z € A? (7) and y € N! (7). In addition 
it follows immediately from the definitions that 
(Ain = (Ai, 


where the prime designates as ever (see II, 14) the passage 
to the adjoint operator. Therefore the symbol Afp] is quite 
correct. 
The key to formula (10) is the following lemma: 
Lemma 4. For any functionals x € NI (F), y E P(T’) 
and any operator A: F +V we have 


z A Aip+aY = Alp) (tat y). 


Proof. For every functional z € A” (7) we have 


(2, £4 Afp+ay) =(2 A z, Afp+aiy) 
= (Atp4qy (Z A 2), Y) 
= (Atp A Apt, Y) 
= (Atp, Afat - y) 
=(z, Aip (Az - y). O 


We apply Lemma 4 to the case where p + q = n and y = 
elrl= et A... A œ. Sincea direct calculation shows that 


Ainge") = (det A) eir, 


by Lemma 3, for any functional z € A? (7%) and any oper- 
ator A: F — F we have a formula 


(det A) (x em) = Aip (Apq}t _] ef”). 
Putting 
Tx = £ _\ tq); rE Al (7), 
we can write this formula as follows 
(det A) T = Aip ° T ° Atg, where p+q=n. 
The mapping T is given in explicit form by the formula 
Te, = (AJDE, 
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where J = [n]\ J is the complement of J in [n] and t (J) = 
t (J, I) is the number of pairs (j, i) with ¿€ T, 7 EJ and 
j >i. In particular, it follows that T is an isomorphism 
NI (7) > A" (7"). 
In the special case, where det A = 1 we obtain the formula 
Aip ° T =T o Atay, 
where Ae = (A'J). 

So far all our constructions have been completely 
invariant (even the isomorphism T is independent of the 
choice of basis up to a constant factor since when changing 
the basis it is multiplied by the determinant of the transi- 
tion matrix). Now, assuming the basis e,, ..., e, to be 
chosen (i.e. going over, in fact, from the vector space 7“ 
into the vector space K”) we identify 7 and 7’ using the 
equality of coordinates in the bases e,,..., e, and e!,..., e” 
(in invariant terms this is the same as giving in a vector 
space some scalar product, i.e. a pairing of that vector space 
with itself), Then T turns out to be an isomorphism 
Ai (VY) — N~ (7) and is defined by the formula 


and hence, for n = 4, p = q = 2, coincides with the iso- 
morphism 7 defined by formulas (17) (which are extended 
to the case of a ground field K). Thus formula (18) turns out 
to be a special case of formula (21) to within notation. 

Formula (18) may thus be considered to be completely 
proved. 

Remark 6. Writing the general formula (21) in matrix 
form we obtain a formula expressing in terms of q = n — p 
order minors of a nonsingular matrix p order minors of the 
inverse matrix. A purely computational proof of the formula 
is extremely cumbersome. 
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Doubling of algebras: Metric algebras: Normed algebras: 
Automorphisms and _ differentiations of metric algebras: 
Differentiations of a doubled algebra: Differentiations 
and automorphisms of the algebra H. The algebra of 
octaves. The Lie algebra g,-Structural constants of the 
Lie algebra gf ‘Representation of the Lie algebra gl by 
generators and relations 


The construction of quaternions from complex numbers 
is quite similar to the construction of complex numbers 
from reals. Moreover, both are special cases of the same 
general construction. 

Let Æ be an arbitrary (but as ever finite-dimensional) 
algebra over the field of real numbers R in which a conju- 
gation, i.e. some involutory antiautomorphism a +> a (the 
case ad = a for all a € & is not excluded) is given. 

Consider a vector space ° which is a direct sum of two 
copies of a vector space 4, i.e. which consists of pairs of the 
form (a, b), where a, b € 4. We introduce into 4° multi- 
plication as follows: 


(a, b) (u, v) = (au — vb, bu + va). 


A simple check shows that relative to that multiplication 
the vector space ° is an algebra (of dimension 2n, where 
n = dim 4). We shall call that algebra a doubling of the 
algebra 4. 

Clearly, the correspondencea +» (a, 0) is a monomorphism 
of A into 4%. We shall identify elements a and (a, 0) and 
thus assume the algebra ¥ to be a subalgebra of 4°. If 4 
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is a unit algebra, then the element 1 = (1, 0) will obviously 
be an identity element in ° too. 

(_zLet e = (0, 1). Then be = (0, b) and hence (a, b) = 
a + be for any elements, a, b € 4. Thus every element of 
algebra ° is uniquely written as a + be, with 


(1) a (be) = (ba) e, (ae) b = (ab) e, (ae) (be) = —ba, 


which together with the distributivity requirement uniquely 
defines multiplication in °. In particular e = —41. 

A doubling R? of the field R is the algebra C of complex 
numbers and a doubling C? of C is the algebra of quaternions 
H. The first statement is obvious. To prove the second state- 
ment one should write out complex numbers in explicit 
form in every element Ẹ = a + be of C’, i.e. put a = ag + 
ai, b = a, + agi, and denote e by j and ieby k. As a result 
we obtain for € the usual quaternion notation 


E = a) + ai + aaj + azk. 


The fact that i, j and k = ij satisfy the usual quaternion 
identities is checked easily. 

Since for any element a of 4 we have ea = ae, the algebra 
A* like the quaternion algebra H, is deliberately noncom- 
mutative if the conjugation in Æ is not an identity mapping. 
In a similar fashion, since a (be) = (ba) e, the algebra 4? 
is nonassociative if 4 is noncommutative. In particular a 
doubling H? of the algebra H is nonassociative. 

Thus we see that as the construction of a doubling is 
iterated the algebraic properties of the multiplication 
gradually deteriorate. 

Of course, for the construction of a doubling to be iterated 
it is necessary to define a conjugation in 4°. We shall do 
this by the formula 


a + be -=a — be, 


turning for A = R into the usual formula for complex 
conjugation (after replacing e by i of course). Clearly, this 
mapping is involutory and linear. A computation shows that 
it is simultaneously an antiautomorphism. For 4 = C it is 
the usual conjugation in H. 

A unit algebra over the field R is said to be a metric 
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algebra if a conjugation a+» ais given in it such that given 
any element a € the element aa is in the space R (i.e., 
more precisely, in the subspace R-1) and is positive for 


a-~0: aa >0. A real number | a |= Yaa is called the 
norm of a. By definition, |a | = O if and only if a = 0. 
A direct check shows that in any metric algebra æ the 
formula 
(x, y) = ete 
defines a scalar product. Thus, any metric algebra is a 
Euclidean space with respect to that product. The norm 
| a | of an element a € Æ is nothing but its length. 
The orthogonal complement of the identity element in 
a metric algebra is denoted by 4’. 
Any element’ a € 4 can be uniquely represented as a = 
à -+ a’, where AER and a’ € 4’. We have a = À — a’, 


so that, in päriiéulär a€ A' if and only if a = —a, and 
ae€R if and only if @ =a. By definition 
(2) xy + zy = 2 (x, y) 


for any elements zx, y of the metric algebra 4. In particular, 
if x, y E A’, then yx = —xy if and only if x 1 y 

It is easy to see that given any metric algebra 4 the algebra 
A’ is also metric. Indeed 


(a + be) (a + be) = (a + be) (a — be) = aa + bb 
for any element a paS be € A’. 
A scalar product in ° is given as follows: 
(a + be, u + ve) = (a, u) + (b, v), 


so that the direct sum 47 = A ®@ & turns out to be a direct 
sum of Euclidean spaces.: Thus all algebras R, C = R?, 
H = C?, Ik?, . . . are metric algebras. 

A finite-dimensional algebra Æ which is at the same time 
a Euclidean space (but not necessarily a metric one a priori) 
is said to be a normed algebra if 


|ab| =|al-|o| 
for any elements a, b € 4. In such an algebra, for any element 
a Æ 0 the mappings z +»—— and z — —~ are isometric 


la| la| 
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and hence (4 being a finite-dimensional algebra) bijective. 
Therefore for any element b € 4 the equations az = b and 
xa = b are uniquely solvable in 4, i.e. the normed algebra A 
is a division algebra. 

Examples of normed algebras are metric algebras R, C 
and H. As we shall see below, the metric algebra H? is also 
normed. 

Hurwitz’s theorem to be proved in Semester VI says that 
there are no normed algebras other than those four algebras 
(so that, in particular, any normed algebra is necessarily 
a metric algebra). 

If an automorphism @: 4 — æ of a matric algebra is 
commutative with a conjugation (i.e. if Da = Ma for any 
element a € A), then it is of course an orthogonal operator. 
Conversely, if an automorphism Ọ®: 4 — 4 of a metric 
algebra 4 is orthogonal, then since @1 = 1 it sends to itself 
the subspace 4’ and is therefore commutative with the 
conjugation. 

And it is easy to see that if 4 is a normed algebra, then any 
automorphism ©: 4 —— A of it is an orthogonal operator. 
Indeed it suffices to prove (see II, 21, condition (b) of Prop- 
osition 2) that if | a | =í, then] Pa | = 1. But if | Da | < 
1, then | at | = | (Da)* | = | Da |? +0 as k > o, i.e. 
Dat — 0 and hence at —> 0. Therefore | a |* = |a? | +0, 
which is impossible for | a | = 1. Similarly, if | Da | > 1, 
then | a |* - œ as k — oo, which is also impossible. Hence 
{Ya |=1. 0 

As a rule some basis is fixed in all our algebras 4. There- 
fore the group of orthogonal perators 4 — Æ can be iden- 
tified with the group O (n) of orthogonal matrices. By 
virtue of this identification, for the group Aut of auto- 
morphisms of a normed algebra 4 there is an inclusion 


Aut 4 Z O (n), where n = dim 4. 


Moreover, since every automorphism ®: 4 — 4 can be 
uniquely defined by the linear mapping 0’: 4’ —> 4’ 
(ifa=X-+ a’, where ACR and a’ € 4’, then Da = A + 

‘a'), we may assume identifying ® with @’ that 
(3) Aut 4 Z O (n — 1). 


In particular, it is true for Æ = C when n = 2. Consequent- 
19-0450 
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ly, since O (1) = Z, the group Aut C is a second-order group 
Z. consisting of an identity automorphism id and an automor- 
phism of a complex conjugation a> a. 

For the Lie algebra Der “4 = | (Aut 4), of differentiations 
of the algebra 4, it follows from inclusion (3) that 


(4) Der 4 c 80 (n — 1), 


where 8ọ (n — 1) is a Lie algebra of skew-symmetric 
n — 1 order matrices. Therefore, in particular, Der C = Q. 


However, equations Aut C = Z, and Der C = 0 are easy 
to obtain also in a straightforward way. Indeed, being a 
linear operator over the field R which sends 1 to 1, any 
automorphism ®: C —> C is uniquely defined by a number 
@Mi. But since i? = —1, there must be an equation (Mi)? = 
—1 for that number. Hence Mi = +i, which just gives 
us an identity operator and a complex conjugation. 

Similarly, any differentiation D: C—C is uniquely 
defined by a number Di which must satisfy the identity 


Di-i+i-Di = D (È) = —D1 = 0 


that is possible only when Di = 0. 

These simple considerations allow a generalization to the 
case of any doubled algebra 4°. Namely, every differentia- 
tion D of an algebra 4° defines by the formulas 


two linear operators D,, F: 4 > A and two elements zo, 
Yo E A, with the differentiation D being uniquely recovered 
from Dy, F and z), Yo in view of the equation 


D (a + be) = Da + Db-e + b-De, 
i.e. the equation 


(9) D (a + be) = (Daa — Fb + bzo) + (Fa + Dob + yob) e. 


To describe the Lie algebra Der .4? therefore it suffices to 
describe quadruples (D,, F, x», Yo) for which formula (5) 
gives the differentiation of the algebra °. (In a similar 
fashion we can describe automorphisms, but this leads to 
complicated calculations.) 

To obtain conditions on Dy, F, Zo, Yo ensuring the inclusion 
D € Der 4’ it is necessary that in the relation 
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(6) D (&m) = DE-n + €-Dy, 


where § =a-+ be and q = x + ye are elements in °, 
D should be expressed in terms of (5), all multiplications 
should be carried out and the coefficients of 1 and e at the 
left and right should be compared. For example, at — = a, 
y = x we obtain the identity 


D, (ar) +. F (ax) e = (Dya-x + a-D x) + (Fa-x + Fr-a)e 


from which it follows that D,is a differentiation of the algebra 
A and F satisfies the identity 


(7) F (ax) = Fa-x + Fz-a. 


Similar identities can be obtained at Ẹ = be and yn = z, 
at E = a and yn = ye, at & = be and y = ye. It turns out 
in practice, however, that it is appropriate to find first a 
general solution of the functional equation (7) and then 
consider these supplementary identities. Besides, it is 
useful to consider from the outset relations zo -|- 2) = 0 
and yo + Yo = 0 resulting at E = y =e and implying 
that 2%, Yo E A’. 

Suppose, for example, Æ = C and hence 47 = H. Since 
Der C = 0, we have D, = 0. To calculate the operator F, 
we can use the fact that C = R?, and apply the same method 
by introducing linear operators P, Q : R — R defined by 


Fe = Px 4 Qr-i, LER. 
For a, x € R, it follows from identity (7) that 
P (ax) = Pa-x 4+ Pzr-a and Q (ax) = Qa-x + Qr-a, 


i.e. that P and Q are differentiations of the field R. There- 
fore P = Q = 0, i.e. Fx = O for z € R. Hence F (x + yi) = 
F (yi) = Fi-y, i.e. 


Fa = zọy'Im a, where 2, = Fi. 
A direct check shows that relation (7) holds for all z,. This 


proves that any differentiation D: H—> H must be (see 
formula (5)) of the form 


(8) D (a + bj) = (—2 Im b + bxo) + (Zo Im a + yob) j, 
198 
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where £o, Yo, Zo € C. Parameters xa and yọ must be in C’, 
i.e. be of the form 2) = iao, yy = iby, where ap, db, € R. 
Substituting the obtained expression in the general formula 
(6) we now at once discover that the mapping D: H — H 
given by formula (8) is a differentiation of the algebra H 
if and only if Rez, = —ap, i.e. 2 = —a, + icy, where 
Co E R. This proves that every differentiation D: H — H of 
the algebra H is given by the formula 


(9) D {a + bj) = i (ag Re b — c Im b) 
+ [— (ao Im a + bo Im b) + i (bẹ Re b + c, Im a)l j, 


where ao, bo, Co are real numbers. 
Mapping (9) sends the subspace H’ to itself and is given 


by the matrix 
0 a —Cp 
(- a 0 —b | 
Co bo 0 


in the basis i, j, k of that subspace. 
Thus Der H c 89 (3) according to the general formula 
(4). Moreover, we now see that 


Der H = 89 (3). 


For the group Aut H, it follows from this equation that 
this group coincides either with a group SO (3) or with a 
group O (3) (since by the general formula (3) there is an 
inclusion Aut H cœ O (3)). Since a mapping with a matrix 
—FE is obviously not an automorphism, we have 


(10) Aut H = SO (3). 


In particular, we see that unlike Aut C the group Aut H 
is connected. 

Besides, comparing equation (10) with Proposition 4 of 
Lecture 13 we immediately see that any automorphism 
H — H is an internal automorphism of the form n > ng, 
where & € §°. 

Remark 1. In fact equation (10) can be proved without 
any calculations if we use Proposition 4 of Lecture 13. In- 
deed, that proposition means that the group of internal 
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automorphisms n +> nét, E € $? of the algebra H coincides 
with SO (3). Hence Aut H > SO (3). On the other hand, 
as we have just shown, the equation Aut H = O (3) is 
impossible. Therefore Aut H = SO (3). We have never- 
theless given here a direct proof since it will serve us asa 
pattern for the more complicated case of the algebra H°. 

The algebra H° is called an algebra of octaves (or an algebra 
of Cayley numbers or a Cayley algebra). Its elements are 
octaves (or Cayley numbers). It is common to denote this 
algebra by Ca, in honour of Cayley although Cayley was 
not the first to discover it (it was Graves). 

By definition every octave is of the form € = a + be, 
where a and b are quaternions and octaves are multiplied 
using formulas (1). The basis of Ca consists of 1 and seven 
elements 
(11) i, j, k, e, f = ie, g = je, h = ke, 


the square of each of which is —1 and their pairwise products 
are diagrammatically represented by the following picture: 





The product of any two elements (11) is equal up to a sign 
to the element on the same straight line (or the circle) and 
the sign is determined by the orientation of that line. For 
example, eh = k and fj = —h. 

As already noted, the algebra Ca is nonassociative. It is 
alternative, however, i.e. for any two of its elements, € and n, 
we have the identities 


(En) n = & (nn), E (En) = (E$) n. 
Indeed, let E = a + be, ņn = u + ve. Then 


Ey = (au — vb) + (bu + va) e, 
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(En) n = [(au — vb) u — v (bu + va)] 

+ [(bu + va) u + v (au — vh)] e, 
nm = (u? — vo) + (vu + vu) e, 
E (nn) = la (u? — vv) — (vu + vu) bl 

+ [b (u? — vv) + (vu + vu) ale, 


and since the numbers vv = vv and u + u are real and so 
commute with any quaternion we have 


a (u? — vv) — (vu + vu) b = au? — avv — (u + u) vb 
= au? — vva — vb (u + u) 


= (au — vb) u —v (bu + va), 


b (u? — vv) + (vu 4- vu) a = bu? —- buv +v (u+u)a 
= bu? —vvb + va (u+ u) 
= (bu + va) u +v (au — vb). 


Therefore (n) n = & (nn). 
The equation € (n) = (ẸẸ) yn can be proved similarly. O 
According to the general theory the conjugation in Ca is 
given as follows: 


a + be = a — be. 


It leaves the element 1 fixed and changes the sign of each 
element (11), so that elements (11) make up a basis of a 
subspace Ca’. 

As shown by Artin, in an alternative algebra any two 
elements generate an associative subalgebra. The same 
reasoning therefore as that for quaternions shows that the 
octave algebra Ca is normed. The proof of Artin’s theorem 
is rather cumbersome, however, and we have no time to 
spare. Therefore we prove that Ca is a normed algebra by 
direct calculation. 

Let E = a + be and n = u + ve be two octaves. We must 
prove that | n | = | Ẹ |-| |. But according to the fore- 
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going 
| Eq [2 = | au — vb |}? + | bu + va } 
= (au — vb) (ua — bv) + (bu + va) (ub + av), 
|E P |n P = (aa + bb) (uu + vi). 
Assuming v = À + v’, where A € R and v’ € Ca’ (and hence 


? 


v’ = —v’), we therefore get 
| ën P — 1 Ẹ P In |? = à (aub + bua — bua — aub) 
+ (aub + bua) v' 
— v' (aub + bua) = 0, 
for aub + bua is a real number and therefore commutes with 
the quaternion v’. O 
In particular, it follows that Ca is a division algebra. 
However, as in the case of quaternions, it can be directly 


checked (using alternativity) that equations xr = ņ and 
x§ = 1 are satisfied (for § Æ 0) respectively by the octaves 


x = -y and z = nf&-!, where Ẹ-! = Èp . O 

Remark 2. Since the construction of a doubling can be 
indefinitely iterated, there arise metric algebras Ca?, (Ca?)?, 

.., etc. But these algebras are of little interest, being 
neither normed (by virtue of the Hurwitz theorem) nor 
alternative (by virtue of the so-called generalized Frobenius 
theorem every alternative finite-dimensional algebra over 
the field R is isomorphic to one of the algebras R, C, H or 
Ca; see [12], for example). Moreover, the algebras are even 
not division algebras since using very powerful tools of 
modern algebraic topology one can prove (it was Adams 
who was the first to do so) that the dimension of a division 
algebra over R can have only the values 1, 2, 4 and 8 (there 
are division algebras of dimensions 4 and 8 distinct from 
algebras H and Ca). 

For reasons we cannot now go into the group of automor- 
phisms Aut Ca of an algebra Ca is denoted by G, and its 
Lie algebra Der Ca is by g, accordingly. Since Ca is normed 
and dim Ca = 8, according to (3) 


G,< O (7) 
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and hence 
So CŒ $0 (7), 


where 80 (7) is a Lie algebra of skew-symmetric matrices 
of the seventh order. 

Unlike the preceding case, however, the algebra g, 
does not coincide with 80 (7), so that now we deal with 
some new Lie algebra (and new Lie group) we have not 
yet encountered. We prove that by calculating the dimension 
of g, which turns out to be 14 (whereas dim 80 (7) = 21). 

The calculation of g, is made by the method we already 
know. Every differentiation D € g, is given by formula (5), 
where now zo and yp are quaternions, De is some differen- 
tiation of the algebra H and F is a linear operator H —> H 
satisfying identity (7). Assuming Fx = Px + Qz-j, where 
x€C and P and Q are linear operators C — C, we obtain, 
for P and Q, equations 


P (xy) = Px-y + Py-z, Q (ay) = Qu-y + Qy-x 
whose general solution is of the form 
Px = a Imz, Qr = bo Imz, 


where ad, bo EC. Hence putting Fj = z) + woj, where 
Zo, Wo E C, we see that a general solution of the functional 
equation (5) in H is of the form 


(12) FE = (a) Im x + by Im y + 20) 
+ (do Imz—a,Imy + Woy) J, 
E=2x-+ yi, 


where a., bo, Zo, Wo E C. A rather tedious, calculation now 
shows that the mapping D: Ca — Ca defined by formula (5), 
where D, is some differentiation of H, while F is mapping 
(12) and xz, and yo are quaternions in H’, is a differentiation 
of Ca, i.e. is in g,, if and only if 7) = —i Re ay — (Zo + 
i Re by) j. 

This proves the following lemma: 

Lemma 1. Every differentiation D of a Cayley algebra Ca 
is given by: 

(a) a differentiation D, of the quaternion algebra |}; 

(b) a quaiernion y, satisfying the relation yy = —Yo; 
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(c) four complex numbers ay, bo, Zo, Wo. 
That differentiation acts by the formula 


D(E + ne) = (Dok — Fy + nzo) + (FE + Don + yon) e, 
where F is a mapping H > H defined by formula (12) and 
zo = —i Rea, — (2 + i Re bo) j. O 

A differentiation D, is given by a skew-symmetric matrix 
of order 3 and hence depends on three real parameters, the 
quaternion yọ also depends on three parameters and the 
quadruple a, b, zo, Yo depends on eight parameters. There- 
fore the differentiation D is defined by giving 14 = 3+ 3 + 
8 independent real parameters. Hence dim g, = 14. 

In basis (41) a differentiation D is given by a matrix that can 
be represented in the following conventional but clear form 











i j k e f g h 
i — lo | — bo 
J 
Do — Zo | — Wo 
k 
— Co | do 
: ao Zo Co j mo 
f 
: by | wo |—do Yo Do+ y9 








where co = bo + Zoi, do = A) + Woi and Yo denotes an 
operator (from H’ to H) of multiplication by yo. (The oper- 
ator has a matrix 


b b eb, 
0 —b b 
b 0 —b, |’ 
—b b 0 


where b,i + baj + bèk = yo). It follows that matrices in 
$, are characterized among all skew-symmetric matrices 
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(a;;) of order 7 by the following seven conditions: 
azz + M5 + ae = 0, 
dis + ae, + A715 = 0, Ao, + aes + a, = O, 
(13) ai, + 3g + aq, = 0, As, + dog + a5 = 0, 
Qy7 + Qe + O55 = 0, Ag, + ds + ay, = Q. 
If ao = bọ = O and 


0 0 0 
D, =| 9 O pi, 
0 —p 0 


i.e. if Di = 0, then the differentiation D will send to itself 
a subspace °’ of Ca orthogonal to the elements 1 and i. 
That subspace is closed under multiplication by i and can 
therefore be considered as a vector space over C with a basis 
j, e, g. A direct calculation now shows that in that basis 
the differentiation D is given by the complex matrix 


—pi —zZo — Vo 
Zo bi — Vo 


\ Vo Vo (p—bi)i 
where Uy = b, + bi and p and b, are real numbers. Since 
this is precisely the general form of skew-symmetric matrices 
of order 3 with a trace equal to zero, we see that differentia- 
tions D: Ca — Ca for which Di = 0 constitute a subalgebra of 
8 Which is isomorphic to a Lie algebra 3u (3). 


The standard way of describing any finite-dimensional 
algebras is giving in some basis their structural constants, 
i.e. the coefficients of decompositions with respect to pair- 
wise products of the elements of that basis. Thus if e}, ...„ 
e, is the basis of an algebra #4, then its structural 


constants c; are defined by the formula 
e;e; = Chen, L, j, k = 1, oe eg M. 


The general number of those constants is n°. 

As applied to the Lie algebra g, this method requires 
indicating 2744 = 143 numbers, which of course is imprac- 
ticable. The situation is not improved by the skew-symmetry 
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of the constants with respect to i and j since even then there 
remain 1279 = 91-14 = ae -{4 constants. There is hope, 


however, that with an appropriate choice of basis these 
constants would exhibit certain regularities allowing them 
to be described in a satisfactory manner. It turns out that 
this can be really attained, the situation becoming especially 
simple after the complexification of the Lie algebra g,, 


i.e. for the Lie algebra g? = g, ® C over the field C, 
which consists of complex matrices of order 7 satisfying 
conditions (13). Since going back from g? to g, is easy to 
check, this gives us structural constants also for 83. 
Consider the standard basis of the Lie algebra 89 (7) 
consisting of matrices 
E;;—E;; 
Eti, j == 7 9 a ’ 
where i, j =1,..., 7 and i<j. It follows directly from 
conditions (13) that all matrices 


Po = Ets, 213+ Efe, 71, 
P, = Eu, 31 + Ets, 7, 
P, = Eto, 11 + Et, 41, 
P; = Etu, a + Et, 2), 
P, = Ets, 11 + Ets, 7, 
P; = Eti, 71 + Ets, 53; 


Qo = Eu, 51-+ Ete, 715 
Q, = Ete, 41 + Ets, 1) 
Q, = Ete, 51 + E17, 43; 
Q; = Ets, 61 + E17, 21; 
Q, = Et, 61 + Ets, 71; 
Q; = Et, 23 + Eqs, 51» 


Ps = Ete, 11 + Et, 31; Q: = Ets, 9 + Et, 3) 


are in g,. Since these matrices are linearly independent, 
they constitute a basis (over the field R) of the Lie algebra gp. 
Particular attention will be paid to linear combinations 


(14) H =aP,+0Q,=aEj\3, oy + bE ta, 5) + cE (7, 6) 
of matrices P, and Q., where a + b + c = 0. Notice that 
[H,, H,] = 0 for any elements H, and H, of the form (44). 
A direct calculation with matrices shows that 
LH, Pl = aP, + cQ,, LH, Qı] = (c — b XQ», 
LH, P,) = —aP, — cQ, H, Q.] = (b — c) Qi, 
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[H, P] = bP, + cQ, [H, Qs] = (c — a) Q,, 
[H, P,] = —bP; — cQs, [H, Q,] = (a — c) Qs, 
[H, P.] = cP, + aQg, [H, Q;] = (a — b) Qs, 
lH, Pa] = —cP; — aQ,, (7, Qs] = (b — a) Qs, 
from which it follows at once that the elements 
Us, = (2P — Qe) + i (2P) — Qə), Var = Q: + iQ), 
U+ = (2P, — Q,) + i (2P3 — Qs), Vio = Q, + iQ, 
U+3 = (2Ps — Qs) + i (2P; — Qs), Vag = Qc + iQ; 


which constitutes the basis of the complexified algebra g? 
satisfy the relations 


H, Ual == +iaU x,, LH, Val = +i (c = b) Van, 
(15) [H, Use] = +idU sy, [H, Vio] = +i (e — a) Vag, 
[H, Usa = ticUV 35, [H, Vag] = +i (a — b) Vag. 


To write these relations more compactly, it is appropriate 
to introduce a two-dimensional real space )* conjugate 
to the two-dimensional space f of all elements of the form 
(14). Let e,, e, be a basis of h* conjugate to the basis Po, Qo 
of f. Then for every element (14) of ) there are formulas 


16) e, (H) =a, e, (H) = b, e, (H) =c, 


where e, = — (e, + e). 
It is convenient (though not obligatory) to assume that 
a Euclidean structure and rectangular coordinates in which 


vectors e) and e, have coordinates (Aa 0) and 
( au : , r ) respectively are introduced into )*. Then 


the vectors +e,, +€, +e; together with +/f,, +f., +fs, 
where 








fi = e, — ez, fa = e; — e, f =e, —e, 


are radius vectors of the vertices of a regular star-shaped 
dodecagon. The collection of these twelve vectors in a 
plane will be called a configuration Gy. 
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We associate now with every vector a € G, an element 
Xa of the Lie algebra gf, putting 


y Pa if a=—+e,, 
a Vir if a= + fr- 


In view of relations (16) formulas (15) can then be written 
as the following single formula: 


(17) [H, Xal] = ia (H) Xa. 


Elements Xa, a € G., together with any pair H,, H, of 
linearly independent elements of § constitute a basis of 
gh. Since by construction X, = X_,, the basis of g, 
will be made up of the elements H,, H, and elements Xa + 


Xs = (x a — X_«)- Since the structural constants of the 


last basis can be expressed in terms of the structural con- 
stants of the basis H,, H,, Xa, it is sufficient for us to find 
only the latter. Since the brackets [H,, Xal and [H;, Xal 
are directly calculated by formula (17) and the bracket 
[H,, H.) is known to be zero, all we thus need is to calculate 
the brackets [X«, Xg] for all unordered pairs (æ, P) of 
different pairs of G, (the number of these pairs is 66). 

It is easy to see that every vector œ €}* is uniquely 
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written as œ = ae, + be, 4- ce}, where a+b+t+c=0Q, 
the isomorphism )* ~ h induced by the Euclidean structure 
introduced by us into )* sending that vector just to element 
(14) of the space h. Considering this we can denote element 


will be 





(14) also by a. An element @ multiplied by ar 
20 


denoted by H,. Thus H, = Taf In explicit form the 
element Ha is defined by the formula 


2 
Ha = ype (Er, 3+ bE, 5) + cE tz, 61), 


since it is easy to see that |œ |? = a? + b + œ. 
Proposition 1. For any vectors a, B €G, we have 


(18) Xa, Xal — iH, 
(19) [X,, Xg] = 0, if Pp = —a and a + P éG,, VM 
(20) [Xa, Xp] = NapXa+p, if a +P EG, (hence B A —a). 


Here Na, are some integers whose absolute values are subject 
to the formula 


(21) |Va,p| =p +1, 


where p is the largest integer having the property that for every 
j=0,1,..., p the vector p — ja is in the configuration G.. 0O 

The proof of this proposition will be obtained in Semester 
VI using a general theory. For the present all we can do is 
to suggest that the reader should honestly verify the proof 
by a calculation in all 66 cases. 

Remark 3. That calculation will, of course, give us coef- 
ficients Na, with different signs (there will result in all 
30 pairs (a, P) for which Ng,g == 0). We could formulate a 
rule defining the signs, but for one thing, it is quite com- 
plicated and, for another, it has no invariant character. 
The thing is that relations (17), (18) together with the 


equation X, = X_, characterize elements X, up to sign. 


In this sense the elements +X, are given in g7 in an in- 
variant way without any arbitrariness. The choice of signs 
which affect also the signs of coefficients V3, however, 
do not admit any invariant characterization. 
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With regard for this remark it can be said that Proposition 
1 gives a complete definition of structural constants of the 
Lie algebra g? (and hence of the Lie algebra g3). 


Algebras can be given by generators and relations as well 
as by structural constants. 


Proposition 2. The Lie algebra g? can be given by four 
generators X,, Yı, Xo, Y, satisfying fifteen relations 
IX, Yi, [X „Y= 0, [X,, Yol=0, IX., YJ = 0, 
[[X,, Y,], X,] — 2X, = 0, [1X,, Y1], X] + X, =0, 
[X Y.], X,] + 3X, = 0, ([X,, Y,], Xa] — 2X, = 0, 
[X Yl, Yı] + 2Y, = 0, ([X,, Y,),Y..—Y, =0, 


(22) IX, Yel, Yul — 3Y, = 0, IIX., Y.l, Yol + 2¥, =0, 
[X, [X,, Xall z 0, [Y}, [Y,, Yall = 0, 
[X., [X, [X, LX 33 XN) = 0, [Ya be [Y, LY’ 53 YI = Q. 


Before giving a formal proof of Proposition 2 we discuss 
informally relations (22). 

Assuming by definition H, = —ilX,, Y,], H, = 
—i[{X,, Y,] and introducing numbers 


Ny, = No. = 2, mM, = —I, No = —3, 


we can rewrite relations (22) in the following form 


[Hp, Hy] = 0, [Xp, Yq oe 0 if P zÆ q, 
(23) [H p, Xq] = inp, aXq, [Hp, Yq] = — inp, aY q» 
(ad X,)'"pa't* xX, =0, (ad Y,)pa't? y,=0. 


It is in this form that we shall use them. 


It can easily be seen that relations (23) hold in gv for 
Xi = Xa, Yi = X-as Xe = Xen Yo = Xe, (and A, = 
Hs, H, = He,). Indeed, the first relation holds because, 
as was noticed above, the Lie bracket is zero for any elements 
in ý}. The second relation follows from formula (19) since 
fı — e, = e, — 2e, ¢ G, and e, — fı = 2e, — e; ¢ G.. The 
third and fourth relations are special cases of formula (17) 
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—3, if a=f,, B=e, 
—1, if «=e, Bp=f, 
(we use the identification } = })* here) and the last two 


relations follow from formulas (19) and (20) of Proposition 4 
since 


fi +e, = e; €G,, but fi +e; ¢G,, 
(24) e, + fi = es E Gy, e, + €3 = —e E Ga, 
e, — 6, = —f: EG), but eg—f,4G,. O 
If we consider a free Lie algebra { with generators X,, X», 


Y,, Y, and its homomorphism @ into g? defined by the 
formulas 


! 2, if when €» 


P (Xi) = Xz, P (X2) = Xe, 

p (Y1) = X -f P (Y2) = X-en, 
then the statement proved will mean that the homomorphism 
ọ nullifies the left-hand sides of all relations (22) and hence 
induces some homomorphism ọ: [> gË into the Lie 


algebra g of the quotient algebra 1 of a Lie algebra { 
mod the ideal generated by those left-hand sides. Proposition 


2 is now equivalent to the statement that the homomorphism ọ 
is an isomorphism. It is in this form that we shall prove it. 
To avoid introducing unnecessary notation we permit 


ourselves to denote the elements of { by the same symbols 
as the corresponding elements of J. The symbol X ~Y 


means the proportionality of elements X and Y in { (i.e. 
they differ from each other by a numerical factor). 


Consider in the algebra { the elements 
H, = [X,, Yıl, H, =a [Xo, Yal, 
Xa Xa Ay = [Kay X41, X, = [X,, Xsl, 
(29) X; =, [Xo, X,l, Xe — [X,, Xal 
Yı, Ya, Y3 = [Y ;, Yil; Y, [Y 3, Yi, 
Y, = [YY]; Y, =IY,, Y,l. 
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It turns out that for any two elements U, V in the list (25) 
the element [U, V] is either zero or proportional to some element 
in the same list. Indeed, by hypothesis, [H,, H.] = O, 
[A,, X,] ~ Xi; [A;, X 4] ~ Xa, = 1, 2. But if (A, U] ~ U 
and [H, V] ~ V, then by the Jacobi identity 


[H, [U, VI] = IH, Ul, VI + [U, IH, VI ~ IU, VI. 


Hence by induction 

[Hp, Xql ANS X 
for any q. Similarly, it can be shown that 

[H,, Yal ~ Y 
Further, by hypothesis [X,, X,] = X, and [X,, X;] = 
[X,, [X,, X,]] = 0. Therefore [X,, X,] = ([X,, X.,], X53] + 
[X,, [X,, X;] =0, [X,, X,] = [X5, X,] = —X, and 
[X,, Xe] = 0. Since [X,, Y,] = H, [X,, Y] = 0, we have 
IX, Y| = 7 [[X,, Y, l, Yl] 7 [Ys [X,, Yl] = ~~ —[[X), Yl, 

Y.l ~ H, Y.] ~ Ý, and hence (X,, Y,] = —I[X,, Ysl, 
Y, al = 0, [X,. Ys] = O, [X], Ye) ~~ X, Yl, Y,] roe 
[Yo Y,] = Ys. All the other brackets are calculated in 
exactly the same way. O 

It follows from the statement proved that the span of 
elements (25) is a subalgebra of the Lie algebra { and hence, 
since it contains the generators X,, X, and Y,, Ya, coin- 
cides with that algebra. In particular, this proves that 
dim | < 14. Now it is easy to prove Proposition 2. 

Proof of Proposition 2. It is immediate from the above 
results (see, in particular, formulas (24)) that the homo- 
morphism ọọ sends elements (25) to elements proportional, 
respectively, to the elements 
(26) Hp,» He, Xf Xes Xes X -e5 

X -fs Xia X -fs X -ez X -en Xess Xf X-fi 


(with regard to the elements X, and Y¢, this follows from 
the equation e — e, = f,). Since elements (26) constitute 
a basis of the algebra g¥, it follows that the homomorphism 
P is an opinor puisim and hence, in view of the inequality 
dim T < 14 = dim g? , also an isomorphism. 


Thus we have studied the Lie algebra g, practically 
from all possible points of view. 
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Identities in the octave algebra Ca-Subalgebras of the 
octave algebra Ca-The Lie group G,-The _ triplicity 
principle for the group Spin (8)-The analogue of the 
triplicity principle for the group Spin (9)-The Albert 
algebra Al-The octave projection plane 


With the Lie algebra g, studied, we can now turn to the 
corresponding Lie group G, = Aut Ca. The results of the 
preceding lecture characterize up to a covering the algebraic 
construction of the component of the identity of the group G,. 
The main question, therefore, that remains to be discussed 
is that of determining whether G, is a connected group 
and, if so, what its fundamental group is. 

To do this we must study in more detail the algebraic 
structure of the group Ca. 

Suppose first that Æ is an alternative algebra. Replacing 
in the identity of alternativity (ab) b = a (bb) the element 
b by x + y, removing the parentheses and grouping similar 
terms we obtain the identity 


ax-y + ayx = a-xy + a'yx 


(for simplicity we write dots instead of parentheses). This 
method of obtaining one identity from another is called 
polarization (or linearization). 

Similarly, by polarizing the second identity of alter- 
nativity b (ba) = (bb) a we obtain, with the variables 
rewritten, the identity 


ax-y + ra-y = a-ry + -ay. 
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The first identity implies that the expression (ax) y — a (zy) 
(called the associator of the elements a, x, y) is skew-sym- 
metric in z and y, and the second that the expression is 
skew-symmetric in a aud x. Then it is skew-symmetric in a 
and y, which yields a third identity of alternativity, 


ax-y + yx-a = a-xry + y'za, 


which, at y =a, assumes the form (ar) a = a (xa) (this 
identity is also known as the identity of elasticity). 

If the algebra 4, like Ca, is in addition a metric algebra, 
then for any elements a € 4 and b = à + b', whereAER 
and b | 1, we have (ab)(A + 0')=ab(A+ DO’), ive. 
ab-b’ =a-bb’. Hence ab-A — ab-b' = a-bA —a-bb’, i.e. 
ab-b = a-bb = a (b, b). Polarizing this identity we obtain 
the identity 


(1) ax-y + ay-Z = 2 (2, y) a, 


a generalization of identity (2) of the preceding lecture 
(which results when a = 1). 

Now let 4 bea normal algebra, i.e. let us have an identity 
(ab, ab) = (a, a) (b, b) in it. Then by polarizing the identity 
first by b = x + y and then by a = u + v we obtain an 
identity 


(2) (ux, vy) + (vz, uy) = 2 (u, v) (x, y) 


which holds for any elements u, v, x, y of a normed algebra 4 
(and hence in particular of an algebra Ca). 

Of particular interest to us is the subset of the vector space 
Ca’ consisting of elements & such that | Ẹ | = 1. That set is 
a 6-dimensional sphere. It will be denoted by S®. 

It can easily be seen that E € S° if and only if Ẹ = —1. 
Indeed, if € € Ca’, then E = —& and therefore €? = —| & |?. 
Hence if | | = 1, then €* = —1. Conversely if €* = —1, 
then |§ | = 1 and hence €€ = 1, i.e. € (—€) = —1 = E, 
Hence E = —&, i.e. € € Ca’, and since | & | = 1, we have 

E s*. O 
It follows from linearity that Ẹ € Ca’ if and only if Ẹ = 
—|& p. 

Now let Æ be a unital (and therefore closed under con- 
jugation) subalgebra of Ca other than Ca and let ¢ be an 
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octave in Sê orthogonal to Æ. Then for any element b € Z 
the octave b¢ is orthogonal to J£. Indeed, assuming in (2) 
u = 1, v = b, x= G and y = a, where a E€ d#%, and con- 
sidering that (ab, ¢) = 0 (since ab € 5) and (¢, 1) =0 
(by assumption) we at once see that (b¢, a) = 0 for any 
element a € 3%. O 

In particular, bf | 1 (since 1 € 5), so that bf = —bt. 

Besides, for any elements a, b € d#, 
(3) a-b = ba-t, aG-b = ab., 

at-bl = —ba. 


Indeed, assuming in (1) z = ¢, y = b and considering that 
C 1. b and hence € | b, we obtain an equation 


aGeb + ab. t = 0, 


equivalent to the second of identities (3). In a similar 
fashion, assuming in (1) a=1, rx=a, y = b = —b%t, 
we get 
—a-bC + bO-a = —2 (a, bf) = 0, 
and hence 
a'b = bC<a, 

an equation equivalent to the first of identities (3) owing 
to the second identity already proved. Finally, with b ER, 
the third of identities (3) becomes a¢-b¢ = —ba and hence 


reduces to the second identity. It suffices therefore to prove 
that identity only for b 1 1. But in this case, by putting 


in (1) xz = ¢ and y = bÇ = —bEt we get 
a:b% + (a-bC) E = —2 (6, bt)a = 9, 
since it follows, for u = 1, v = b, x = y = 6, from (2) 
that (%, b) = (1, b) (6, 6) = 0. Hence, by the identities 
already proved, aO-bf = — (ba) -6 = ba = —ba. O 
Now it is easy to see that 5 is an associative algebra. Indeed, 


if a, b, c E Æ, then replacing in (1) a by bf, x by c and 
y by aC we obtain an identity 


(bgc) -at + (bf-ab) c = 2 (c, af)-bt = 0 
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equivalent to the associative relation (ab)c = a (bc) by 
virtue of identities (3). O 


Now we are ready to prove our main lemma on auto- 
morphisms of an algebra Ca. 

An automorphism ®: Ca —> Ca sends elements i, j and e 
to elements Ẹ = Mi, n = Mj while ¢ = We in Sê such that 
n is orthogonal to Ẹ and ¢ is orthogonal to £, y and &y. It 
turns out that the latter conditions are not only necessary 
but also sufficient for the existence of the automorphism ©: 

Lemma 1. For any elements =, y, ¢ € S® such that: 

(a) n is orthogonal to &; 

(b) ¢ is orthogonal to £, n and En there is an automorphism ® 
(obviously unique) of an algebra Ca for which 


E = Mi, n = Dj, t = Me. 
Proof. Since — € S® and n € Sê, we have &? = —1 and 


n? = —1, and since § 1 1, we have Ey = —né. Therefore 
En = né = nE = —&m and hence $n € S° (since | &y | = 
lé lein | = 1). Consequently (n)? = —1. Besides, by 
alternativity £ (n) = —y and (En) n = —E& and, by putting 


in (28) u = ı= Ẹ, z = y and y = 1, we get (Ey, £) = 
(E, E) m, 1)=0, from which it follows that (n) § = 
—€ (En) = n. Since similarly n (En) = —, we see that 
multiplying any number of the elements € and y in any 
order we shall obtain only elements +1, +& +n and 
+n. This means that elements of the form 


a + bg + cy + dg, a, b, c, dER, 


constitute a subalgebra Æ of Ca which is of dimension 4 
and hence, according to the foregoing, is an associative 
algebra. Then it can be easily seen that the correspondences 
1 +>1, i = Ẹ, j + 1, k +> En define an isomorphism of the 
algebra of quaternions iH onto the algebra X. 

Further, the element ¢ orthogonal by hypothesis to 
elements 1, E, n. andin is orthogonal tothe entire algebra 5%. 
Therefore there: are identities (3) holding for it. Comparing 
identities (3) with formulas (1) we immediately discover 
that the isomorphism 'H — Æ we have constructed can be 
extended to a homomorphism (in which e+» C) of an algebra 
Ca onto a subalgebra generated by the subalgebra H and 
the element ¢. Since any nonzero homomorphism of a unital 
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division algebra is necessarily a monomorphism (if Ẹ 4 0 
goes into zero where does €-! go?) and since any mono- 
morphic mapping of a finite-dimensional algebra into itself 
is necessarily an automorphism (for an injective linear 
operator acting in a finite-dimensional space is bijective), 
it follows that we have constructed an automorphism Ca — 
Ca sending elements i, j, e to elements Ẹ, n, C. 

This completes the proof of Lemma 1. D 

From Lemma 1 it follows, in particular, that the group 
G, = Aut Ca acts transitively on S®, i.e. that the mapping 
G, — Sê defined by the formula © +> @i is surjective. This 
means that the sphere Sê is diffeomorphic to the quotient 
manifold G,/K of the group G, mod the subgroup K con- 
sisting of all automorphisms leaving the element i fixed: 


G,K ~ Sô. 


For any automorphism ® € K the element n = Dj in S? 
is orthogonal to an element i and hence is in some five- 
dimensional sphere S® (in the equator of the sphere S° with 
pole i). By Lemma 1, the mapping © +> @j of the group K 
onto S5 is surjective. Hence 


K/L ~& S5, 


where L is a subgroup of K consisting of automorphisms 
leaving the element j fixed. 

For automorphisms ® in Z the element ¢ = We in S® is 
orthogonal to elements i, j, k, i.e. it is in some three-dimen- 
sional sphere $3 œ S®. By th same Lemma 1, the mapping 
Ð +> Me is a diffeomorphism of the group JL onto the 
sphere S?: 


L x s3. 


In topological terms this means that the group G, stratifies 
over S® into manifolds diffeomorphic to AK which in turn 
stratify over a sphere Së into three-dimensional spheres $3. 

Proposition 1. The group G, is connected and simply con- 
nected. Every Lie group locally isomorphic t G, is isomorphic 
to it. 

Proof. The first statement is immediate from th obtained 
results by virtue of Lemma 2, Lecture 1, the corollary to 
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Lemma 1 of Lecture 9 and Proposition 7 of Lecture 12. 
The second statement means that G, has no nontrivial dis- 
crete invariant subgroups. Since (Lemma 6 of Lecture 9) 
all discrete invariant subgroups of a connected Lie group are 
contained in its centre, to prove the statement it suffices 
to establish that the centre of G, is trivial, i.e. that the 
automorphism @®, of an algebra Ca commutative with each 
of its automorphisms @® is necessarily an identity automor- 
phism. If Ð, is commutative with ® and if MEK, i.e 
Di = i, then P (M,i) = M,i. It is, however, immediate 
from Lemma 1 that the last equation is possible for all 
elements of the group K only when ®,i = i. In a similar 
fashion it can be proved that ®,j = j. Hence @, = id. O 

In view of the simple connectedness of the Lie group G, 
its algebraic structure is completely determined by the 
algebraic structure of g, studied above. 

Remark 1. As already noted in Lecture 14, the subspace Y° 
of the algebra Ca orthogonal to the elements 1 and i is a 
vector space over the field C with a basis j, e, g. The scalar 
product in Ca defines in Y a Hermitian scalar product with 
respect to which the basis j, e, g is orthonormal. Any auto- 
morphism ®: Ca —> Ca which leaves i fixed, i.e. which is 
in the subgroup K, defines an operator 7 — 7 linear over C. 
This operator preserves the scalar product, i.e. it is a unitary 
operator. Since its determinant is readily seen to be equal 
to unity, the group K is thus identified with some subgroup 
of the group SU (3). It is immediate from Lemma 1 that 
in fact the group K coincides with the entire group SU (3). 
Thus it may be assumed that SU (3) S G,, with G,/SU (3) ~ 
S®, The Lie group 1 of the group K consists of differentiations 
D for which Di = 0. This proves anew that these differentia- 
tions constitute a Lie algebra isomorphic to the Lie algebra 
au (3). 


An algebra Ca can be used to study the group SO (8) as 
well, since every element of SO (8) may be assumed to be 
an orthogonal operator Ca — Ca. Here it is more convenient, 
however, to go from the group SO (8) to its universal covering 
group Spin (8). 

The results to be presented below concerning the groups 
Spin (8) and Spin (9) are due to Jacobson. 
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Ignoring in Ca multiplication, i.e. considering Ca 
simply as a Euclidean space we can construct Clifford algebras 
Cl, (Ca) and Cl (Ca’). Thus elements i, j, k, e, f = ie, g = 
je, h = ke will now be generators of Cl (Ca’). In this capacity 
we shall denote them, following Lecture 13, by e,, ..., ey. 
In Cl, (Ca) we add to these generators yet another one, 
the identity element of the algebra Ca. Deviating some- 
what from the notation adopted in Lecture 13 we shall 
denote that additional generator by eo. 

According to the remark to Proposition 8 of Lecture 13 
the algebra Cl (Ca’) is isomorphic to Cl% (Ca), with the role 
of e, in the isomorphism of that remark now being played 
by e», of course. Thus the isomorphism will be defined by 
the formula 


E l er, if |I| is even 
W, (Cr) = = 
ores eer, if |I] is odd, 


where J is a subset of the set {1,..., 7}. 

The vector space Ca is, by definition, embedded into the 
algebra Cl+ (Ca). We shall assume it to be embedded into 
Cl (Ca’) as well by identifying for this purpose its identity 
element with the identity 1 of Cl (Ca’). It is easy to see 
that by this identification, for every element of C1% (Ca) 
of the form eu, where u € Ca, 


w,' (egu) = u. 


Indeed, if u = he, + wu’, where AER and u’ € Ca’, then 
eou = à + eu’ and therefore 7! (env) = A+ u = 
A-+-u' =u (conjugation is regarded here as conjugation 
in Cl, (Ca) rather than in Ca, so uv’ = wu’). O 

In view of the alternativity of Ca, for any elements z € Ca 
and u € Ca’, 


(zu) u = z:-u? = —l|uf-Pez 
(recall that u? = —|u |? if u € Ca’), which implies that 
for a linear operator R,: xz —> xu, u € Ca’, we have 
A= —lu È E, 
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Therefore the correspondence u —> R, is extended to some 
homomorphism 


R: Cl (Ca’) — End Ca, 


where End Ca is the algebra of all linear operators Ca —> Ca. 
Since for any element u = A -+ wu’ € Ca c Cl (Ca’) we have 
R(A + u) = AE + Ry = R+w, the homomorphism R is 
an extension of u —> R, for any u € Ca as well. 
In a similar fashion we can prove the existence of such 
a homomorphism 


L: C1 (Ca’) > End Ca, 


Lı = La: X — ux for any element u € Ca. 

Since the algebra Cl(Ca) is identified with Cl (8) and 
the algebra End Ca with the algebra R(8), this gives rise 
to two composition homomorphisms 


(4) Spin, (8) € C1? (8) 
@71 R,L 
=C1? (Ca) > Cl(Ca’) — End Ca = R (8). 


—> 

Since 7! (epu) = u, associated with every element of 
Spin (8) of the form e,u, where u € S7 c Ca, is the operator 
Ry: Ca—Ca for one of these homomorphisms and the 
operator L,,: Ca — Ca for the other. Since | u | = 1 and Ca 
is normed, these operators are orthogonal. As elements of 
the form eu, u€S7, generate the group Spin; (8), this 
proves that homomorphisms (4) map the group Spin, (8) 
into SO (8) (or, without making the last identification, 
into the group Ort Ca of orthogonal operators Ca — Ca). 

Elements of SO (8) (or Ort Ca) which are the images of an 
element a € Spin; (8) under homomorphisms (4) will be 
denoted by aR and at, respectively. 

According to the above calculations, if a = (@)u,)... 
(eour), where u,,..., U, E S7, then 


aR = R°... 0 Ru, and at = Lyo... 0 Ly, 


Remark 2. It follows immediately from the general theory 
of matrix representations of groups Spin (n) that homo- 
morphisms a:—> a? and a — al are equivalent to semispinor 
representations of the group Spin (8) ~ Spin; (8) (see 
formula (20) of Lecture 13 for m = 1) which, we notice, 
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having a discrete kernel, are in this case coverings (obvious- 
ly, double ones). However, this equivalence is easy to 
prove directly as well (one should only keep in mind that 
exactly representations (20) of Lecture 13 will result if for 
the identification C1% (8) = (1% (Ca) one takes as basis 
elements of Ca the elements 1, e, h, g, i, f, —j, k and for the 
identification End Ca = R (8) one takes the elements —41, i, 
—j, —k, e, f, g, h). We shall not need this equivalence and 
therefore shall not prove it. 

Besides homomorphisms a-> a? and a i— al we also have 
the homomorphism ə: Spin; (8) — SO (8) in Proposition 4 
of Lecture 13 which associates every element a € Spiny (8) 
with an orthogonal operator @, (a): ++» axa acting in the 
vector space Ca. This operator will now be denoted by at. 
Since Kero, ={1, —1}, we have (—a)? = aT and, in 
particular. (eju)? = (ue,)F. On the other hand, (ue,)? = 
utet, with ul asymmetry with respect to the hyperplane 
perpendicular to a vector u (see proof of Proposition 4 in 
Lecture 13). But by formula (2) of the preceding lecture, for 


any octaves z, u € Ca we have uzu = uzu = (2 (u, x) — xu)u 
(conjugation in Ca) from which it follows at | u | = 1 that 
uxu = —uŻt (x), i.e. that uxu = ute, (x) since etx = 
—zx. Introducing an operator 7: x: uxu, i.e. an operator 
Tı = Ryo Ly = L, ° Ry, we thus obtain T, = ute} and 
hence T, = (ué))T = (e,u)T. Therefore if a = (eu) 
(eour), then 

QP ic 0a TA 
as well as for the operators a® and al. 


Lemma 2 (central Moufang identity). In every alternative 
algebra there is an identity 


(5) U'TY'U = UT’ yU. 


Proof. In view of the identities of alternativity and elastic- 
ity there is an identity 


y°x:y = (y-yx) y = y (yzy) = y (y- zy) = y? xy 


and hence, in view of the skew-symmetry of the associators, 
an identity 


zy”: y = xy, 
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i.e. an identity 
ay? = (xy-y) y. 
Polarizing this identity by y, i.e. putting y = a 4-4 and 
grouping similar terms, we obtain an identity 
z:a’b + x: ba? + x-aba +- x-bab + z-ab? + xz- ba 
= ¢a*-b + xb-a® + (xa-b) a+ (xb-a) b + xa-b? + xb?-a. 
By the skew-symmetry of the associators, the sums of the 


two first terms in each row are equal. For the same reason 
so are the sums of the last two terms. Therefore 


z:aba + x:bab = (ra-b) a + (xb-a) b. 


Replacing b by àb, where A € R, reducing by A and putting 
à = 0 we obtain an identity 


x-aba = (xa-b) a 
called the right Moufang identity. 
By this identity and the skew-symmetry of the associators, 
ab-xa — a-bx-a = ab-xa — (ab-x) a+ (ab-x—a-bx)a 
= (x-ab) a — x-aba + (ra-b — x'ab) a 
= (xa: b) a — x-aba = 0, 
which differ only in notation from identity (5). O 
Lemma 2 implies that 
Tu (cy) = Lyx Ruy, 
from which by virtue of the formulas for aF, a! and af, 
proved above, we get by induction 
aT (xy) = alx. aÈy 


for any octaves z, y € Ca and any element a € Spin, (8). 

Now we can go from the group Spin+ (8) to the group 
Spin (8) isomorphic to it. Denoting by a+, an element in 
Spin, (8) corresponding to any element a in Spin (8) and 
putting aX = aK, where K = T, L, R, we obtain the 
following proposition: 

Proposition 2. For an elemeni a € Spin (8) there is an 
identity 

aT (xy) = alx-aFy, z, y E Ca, 
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This proposition is called the triplicity principle for the 
group Spin (8). 

Remark 3. As we know, the homomorphism a — af is a 
covering, and according to Remark 1 so are the homomor- 
phisms a +> al and a — ak. For any K=T, L, R therefore 
the homomorphism a+ > a* induces an isomorphism of the 
Lie algebra £ (Spin (8)) onto í (SO (8)) = 80 (8). Iden- 
tifying these Lie algebras by means of the first one of these 
isomorphisms we obtain from the remaining two some auto- 


morphisms of the Lie algebra go (8). Denoting by A* and 


A? images of a matrix A € go (8) under those automorphisms 
we have, as can be easily seen, an identity 


(6) Ax-y + 2-A°y = A (xy), x, y € Ca, A € 80 (8). 


This is called the infinitesimal principle of triplicity. 
Its direct proof is available in [41]. 

The following proposition can be regarded as the converse 
of the triplicity principle. 

Proposition 3. Jf orthogonal operators A, B, C: Ca— Ca 
have the property that 


A (xy) = Bz- Cy 


for any octaves x, y € Ca, then those operators are necessarily 
unimodular (i.e. they are in SO (8)) and there is one and only 
one element a € Spin (8) for which 


(7) A= ai, B= ab, C = ak, 


Proof. If A € SO (8) and so there is an element a € Spin (8) 
such that A = aT, then zy = B’x-C’y, where B’ = (al)! o 
B and C’=(a®)-!.C. Then B’x = xb, with b = (C'1)"}, 
and C’y = cy, with c = (B’1)7!, and hence 


xy = xb-cy. 


Setting here z = y = 1, we get be = 1, and replacing zx 
by zc = xrb-! we get ac-y = x-cy. It is easy to see (taking 
as x and y all possible basis elements of the vector space Ca’) 
that, with z and y arbitrary, that equation is possible only 
when c € R, i.e., the operator C’ being orthogonal, when 
c = +1. If c = 1, then the element a satisfies relations (7), 
and if ¢ = —1, then it should be replaced by —a. The 


Lecture 15 317 


uniqueness of this element is obvious (for if a? = bT, then 
a = +b and therefore ab = bb). 

Notice that the operators B and C have turned out to be 
in the group SO (8). To complete the proof therefore it only 
remains to be shown that the inclusion A € O (8)\SO (8) 
is impossible. Without loss of generality we may clearly 


assume that A: z — 2, i.e. that Br-Cy = ry. Then Br = 
xb, with b= (C1)-1, and Cy = cy, with c= = (B1)-}, i.e. 


xzb.cy = xy and hence (with z replaced by x and y by y) 
xb.cy = yz. 


It follows for x = y =1 that bec = 1 and hence z-cy = 
y-xe. In particular, cy = ye for all y € Ca, which is possible 
only when c € R. Therefore zy = yz, which is absurd. Hence 
the case A € O (8)\SO (8) is impossible. O 

Remark 4. A similar converse is possible for the infinites- 
imal principle of triplicity (6) as well: if A, B, C are skew- 
symmetric operators Ca — Ca such that 


A (zy) = Br-y+au-Cy for any x, y € Ca, 


then B = A*® and C = AP’. Indeed, for the operators B’ = 
B — A* and C’ = C — A’ there is an identity B’z-y = 
—xz:C'y, from which it follows that B’x = xb, with b = 
—C'l, and C’y = cy, with y = —B'1. Thus xb-y = —z-cy, 
from ‘which it follows for x = y = 1 that b = —c and 
hence xb-y = x-by. Therefore b € R, i.e. the operator B’ 
is diagonal. Hence, by virtue of skew-symmetry, B’ = 0 
and therefore C’ = 0. ġO 


The analogue of the triplicity principle holds for the 
group Spin (9) as well. To obtain it we introduce vector 
spaces Ca® = R @ Ca and Ca*=Ca @ Ca. To avoid 
confusion with a scalar product the > elements of the vector 
space Ca? will be denoted by {&, n}, where &, n € Ca, and 
accordingly the elements of Ca® will be denoted by {r, pọ}, 
where r € R, p € Ca. 

We associate every element z = {&, n} of Ca? and every 
element u = {r, p} of Ca® with an element zu of Ca? defined 
by the formula 


xu ={—rẸ + pn, rn + Ep}. 
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Clearly, this multiplication is bilinear (over R) and has 
the property that if zu = zv for all z € Ca’, then u = v 
(if —r& 4- pn = —s& + oy for all € and y, then —r§ = 
—sẸ and therefore r = s and py = on and therefore p -= 0). 


Lemma 3. For any elements x a Ca? and u, v € Ca® there 
is an identity 


(8) muy = —qv viu, 


where v} is as ever a symmetry in the hyperplane perpendicular 
to the vector v. 


Proof. Let u ={r, p}, v ={s, o}. Clearly, it may be as- 
sumed without loss of generality that u and v are unit 
vectors, i.e. vectors satisfying the relations r? + | pọ |? = 1, 
s+ |o]? = 1. Then vtu ={r — 2 (u, v) s,9 — 2 (u, v) o}, 
where 2 (u, v) = 2rs + po + op. 

By virtue of its linearity it suffices to prove identity (8) 
only for z = {&, 0} and z = {0, n}. But if z = {&, 0}, then 
ru = { — r$, Ep}, xv ={—s6, Eo}, 

zu.v = {rst +0- pẸ, sto — rto} 
and 
xv.vlu = {(r —2 (u, v)s)sẸ 
+(p¢—2(u, v)0)-08&, (r—2 (u, v) s) $o 
—s§(p—2(u, v)o)} 
= {rsġ— 2 (u, v) s+ p-o& — 2 (u, v) oot, r&o 
—2(u, v)so — stp + 2 (u, v)so} 
={[rs—2 (u, v) (s?+ |o]2)] E+p-08 r§o— skp}, 
and hence (since rs — 2 (u, v) (s*? + | o |?)= rs — 2 (u, v) = 
—rs — po — Op) 
zuv + zv wtu = {o-p— — op- + po- — p-o, 0}, 
which is equal to {0, 0} by virtue of the skew-symmetry of 
the associators and because of the obvious fact that when 


one of the elements is replaced by its conjugate the associator 
changes sign. 
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The case x = {0, n} is considered in a similar way. O 

Now associate every element u € Ca® with a linear 
operator R,: x:— xu acting in the space Ca?. Since, as can be 
shown by a direct calculation, zu-u = | u* |x for any 
elements x € Ca’, u € Ca®, i.e. R} = | u? | E, the linear 
mapping w+> R, of the space Ca® into the algebra of 
linear operators End Ca? can be extended uniquely to some 
homomorphism of algebras 


R: Cl} (Ca®) — End Ca’. 
Since the algebras Cl, (Ca®) and End Ca? can be identified 


with Cl, (9) and R (16), respectively, there arises a com- 
position homomorphism 


(9) Spins (9) = Cl, (9) = Cl (Ca®) > End Ca? = R (16). 


If u = tr, p} € SEC Ca®, i.e. r? + | 9 |? =1 and z = 
| $, n | € Ca’, then 


|cu|? = |{—r&+ py, rn +&p}|? 
= (—r&+ pn) (—r&+np)+ (rn + Ep) (ru + pë) 
= PE —r§-np—rpn-E+ pn: np 
+r2nn-+ry-p&-+-r&p-n + Ep- pë 
= (r? + pl?) (I&l2+ [nl2) +r2= |z|?+ rz, 
where 
z= —E-np—pn-E+ -p§+ tpn. 


But putting [€, n] = En—n& and (E, n, $) = En-o — Ene, 
is easily seen to yield 


z=([np, §]—(n, p, & +18 pul +, p, n). 
As was noted earlier, when any element is replaced by its 


conjugate the associator (€, n, $) changes sign. Therefore 


(E, 0, n) = cert. —(&, 0; n). Similarly [E, pnl = aa (E, nol = 
[E, nol. Therefore 
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due to the skew-symmetry of the associators. Thus | xu |? = 
| x |*. This means that the linear operator R, = Ru is 
orthogonal, from which it follows immediately that homo- 
morphism (9) sends the group Spin, (9) (even pin, (9)) to 
SO (9). 

The image of an element a € Spin, (9) in SO (9) under 
the homomorphism (9), interpreted as an orthogonal operator 
in the space Ca?, will be denoted by a®. 

Remark 5. The homomorphism a — a? is a spinor repre- 
sentation of the group Spin; (9) ~ Spin (9), but we shall 
not need this fact and shall not prove it. 

The image of an element a € Spin, (9) under the homo- 
morphism q,: Spin; (9)-—>SO (9) in Proposition 4 of 
Lecture 13, interpreted as an orthogonal operator in the 
space Ca®, will be denoted by af. 

Besides, as above, for any element a € Spin (9) we set 
ak = a and aT = al, where a, is an element of Spin, (9) 
corresponding to the element a under the isomorphism 
Spin (9) ~ Spin, (9). Then the following proposition holds: 

Proposition 4. For an element a € Spin (9) there is an 
identity 


(10) aÈ (xu) = aFx-atu, x € Ca?, u € Ca®, 


Proof. Since the group Spin (9) is generated by elements 
of the form vw, where v, w € S8 œ Ca®, it suffices to prove 
identity (10) only for a = vw. But by Lemma 2 and the 
definition of the homomorphism R 


(vw)? (xu) = (vë o w?) (xu) = (R, o Ry) (xu) 
= R, (xu. w) = R, (—xw.wtu) 
= — (xw. wtu). v = (zw-v)-v+ (wtu) 
= (R, o Ry) x. (vt o wL) u 
= (vw)? x-(vw)T u 
(recall that (vw)? =v+t o w+). O 
The analogue of Proposition 3 also holds: 


Proposition 5. If orthogonal operators A: Ca® — Ca® and 
B: Ca? — Ca? have the property that 


(11) B (zu) = Br-Au 
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for any elements x € Ca? and u E Ca®, then they are necessarily 
unimodular and there is one and only one element a € Spin (9) 
for which 


(12) A=aT, B=ak. 


As a preliminary we prove the following lemma: 
Lemma 4. If B is an orthogonal operator Ca? — Ca? such 
that 


(13) B (tu) = Bu-u 


for any elements x € Ca? and u E Ca (i.e. for u ={0, p}, 
where p € Ca), then B = +E. 
Proof. Let 


fal (CE, CE} if x={E, 0}, 
~~ {Dymn, Dn} if r= {0, n}, 


and hence 
Be ={CE+ Din, ChE + Dn} if x E{E, n). 
In this notation relation (13), with u = {0, p}, becomes 
{C (P, n) +D: Ep), Cr(e, n)+D(E, p) 
= {p (C,§-+ Dn), (CE + Din) p}, 


from which it follows (first assuming § = 0 and then yn = 0), 
that 


C (pn)=p: Dn, C, (pn) = Dm: p, 
D, (p) =p- C$, D(Ep) =CE-p. 
When p = 1 this yields 
DE=CE, DE=CE 
and hence (replacing p by p and y by &) 
(14) C (p§) = 9 -CE, Cı (P£) = C18 +p. 


Therefore Co = pc and Cie = cip, where c= Cl, c = 
C,1, and hence identity (14) assumes the form 


o&-c = 0 °&c, C1 *9& = cp’ E. 
21—0450 
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As we already know, the first identity yields c € R. But 
assuming in the second identity c, = u + ve, p = w and 
E=-e, where u, v, w € H, and considering that (u + ve) x 
we = —wv + wu-e and (u + ve) e. w = —wu — WV: e, we 
obtain in the algebra H relations wo = wu, wu = —wWV 
possible for any w only when u = v = Q, i.e. oe Cj, =U: 
This proves that C, = 0 (and T D, = 0) and that the 
operator C coincides with D and is an operator of multi- 
plying by a real number c. Hence the operator B is also an 
operator of multiplying by c, which by virtue of the orthogon- 
ality of B is possible only if c = +1. O 

Proof of Proposition 5. If the operator A is unimodular 
and so there is an element a € Spin (9) such that A = af, 
then relation (13) holds for the operator B o (a®)-! (even 
for any u) and hence by Lemma 4 B = +a = (+a). 
Since (—a)T = aT, this proves equations (11). The uni- 
queness of a in (11) follows from the fact that bT = af is 
possible only if b = +a and (—a)®? = —aFk Æ ak, 

To complete the proof of Proposition 5 it thus remains 
to be established that identity (41) may hold only for a 
unimodular operator A. But if this identity holds for some 
nonunimodular orthogonal operator A, then it obviously 
does so for any other such operator (with a different B of 
course). It suffices therefore to arrive at a contradiction 
with the supposition that identity (141) holds for the oper- 


ator A: w+>u, where u ={—r, p}, if u ={r, p}, i.e. the 
supposition that there is an orthogonal operator B: Ca? > Ca? 
such that 


(15) B (zu) = Bz-u. 


When u = {0, p} identity (15) coincides with (13) and so by 
Lemma 4, B = +£. Hence (15) is equivalent to the identity 


xu = xu which yields an absurd equation u = u. This 
completes the proof of Proposition 5. O 


Besides the octaves themselves one can consider, for 
example, matrices whose elements are octaves. Since there 
is a conjugation in the algebra Ca, for any octave matrix X 
a Hermitian conjugate matrix X* is defined that results from 
the transposed matrix X(T if all its elements are replaced 
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by conjugate octaves. By analogy with the complex case 
the octave matrix X for which X* = X is called Hermitian. 

On defining the product XY of octave matrices X and Y 
by the usual formula we at once see (after a calculation re- 
peating completely the corresponding calculation for com- 
plex matrices) that for any octave matrices X and Y, just 
as for complex matrices, there is an equation (XY)* = 
Y*X*, from which it follows immediately that the col- 
lection of all Hermitian octave matrices of a given order n 
is an algebra under the Jordan multiplication 


XoY = ofan: 
That algebra is a commutative and unital one. Its identity 
element is the unit matrix £E. 

We study the algebra for n = 3. It derives its name Al 
from the American mathematician Albert who was one of 
the first to pay attention to it. 

Remark 6. The operation of Jordan multiplication has 
meaning in any algebra. It is obviously commutative and 
in an associative algebra it satisfies the identity 


(16) (z? o y) o £ = q? o (y o z), 


where zx? = z o x = xz. Algebras with commutative mul- 
tiplication that satisfy this identity are called Jordan 
algebras. (Incidentally, identity (16) holds in any alternative 
algebra, as was shown above in the proof of Lemma 1; there- 
fore the commutative alternative algebra is Jordan.) Of 
course, since the octave algebra is nonassociative, there are 
no general reasons for the algebra of octave Hermitian ma- 
trices of order n to be a Jordan algebra. Nevertheless it turns 
out that because of the alternativity of the algebra Ca this 
algebra is nonetheless Jordan for n < 3, it being impos- 
sible, as was shown by Albert, to obtain it from any associa- 
tive algebra for n = 3. This accounts for the particular role 
of Al and for our interest in it. We shall not need, however, 
the Jordan property of Al and shall not prove it. 
Any element X of Al can be represented uniquely as 


(17) X =a,E, + 4E +a3E, + X, (E,) + Xe (2) + Xs (E3), 
21* 
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where 


100 0 00 000 
a= 0 o). z -(1 1 o), n-o 0 o) 
00 0 000 0014 


and 


0 0 0 0 0 & 
no-(2 9), x0-(° 6 5) 
0 € 0 E 0 
0 — 0 
00 0 
and, aS is shown by calculation, 
E, if j=i, 
(ea By E;=| 0 if jai 
0 if jai, 
= nxo-l ixo if jAi, 


Œ, n(E—E) if j=i, 


20) X;(E)oX -Í TE 
OD AGAMS] kE ijs 
(it is implied in the last formula that the indices are reduced 
mod 3; since by this convention i = j +1 with j = i + 2, 
the case j = i + 2 reduces to the case j = i + 1). 

This completely defines the algebraic structure of Al. 


One of the most important characteristics of an algebra 
is the structure of the set of its idempotents, i.e. of elements 
x for which x? = x. For the algebra Al we shall study the 
set of all its idempotents X whose trace Tr X is 1. Such 
idempotents will be called primitive idempotents. 

For element (17) the condition Tr X = 1 implies that 


(21) a, +a,t+a,=1 
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and the condition X? = X is reduced to six equations 


aj + | Sian |? + | Eite |? = a, 
i= 1, 2, 3 mod 3, 
Git eSita + (Gita + Gite) i = i 


equivalent by virtue of equation (21) to the equations 


(22) ai (aiti + tita) = | Sinn |? + I Eito l’, 
i = 1, 2, 3 mod 3. 


(23) dibr = Ertibitas 


It follows from equations (23) that a; | &; |? = ibi+ibito 
and at the same time that a; | &; |? = €:4+18:42&:- Hence the 
real number A = £;&;4,6:4, remains unchanged when i 
is replaced by i + 1 and hence is the same for all i, with 


(24) a,|& |? =A for every i = 1, 2, 3. 
Now it can be easily seen that 
(25) | &: |? = &i+1ã&i+2 for any i = 1, 2, 3 mod 3. 


Indeed, multiplying equation (22) by aj;+4,@;+, yields by 
virtue of (24) the equation 


i044 Vite (lii + lita) = lith + aitih, 


from which it follows that A = a,@;4,@1+.4 if Gii + di+. Æ 
0, i.e. a; == 1. Hence if in addition a; = 0, then (25) follows 
from (24). If, however, a; = 0 or aj;4, + i+ = 0, then 
it follows immediately from (22) that €;4, = 6:4, = 0, and 
hence (25) follows from relation (22) for alli + 1. O 

Conversely, if conditions (25) hold for all i, then for all i 
conditions (22) do. This proves that a matrix X € Al is a 
primitive idempotent if and*only if its elements satisfy con- 
ditions (21), (23) and (25). 

Notice that it follows immediately from (25) and (21) 
that for any i = 1, 2, 3 we have the inequality a; >0. 

It can be shown without much difficulty that with §&,, 
Čo, E3 ECC equations (21), (23) and (25) define a manifold 
diffeomorphic to a complex projective plane CP? (the diffeo- 
morphism [z, . Ze: Z3] ai (Eis Ëa, Ës, li, lo, As) is defined by 


326 Semester V 


the formulas 
£ 2 i+17i+3 |z;|? 
l 


e = =m a: = ooo SS 
j | z1 1? I za 3+ Iza 1?’ 2 LPR] z PP lza l?’ 


where i = 1, 2, 3 mod 3) and with &,, £., E € H they define 
a manifold diffeomorphic to a quaternion projective plane 
HP? (a projective n-dimensional space 4P” over an algebra 4 
is defined for any associative division algebra 4, and in 
particular for an algebra of quaternions H, as a factor set of 
the set £"*!\ {0} modulo the proportionality relation of 
vectors; the associativity is necessary for the transitivity 
of this relation). That is why the set of all primitive idem- 
potents of an algebra Al is called an octave projective plane 
and symbolized CaP?. (There are also deeper reasons for 
this terminology; thus, see [11], one can define in Ca P? 
“straight lines” that are in fact 8-dimensional spheres for 
which the incidence axioms of projective geometry are 
true; but all this is beyond the scope of our presentation.) 

Let U;, i = 1, 2, 3, be an open subset of Ca P? consisting 
of points (&,, Ez, &3, Qi, Qa, a3) for which a, = 0. It is easily 
seen that that set is diffeomorphic to the product Ca x Ca x% 
R18 (for i = 3, for example, the diffeomorphism Ca x Ca —> 
U, is given by the formulas 


E = n2 t= "1 

4+ 1 +I ne 1?’ 2 4+ In P+ Il ne 1?’ 
b= NN Fo | n: l? 

3 AFl PHI ne 1?’ 1O Atlin PHI 1?’ 
eee oe 

2 4] n +I ne 1?’ : 14+ in PHI me l?’ 


where 1}, Na € Ca) and is hence simply connected. Since the 
intersections U, N U, and (U, N Ua) N U; are obviously 
connected (the former is diffeomorphic to the product 
Ca x (CaN {0}) and the latter to (Ca\ {0}) x (Ca\ {0})), 
Ca P? = U, UU, U U3, from which it follows that the 
octave projective plane Ca P? is a connected and simply con- 
nected manifold (of dimension 16). 
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Scalar products in the algebra Al-Automorphisms and differ- 
entiations of the algebra Al-Adjoint differentiations of the 
algebra Al-The Freudenthal theorem -Consequences of the Freu- 
denthal theorem -The Lie group F,-The Lie algebra f,- The 


structure of the Lie algebra fv 


The statement that for an element X of the algebra Al, there 
is an equation 


xX = aE, -+ ak, + aE} T Xi (,) F Xo (3) F X 3 (3) 


(see formula (17) of Lecture 15) implies that the vector 
space Al is a direct sum of three vector spaces R and three 
vector spaces Ca (so that in particular dim Al = 3 + 3-8 = 
27). Since vector spaces R and Ca are Euclidean, it follows 
that a Euclidean structure (a scalar product) is defined in 
the vector space Al as well. For the norm (the length) | X | 
of an element X of Al we have the formula 


(4) [XP = a +a, +a tlg l? + Iial? +1 &s I’. 


The scalar product (X, Y) of elements X, Y of Al can be 
expressed in terms of their Jordan product by the formula 


(2) (X,Y) =Tr (Xe Y) 


which can be immediately verified by a direct calculation. 
From this formula it follows in particular that the idem- 
potent X € Al is primitive if and only if | X | = 1. 
Note that we introduce no conjugation into Al, so that 
Al is not a metric algebra. Nor can it be a normed algebra 
by virtue of the Hurwitz theorem. 
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Besides the scalar product, the algebra Al carries another 
important functional, to construct it we must start some- 
what from afar. 

Since in view of skew-commutativity the associator 
(ax) y — a (xy) changes sign under the interchanging 
(a, x, y)—> (y, a, x), in any alternative algebra there is an 
identity 

(ax) y + y (ax) = a (zy) + (ya) z. 


Denoting the element a by al, the element z by z} and the 
element y by yi we can write the identity as 


(ajat) yi + yi (ajat) = aj (zhyt) + (wiaj) at. 
It obviously remains valid if the summation is extended 
with respect to all indices from 1 to n (we need only the case 


n = 3, though). But introducing matrices A = (aĵ), X = 
(x?) and Y = (yt) we can write the resulting identity as 


(3) Tr (4X +Y) + Tr(YoAX) = Tr (4 o XY) + Tr (YA eX) 


which is true for any matrices with elements in an arbitrary 
alternative algebra and hence, in particular, for matrices 
in Al. 

Notice that this method has a quite general character and 
is applicable to any multilinear identity. Denoting, for 
example, by Re & the coefficient of 1 in an octave &, i.e. the 
scalar product (£, 1), we obtain an identity 


Re (ab) = Re (ba) 
which is true for any octaves a and b. For matrices over 
octaves therefore there is an identity 
(4) Re Tr (AB) = Re Tr (BA) 
which implies that after applying RejTr the multiplication 


of octave matrices becomes commutative. 
By commutativity, identity (3) yields the identity 


2 Re Tr (AX -Y) = Re Tr (A-XY) + Re Tr (YA-X). 
By acyclic permutation here of A, X and Y, we next obtain 


an identity 
2 Re Tr (XY -A) = Re Tr (X-YA) + Re Tr (AX -Y). 
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Subtracting these identities from each other and using 
again commutativity we obtain, after dividing by 3, an 
identity 


(5) Re Tr (AX -Y) = Re Tr (A -XY) 
which implies that, after dividing by Re Tr, the multipli- 
cation of octave matrices becomes also associative. 
So does the Jordan multiplication of octave matrices: 
Re Tr ((AoX)o Y) = Re Tr ((A o X) o Y) 
=~; [Re Tr (AX -Y)+ Re Tr (Y - XA)] 
=- [Re Tr (4-XY)-+Re Tr (YX-A)] 
= Re Tr (4. (X o Y)) =ReTr(Ao(XeY)). 
Since for matrices in Al the trace is real it finally follows that 


Tr ((A o X) o Y) = Tr (4 o (Xe Y)) 


for any matrices A, X, Y € Al. In view of formula (2) this 
means that in Al there is an identity 


(Ao X, Y) = (A, Xe Y) 


from which it follows (by the commutativity of Al) that the 
trilinear functional 


(6) (X, Y, Z) = Tr (Xe Y) ° Z) = (Xe Y, 2), 
X, Y, Z€E Al, 


is symmetric in X, Y and Z. 

We shall call functional (6) a scalar triproduct. 

If an automorphism ®: Al — Al of the algebra Al pre- 
serves the trace, i.e. if Tr (DX) = Tr X for any element 
X € Al, then, of course, it does both scalar products, 


(7) (DX, PY) = (X,Y) and (OX, OY, OZ) = (X,Y, Z), 


for any of elements X, Y, ZE Al. 

It follows in particular that the group of all trace-preserv- 
ing automorphisms of the algebra is a closed subgroup of 
the orthogonal group O (27) and so is a compact Lie group. 
We shall denote this group, for reasons to be explained in 
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Semester VI, by F, and its Lie algebra by f,. Elements of 
the Lie algebra f, are differentiations D: Al —> Al annulling 
the trace, i.e. such that Tr (DA) = Q for any matrix A € Al. 

Remark 1. We show below that any automorphism pre- 
serves the trace, so that in fact the group F, is the group of 
all automorphisms of the algebra Al but it is convenient 
for us to postpone the proof of this fact for the time being. 

It is remarkable that, conversely, any linear operator Ọ: 
Al— Al preserving both scalar products is a trace-preserving 
automorphism of the algebra Al. Indeed 


(DX o DY — Ô (X o Y), OZ) 
= (0X, DY, DZ) — @ (XY), 02) 
= (X,Y,Z) — (X°. Y,Z)=0 


for any X, Y, Z€ Al and hence OX eo DY = Ò (X °- Y), 
because the operator @ is singular, being an isometry with 
respect to the scalar product (2) and therefore any element 
of Al can be represented as DZ. This proves that the operator 
® is an automorphism of Al. Therefore DE = E and hence 
Tr (OX) = Tr X, since Tr X = (X, E) for any X € Al. O 

Thus irrespective of the algebra Al the group F, can be 
characterized as a group of isometries of a 27-dimensional 
Euclidean space that preserve some trilinear functional. 

As we know, preserving a scalar product (isometry) for 
operators @ of the form et? is equivalent to the skew-symme- 
try of the operator D, i.e. to the identity 


(DX, Y) + (X, DY) = 0. 


Similarly, preserving the scalar triproduct is equivalent to 
the identity 


(8) (DX, Y, Z) + (X, DY, Z) + (X, Y, DZ) = 0 


for any elements X, Y, Z € Al. Indeed, differentiating the 
function f (t) = (et?X, etPY, etPZ) with respect to t, we 
immediately find by virtue of linearity that f’ (0) is equal 
to the left-hand side of identity (8). Therefore if f (t) = 
const, then (7) holds. Conversely, if (8) holds, then f’ (¢) = 0 
for all ¢ and therefore f (t) = const, which is equivalent to 
the second identity of (7). O 


Lecture 16 331 


By analogy, linear operators D satisfying identity (8) will 
be called skew-symmetric with respect to the scalar triple 
product (6). 

According to the foregoing a linear operator D: Al— Al 
is a trace-nullifying differentiation of the algebra Al (i.e. it 
is in the Lie algebra f,) if and only if it is skew-symmetric 
with respect to both scalar products (2) and (6). 


An octave matrix A is said to be skew Hermitian if A* = 
—A.A direct calculation shows that if A is a skew Hermit- 
ian matrix, then for any Hermitian matrix X the matrix 
[A, X] = AX — XA is also Hermitian. Thus any skew 
Hermitian matrix A of order 3 defines some linear operator 
ad A: Al— Al by the formula 


(ad A) X = [A, X}, X€EAL 


Since by identities (3) and (5), for any octave matrices, 
Re Tr (A, Xl o Y) = Re Tr (I4, XI Y) 


= Re Tr (AX -Y) — Re Tr (XA-Y) 
= Re Tr (Y -AX) — Re Tr (X -AY) 
= Re Tr (YA -X) — Re Tr (X -AY) 
= —Re Tr (X-[A, Y]) = —Re Tr (X ° [A, Y)), 
we have, given X, Y € Al for any skew Hermitian matrix A 
(l4, XI, Y) + (X, [A, Yl) = 0, 


an equation implying that ad A is skew-symmetric with 
respect to the scalar product (2). 

Further, as we know, in an alternative algebra the as- 
sociative relation holds for elements a, b, c, if there are 
identical elements among them. It also holds, of course, 
if at least one element a, b, c is in R from which it follows 
its validity if there are conjugate elements among a, b, c. 
Applying this fact to the elements of a matrix X (XX)— 


(XX) X, where X = (x3) is an octave Hermitian n X n 


matrix, enables us to assume that in the expressions 


ee a 
x} (xjz,) — (xix?) xh of nonzero elements the summation 


over j and k is extended only to different indices j and k 
other than i and l. For n = 3 therefore i is necessarily 
equal to l, so that for any matrix X € Al the matrix X (XX)— 
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(XX) X is necessarily diagonal, i.e. is of the form 


ao 0 0 
O B o) , where a, P, yECa. 
0 0 y7 


If a matrix X is of the form (1), then for octaves a, f, y, 
there are formulas 


a = Es (E12) + a (Exbs) — (Eak) Ea — (Bab) Ès, 
p= 7 (E283) T a (E,E1) a (E455) Es ce (EsE.)E, 
Y = $e (Es&) + Ey (E32) — (G53) 1 — (E,E5) Éa 
from which by virtue of the ie ale of the associa- 
tors it follows that a = 6B = 
Since for any octave cate A there is an equation 
Tr (A-a#) = Tr A-qa@ and hence Tr(4-c#) = 0 when 
Tr A = 0, it follows that for any skew-Hermitian matrix A 


of order 3 with a trace equal to zero and for any matrix 
X € Al we have 


Tr (A-X (XX)) = Tr (A. (XX) X) 
and therefore (see formulas (4) and (5)) also an equation 
Re Tr (AX- XX) = Re Tr (XA: XX) 
which implies that 
Re Tr ((ad A) X-XX) = 0, 
i.e. (Since (ad A) X € Al and XX = X o X) that 
((ad A) X, X, X) = 0. 


Polarizing the obtained identity by X we find at once that 
for the linear mapping ad A: Al — Al we have identity (8). 

Thus ad A is skew-symmetric with respect to both scalar 
products (2) and (6). Hence it is a trace-nullifying differen- 
tiation of the algebra Al. 

The vector space of all skew-symmetric octave matrices 
of order 3 with a trace equal to zero will be symbolized M. 
According to the foregoing, for any matrix A € M the linear 
operator ad A is in the Lie algebra {,. The resulting (obvious- 
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ly linear) mapping 
ad: M > f, 


is injective. Indeed, a trivial calculation shows that only 
scalar matrices of the form aE, with a € R are commutative 
with every matrix in Al and such a matrix has a zero trace 
only for a = 0. QO 

Differentiations of Al of the form ad A, A E€ M, will be 
called adjoint differentiations. 

Of particular importance to us will be matrices in M all 
of whose diagonal elements are zero. These matrices con- 
stitute a vector subspace M? of the space M. Let 


/0 0 0 00 —n 
Y, (yn) =| 0 0 i) rad (2 0 0], 


0 —n 0 7 0 0 


Ue 
nw- 0 0j. 
0 0 0, 


Then any matrix A € M° can be uniquely written as 


A = Yı m) + Y: (Me) + Ys (Ms), Nis Ne Ns E Ca, 


from which it follows in particular that dim M? = 24. 
Now we can prove the important Freudenthal theorem 


which makes the study of Al and F, significantly easier. 
As ever (F,)e denotes the component of the identity of F,. 

Proposition 1 (Freudenthal theorem). For any element 
X € Al there is an automorphism ® €E (F,)e such that 


OX = ME, + uE, + Ags, where dy L de L Aa 


The numbers à < à < Az are uniquely defined by X. 

Two elements of Al can be sent to each other by an auto- 
morphism in (F,)e if and only if the corresponding numbers 
hy SX Àa < À; coincide. 

In terms of the theory of transformation groups this state- 
ment says that every orbit of the group (F,)e in Al contains 
a unique diagonal matrix ME, + AF, + AE; for which 
Ay < Ay <A. It is in this form that we shall prove the 
statement. 
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Being a closed subgroup of a compact group SO(26) the 
group (F,)e is compact. Therefore in any orbit of it there 
is a matrix X of the form (1) for which the sum at + a} + a} 
has the largest value (on that orbit). It turns out that such 
a matrix is always a diagonal one. 

Indeed, for any matrix A € Al and any t € R the matrix 
X, = etad AX is in the orbit of X (since ad A Ej, and 
hence etad A € (F,),) and therefore for its diagonal elements 
a, (t), a 9, as (t) we have f (t)<f (0), where f (t) = 
a, (t) + a, (t) + a; (t)?. But, as we know (see p. 49), X, is 
a See ol the matrix differential equation 


Mta(adA)X;,  X,=X, 


equivalent to three differential equations for octave elements 
E, (t), & (t) and &, (t) of X, and to three differential equa- 
tions for its number elements a, (t), a, (t), a (t). In the case, 
where A = Y, (n) these equations are shown by a simple 
calculation using formula (2) of Lecture 14, to be of the 
form 





1 _ 9, BO = (ag (t) — a (t)) 0, 
(9) SY 2 (n, &(), LOED, 
40) __9(n,&()), SRN. 





Hence re (t) = const and a, (t) pa a, (t) = const. In addi- 
tion J () = 2 (a; (P) a (8) + a (P) ap (H) + a; © as (0) = 
4 (m, & (2) (az (t) — a; (t)) from which it follows by equa- 
tion f’ (0) = O that for (mn, &, (0)) == 0 we have a, (0) = 
a; (0). Therefore a, (t) = a, (0) and a, (t) + a, (t) = 2a, (0) 
and hence f (t) = f (0) + 2 (a; (0) — az (t))*, which is pos- 
sible, in view of f (t) < f (0), only when a, (t) = a, (0). Then 
a; (t) = 0 and hence (n, &, (t)) = 0, which contradicts the 
condition (n, & (0)) == 0 when t = 0. Consequently, 


(n, & (0)) = 0 


for any octave ņ which is possible only when &, (0) = 0. 
In a similar fashion it can be proved that &, (0) = 0 and 
Es (0) = 0. Hence the matrix X = X, is a diagonal one. O 
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We now show that any diagonal matrix X = a,F,+ a,E,+ 
a,k, can be transformed by an automorphism in (F,)e 
again into a diagonal matrix for which a, < a, < a3. It is 
clear that to do this it suffices to prove that it is possible 
to interchange in the diagonal matrix X = a,E, + a,F, + 
a,K, by using an automorphism in (/,), any two diagonal 
elements, say, a, and aj. To this end we again consider the 
matrix X, = eaa AX with A = Y; (yn). It follows im- 
mediately from equations (9) that for this matrix the func- 
tion a, (t) — a, (t) satisfies the differential equation 


a2 ae 
A (ea C48) 4 (N, n) (as (t) — as (8) 


with the initial condition a, (0) — a; (0) = 0 (since &, (0) = 
O by virtue of X being a diagonal matrix). Hence 


a, (t) — ay (t) = (aa (0) — as (0)) cos 2 | n Iż. 


Assuming for simplicity that | y | = 4 it follows in par- 
ticular that 


as (=) —as (+) = — (as (0) — as (0)) 


and hence (since a, (t) + a (t) = const) that a, ($) = a, (0) = 


T 


da, and a (3 )=a, (0)=a,. Thus the automorphism 


TadY, 
a (for any n with |n| = 1) does interchange a, and 


a3. O 

This completes the proof of the first statement of Pro- 
position 1. By that statement to every matrix X € Al there 
correspond (possibly not uniquely) three numbers, A, < 
he < As, having the property that DX = Ei + ME + 
AsE', for some automorphism ® €E (F,),. 

Lemma 1. There are equations 


Ay + Ag + Ag = (X, E), 
AL + AQ + AS = (X, X), 
a? -+A + N = (X, X, X). 


Proof. For the diagonal matrix MX these equations are 
obvious (since (X, E) = Tr X, (X, X) = Tr (X o X) and 
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(X, X, X) = Tr (X o X o X). Since (DX ʻE) = (OX, DE)= 
(X.; E), (DX, MX) = (X, X) and (DX, OX, OX) = 
(X.X, xX), they are true also for any matrix X € Al. 0O 

Now we are in a position to complete the proof of 
Proposition 1. 

Proof of Proposition 1. Since the frst statement of Prop- 
osition 1 is already proved and the third is immediate 
from the first two, it remains to prove only the second state- 
ment. This follows immediately from Lemma 1, since by 
the well-known formulas of the theory of symmetric poly- 
nomials, the numbers A,, As, àz can be restored uniquely up 
to an order from the number op = Ak + Ak + àk, k = 
1, 2,3. 0O 

Numbers Ay < Aa S Àg will be called eigenvalues of an 
octave matrix xX. We emphasize that their sum is equal to the 
trace Tr X of that matrix. 


The Freudenthal theorem makes the study of the algebra 
Al significantly easier. It follows immediately from it, for 
example, that the degrees of any element X € Al are associa- 
tive, i.e. that for every X € Al all n-fold products of the 
element by itself are the same regardless of bracket arrange- 
ment, since this is obviously the case for a diagonal matrix 
X. (In a similar fashion we can also prove for Al the Jordan 
identity (16) in Lecture 15, for in the case where one of the 
factors is diagonal (16) is obvious.) 

The degrees being associative, the nth degree X” of an 
element X € Al is correctly defined for every n > 0. There- 
fore for any polynomial p (7) with real coefficients the same 
holds true for an element p (X) € Al. If p (x) = 0, then 
the polynomial p (7) is called the nullifying polynomial of 
the element X. 

A nullifying polynomial of least degree with the leading 
coefficient equal to 1 is referred to as a minimal polynomial 
of an element X € Al. It is obvious that it is uniquely defined 
and that for any authomorphism ®: Al — Al (which is not 
assumed to preserve the trace) the minimal polynomials of 
the elements X and OX are the same. 

Ii X is a diagonal matrix, then its diagonal elements are 
roots of every nullifying polynomial and conversely any 
polynomial whose roots are these elements nullifies the 
matrix X. It follows that for any matrix X € Al the degree 
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of its minimal polynomial is at most three, the degreé being 
three if and only if the eigenvalues of the matrix X are all 
different. 

In addition we see that in the last case the coefficient of 
T? in the minimal polynomial is —(A, + A, + à) = 
—Tr X. Hence by the invariance of the minimal polynomial, 
for any automorphism ®: Al — Al we have 


Tr OX = Tr X. 


By continuity, that equation remains valid also when some 
eigenvalues of X coincide. This proves that any automor- 
phism of Al is trace-preserving, i.e. that F, is the group 
Aut Al of all automorphisms of Al. 


It is also immediate from the Freudenthal theorem that 
F, acts transitively in the octave projective plane CaP? of 
primitive idempotents of Al, i.e. any primitive idempotent 
can be sent by some automorphism to any other, primitive 
idempotent. It is clear that a diagonal matrix is an idem- 
potent if and only if all its diagonal elements are 0 or 1. 
The eigenvalues of a primitive idempotent are therefore 
0, 0, 1 and hence every such idempotent can be sent to an 
idempotent E, by some automorphism. O 

This means that the octave projective plane CaP? is homeo- 
morphic to the quotient manifold F,/K of the Lie group F, 
mod its subgroup K which leaves fixed some primitive idem- 
potent, say for definiteness, an idempotent £,. 

Let ® € K. Since DE, = E, ® sends to itself the annulet 
Ann Æ of the element E, i.e. the vector space of all ele- 
ments X € Al such that X o E,= 0. It is easy to see how- 
ever that Ann £, consists of elements (1) for which a, = 0 
and €& = Ẹ = 0 and so is a direct sum of a one-dimensional 
subspace of matrices of the form a (E, + £3) and the sub- 
space Ann? E, which consists of matrices of the form 


X =r (E, — Es) + X, (p), where r€R, p ECa. 


Since the operator ® is orthogonal and ® (E, + £;) = 
D (E — E) = E — E, = E, + Es, it follows that the 
automorphism ® sends to itself the subspace Ann’ £, and 
therefore induces some orthogonal operator 


(po Š Ann? E, —> Ann? E,. 
22—04 50 
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Similarly the automorphism ® sends to itself the vector 
space € of all elements X € Al for which 2E, o X = X and 
so induces some orthogonal operator 


D: € > €. 


As is immediate from formulas (18) to (20) of the preceding 
lecture, € consists of all matrices of the form X, (&) + 
X, (mn), £, n € Ca, and therefore the algebra Al can be decom- 
posed into a direct sum of two vector spaces € and Ann’ E, 
and two one-dimensional vector spaces generated by the 
elements Æ, and E, + E;. Hence the automorphism ® is 
uniquely defined by the operators ©° and OD’. 

We also see that the vector space € is naturally iso- 
morphic to the vector space Ca? of octave pairs {$, n} while 
the vector space Ann? E, is isomorphic to the vector space 
Ca® of pairs {r, p}, where r € R and p € Ca. The operators 
@’ and ° therefore can be regarded as the operators Ca? > 
Ca? and Ca® —> Ca®, respectively. Given any elements 
x = {§, n} in Ca? and u = {r, p} in Ca® the element zu = 
{—r + pn, rn + Ep} in Ca? will have in @ the corre- 
sponding matrix 


0 ry+& —ré+n9 Ont, (00 0 
| rn+o 0 0 -(100).(0; >) 
—rE+pn 0 0 E00 \0p —r 


which is a Jordan product of the matrices in @ and Ann’ £, 
which correspond to elements x and u. Since ®©’ and ° 
are induced by an automorphism ® of Al, for these operators 
(regarded as operators Ca? —> Ca? and Ca® — Ca®) there 
is an identity 


(10) ©’ (zu) = D'r- Mu, x € Ca’, u € Ca®. 


Hence there is by Proposition 5 of Lecture 15 one and only 
one element a € Spin(9) with the property that D’ = ak 
and ? = aT 

Thus we have associated every automorphism MEK 
with some element a € Spin(9). It is clear that the mapping 
obtained is a homomorphism. Moreover, since identity (10) 
is obviously necessary and sufficient for the corresponding 
mapping @ to be an automorphism of the algebra Al that 
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mapping is an isomorphism. We thus see that the subgroup K 
is naturally isomorphic to the spinor group Spin(9). 

Identifying via that isomorphism the subgroup K with 
Spin(9) we finally discover that Spin(9) is contained in the 
group F,, with the corresponding quotient manifold being 
diffeomorphic to the octave projective plane: 


(11) F,/Spin(9) ~ CaP?. 


It follows, in particular, that dim F, = dim Spin(9) + 
dim CaP? = 36 + 16 = 52. 

Now we are ready to prove for F, a proposition completely 
similar to Proposition 1 of Lecture 15 for the group G: 

Proposition 2. The group F, is connected and simply con- 
nected. Every Lie group which is locally isomorphic to F, is iso- 
morphic to it. 

Proof. The first statement follows immediately from the 
existence of diffeomorphism (11), since Spin(9) and pro- 
jective plane CaP? are connected and simply connected. 

To prove the second statement it suffices for us to establish 
that the centre of F, is trivial (i.e. it consists only of an 
identity automorphism). But if the automorphism ®,: 
Al —> Al is in the centre of the group F,, then since not a 
single idempotent, except E, leaves fixed all the elements 
of the subgroup K 7 Spin(9) the reasoning we have already 
used (see the proof of Proposition 1 in Lecture 15) shows that 
©, E€ K and so P, = id (for the centre of Spin(9) consists 
only of elements +1). Since (—£,)? = E, Æ —E,, the 
operator —id is not an automorphism. Therefore D,=id. O 

Remark 2. If an automorphism ®: Al — Al leaves fixed 
every idempotent £;, i = 1, 2, 3, then, as is easily seen, it 
sends every matrix of the form X; ($), i= 1, 2, 3, to a 
matrix X; (E), i= 1, 2, 3, where E@ is some octave 
linearly dependent on an octave €. Thus we obtain three 
(obviously orthogonal) operators ®: — +> E™ acting in the 
vector space Ca, and a direct calculation using formula (20) 
of Lecture 15 shows that for these operators we have an 
identity 


DE- Pan = P; (En), E, n € Ca. 


By Proposition 3 of Lecture 15, therefore, there is one and 
only one element a € Spin(8) for which ®, = al, D, = aP 


22% 
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and ©} o o = aT, where o: & +> € is a conjugation in the 
algebra Ca. Since the resulting correspondence @+~> a is 
obviously an isomorphism, this proves that the group 
Aut? Al of automorphisms of the algebra Al that leave fixed 
all idempotents E;, i = 1, 2, 3, is isomorphic to Spin(8). 


Since the Lie group F, = Aut Al is simply connected, its 
algebraic structure is completely defined by that of the Lie 
algebra f, = Der Al. It only remains for us to study that 
Lie algebra. 

To this end we select in f, a subalgebra Der’ Al consisting 
of differentiations nullifying every idempotent £;, i = 
1, 2, 3. That subalgebra is clearly a Lie algebra of the sub- 
group Aut® Al (see Remark 2) and is therefore isomorphic to 
the Lie algebra 1 (Spin(8)) æ 39(8). This isomorphism 
is easy to establish also directly, though. Indeed, if DE; = 
0, i=1, 2, 3, then, as is immediate from formulas (19) 
of Lecture 15, for any i = 1, 2, 3 the element DX; (Ẹ) is of 
the form X; (A;, £), where A; is a linear operator Ca — Ca. 
The operators A; are skew-symmetric and (as is immediate 
at i = 1 from formulas (20) of Lecture 15) satisfy the identity 


(12) Aien + EtA = A3 (En). 


Therefore (see Remark 2 of Lecture 15) A, = (A”’)? and 
As = A** oo, where o: Ca — Ca is a conjugation. Since, 
conversely, any operators A,, Áa, A; which satisfy identity 
(12) obviously correspond to some’ differentiation D € 
Der’ Al, this proves that the correspondence D — A, is 
an isomorphism. QO 

We shall denote a differentiation in Der® Al corresponding 
to an operator A € 39 (8) by xA. Thus D = xA, if and 
only if DE; = 0 for any i = 1, 2, 3 and DX, (&) = X, (A&) 
for Ẹ € Ca. 

Now let D be a differentiation in Al and let 


DE; = aE, + taiba + agi 3+ X: (E11) + Xa (Eas) +X (Ey:)- 


Since E} = E;, we have 2DE; o E; = DE; from which by 
formulas (18) to (20) of Lecture 15 it follows immediately 
that a;; = 0 for any i, j, and &;; = 0. Besides, since E; o E; 
= 0 for i Æj, we have DE; o E; + E; o DE; = 0, from 
which it follows that Es, i+1 + E, it, = 0 for any i= 1, 2s 3. 
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Hence putting E: = &:,:+, we get 
(13) DE; = Xi (i+) — Xita (Erte), i= 1,2, 3 mod 3. 


On the other hand, a direct calculation shows that for an 
adjoint differentiation D = ad A corresponding to a matrix 
A = Y, (E) +Y. (&.)+Y3 (&3) in M° we have the same 
formulas (13). This means that for any differentiation D € 
Der Al there is one and only one adjoint differentiation 
ad A, A E€ M°, with the property that D — ad A € Der’ Al = 
x (30 (8)), i.e. that 


(14) f, = x (80 (8)) @ ad M°. 
Since the mappings x: 30 (8)-—»>f, and ad: M° — f, are 
monomorphisms, this proves that 
fa Z 30 (8) @ M. 


Since dim 8o (8) = 28 and dim M? = 24, this again proves 
in particular that dim f, = 52. 

In view of decomposition (14), for the structure of f, to 
be completely defined it suffices to calculate all possible 
commutators of elements of the form xA and ad Y; (Ẹ), 
where A € 30 (8), E€ Ca, i = 1, 2, 3. It turns out that 


(15) [xA, xB] = x [A, B], 

(16) [xA, ad Y; (&)] = ad Y; (A6), 

“Ch, if j=i, 
ad Yi+2 (—Ẹn), iff=i+1, 


where A and B are elements of 80 (8) (interpreted as skew- 


symmetric operators Ca — Ca), —, 4 are octaves and Ci. n 
are operators Ca —> Ca defined respectively by formulas 


Cen: E > 4, n)n—A4(n, E)E, 
Cen: & > C-n—ln-&, CECa. 
CE ni Ct nC —E- nf. 
Indeed formula (15) is equivalent to the statement that 


the mapping x is a homomorphism while formulas (16) and 
(17) can be verified by direct calculation. It is easy to see, 


(17) [ad Y, (&), ad Y; =| 
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for example, that 
[Y, (6) £,) = 0, [Y, (€), Ze] = —X, ($), IY, (&) Esl 
ee Xı (£), 


i.e. that (ad Y, (Ẹ)) E: = ©;X, (&), where e; = 0, —1, 1 

for i = 1, 2, 3. Therefore (since by definition (xA) E; = 0 

for any i = 1, 2, 3) 
[xA, ad Y, (&)] E: = (xA) (ad Y, (Ẹ)) E; 

€;X, (AE) = (ad Y, (4$)) E; 

and hence the differentiation D = [xA, ad Y, (&)] — 

ad Y, (A&) is in Der’ Al. As an obvious calculation shows, 


[Y, (£), Xı (¢)] = 2, $) (E, — E;) 
and hence the formula 
DX, ($) = (xA) (2 ($, $) (E2 — Es)) 
— [Y, ($), X, (45 — IY; (48), X, ($) 
= —2[(&, (AE) + (AE, &)] (Ea — E;) = 0, 
holds for D, since by hypothesis the operator A is skew- 
symmetric. Consequently, D = 0, which proves formula 
(16) for i = 4. Similarly 
[ad Y, (£), ad Y, (m)l E; 
= e; (ad Y, (€)) Xi m) — e: (ad Y, (n)) X: ($) 
= 2e; ((§, n) — (m, §)) (E: — E3) = 0 


and 
[ad Y, (£), ad Y, (m)l X, (6) 
= 2 ((n, $) ad Y, (&) — (&, $) ad Y, (m)) (E2 — Es) 
= 4 (—(n, $) X: (E) + ($, £) Xi ()), 
which proves formula (17) at i = j = 1. The remaining for- 
mulas (16) and (17) can be verified in exactly the same 
way. O 


The results obtained make it possible to prove for the 
Lie algebra f, an analogue of Proposition 1 of Lecture 14. 
Let § be a four-dimensional subspace of f, consisting of 
linear combinations of elements xE (4, 83, *E[2, 71, “E13, 63 
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and xEr4, 5}. Since these elements commute with one another, 
we have [H,, H,] = 0 for any elements H,, H, € bh. Let 
€i, >, €z, €, be a basis of the conjugate vector space h* 
dual to the basis xEt1, 81, XEt2, 7, “E[s, 61, —*E 4, 5] of 
the vector space §. Introducing into h* a Euclidean structure 
in which the basis e,, e>, €z, e, is orthonormal we give the 
name of configuration F, to the collection of all possible 
vectors of the form 


+ ep, +epteg (p= Q, 
> (+ e; + e, + es + &), 


where any combinations of signs (the number of the vectors 
is 48) are admissible. 

By virtue of the identification ġ* = § induced by the 
Euclidean structure we may consider vectors œ € F, as 
elements in §. Following the example of the Lie algebra g? 
(see Lecture 14) we put 


Hoen for any a€F,,. 


|a |? 


Next, denoting the imaginary unit of the field C by Y —1 
to avoid confusion with an element in Ca, we define the 
elements X,, &@ = +e, + eq}, of the complexified Lie 


algebra {© = f, Q C by setting 
X ore, =% (Ez, 33 Ef4,23) + V —1-% (Et, 11 + Eto, 83), 
X ~e,20e,=% (— Ey, 8) + Eu, 23) + V —1 -x (Et, 11 F Ete, 81) 


and assuming that the other vectors X+ep+eq are given by 
the formulas resulting from replacing the indices (7, 8) by 
(2, 7), (3, 6), (5, 4) when p is equal to 2, 3, 4 and, respectively, 
the indices (1, 2) by (1, 8), (3, 6), (5, 4) when q is equal to 

, 3, 4. 

For a = +e, we set 

X sep = ad Y, (p) + V—1 ad Y, (np), 
where 
Ge E p, e = k, 


3 = ae Ye = —£, Nz = —l!; Ns =F — ê, 
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e, + e, + e, + e,) we set 


ad Y, (Ep) +V —1ad Y, (Np), 
ad Y (Es) +V — 1 ad Y; (np), 


+- (—e, +e, +23 +e,), 


4 
ES (—e,-+ e, —e3—e,), 


4 
> (—e,—e,-+ e;— ey), 


1 
+ -y (—eı— e, — ez + e), 


4 

anir (—e,— e, —e3 — e,), 
4 

T -y (e1 + ea — e — e), 
4 

+4 (e, —e,+e,—e,), 


4 
+ -5 (€1 — e — ez +e), 
ber of the corresponding vector «œ in these 


, that Proposition 1 of Lecture 14 (together 
f the lecture) will hold also for the algebra 


ı the configuration F,, of course). 


can be proved by choosing in ic an 
nd repeating step by step the calculations 
n 1 and formula (17) for the*Lie algebra 
int of work required will now be sub- 
lext semester we shall develop a general 
is work to be reduced, and therefore we 
or the time being. 

een said it is not surprising that there is 
Propositions 2 of Lecture 14 holding for 
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‘©. To obtain a formulation of that proposition for fc it 
suffices to assume in formulas (23) of Lecture 14 that the 
indices p and q change from 1 to 4 and the numbers np, are 
elements of the matrix 
2 —1 0 0 
—1 2 —2 0 
0 —1 2 —1 
0 0 —1 2 
This statement can be proved using the same considerations 


but, of course, it requires much more work to be done. The 
role of vectors fi, e, will be played by vectors 


1 
-5 (C1 —e,—e3— 4), Cn, Cg—Cy, €z— ez. 


The details of the calculations will be left to the reader. 
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Solvable Lie algebras: The radical of a Lie algebra: 
Abelian Lie algebras-The centre of a Lie algebra- 
Nilpotent Lie algebras: The nilradical of a Lie algebra: 
Linear Lie nilalgebras-The Engel theorem. Criteria of 
nilpotency: Linear irreducible Lie algebras. Reductive 
Lie algebras: Linear solvable Lie algebras: The nilpotent 
radical of a Lie algebra 


We now turn to the general theory of Lie algebras so as to 
prove the Ado theorem and thus fill in the remaining gap in 
the proof of the Cartan theorem in Lecture 10. 

The proof of the Ado theorem is based on a rather advanced 
structural theory of Lie algebras that is of independent 
interest. Unfortunately, we shall be able to touch only in 
a very perfunctory way upon this theory. 

Unless otherwise specified, in what follows a ground field 
K is taken to be a field of characteristic 0. All Lie algebras 
over K are assumed finite-dimensional. 


Let g be a Lie algebra over K. For any two subspaces a 
and b of g we denote by la, b] a subspace generated by 
elements of the form [a, b] where a€a, DE€Eb. In this 
notation the property for the subspace a of being a sub- 
algebra is equivalent to the inclusion [a, a] a and the 
property of being an ideal is equivalent to the inclusion 
la, gl ca. Since by the Jacobi identity [[a, bl, cl] = 
Ib, cl, al +c, al, b] ıt follows in particular that if 
a and b are ideals, then [a, b] is also an ideal. 

Therefore formulas 


gD =g, g® = Ig, gl,..., 9) =I[gt), g@-D),... 
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define in g a descending (more precisely, nonascending) 
chain of ideals 


g= 9) >88... gH >... 


Note that g() — g(@+!-)), 

The ideal g(*) is also symbolized g@-) by some mathe- 
maticians. 

Definition 1. A Lie algebra g is said to be solvable if 
there is k >O0 such that g® = 0. 

Let n = dim g. A descending chain of subspaces 


G9) Or sce Dp Dew DG, = 0 


is said to be a flag if the dimension of every subspace is a 
unity smaller than that of the preceding subspace, i.e. if 
dim g; = n — i for any i = 0, 1,..., n. A flag consisting 
of subalgebras is called a flag of subalgebras. 

Proposition 1. A Lie algebra g is solvable if and only if 
it has a flag of subalgebras 


gsp 6) a o e = 0; 


in which every subalgebra g;, i =1,..., n, is an ideal of 
the preceding subalgebra Si (satisfies the relation 
[8i 8il] S gi). , , 

Proof. By hypothesis dim g;ı = dim g; + 1. There- 
fore any element in g;_, is of the form x + Ae, where x € g;, 
à € K and e is a fixed element. Since 

[x + de, y + pel = Iz, yl + A la, e] —uly, el 
and [x, yl, [z, el, [y, el E€ g; (for g; is an ideal in g;_,), 
it follows that [g;.,, Sial S gi Hence if gË C gis 
then g@*) = [g, g0] C[gi4, gia] gi. Since the 
inclusion g) Cc g;_, is true for i = 1, it is thus proved 
for all i = 1,..., n +1. In particular, g"*) cg, = 0, 
i.e. g+ — Q. 

Conversely, if there is k >>0 such that g*)} =O (and 
g*Ż-Ð 4 0), then in the chain of ideals 

g = gl 3 o o > gi) = 0 


the inclusions are all strict and therefore that chain can be 
embedded into some flag 


g =oD Dgn = 9%, 
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Let i = 0,1,..., n, and let a be the greatest index for which 
gc g9., If gi ~ g, then gi, c g and so [g:1, glc 
[g, g9] = Rexel Œ g; If, however, g; = , then 
gi1 gt) and so Ign gil CIg@-, gl cg = gi. 
Thus in all the cases [g;_,, g;] < 9;, from which it follows 
that the flag under consideration is a flag of subalgebras 
(because [g;, g:i] <[gi_, gi] Z g;) in which every subalgebra 
is an ideal of the previous algebra. Q 

Under any epimorphism g->} ideals gi") obviously 
go over into ideals h*). Similarly, if Cg, then }® c 
g*) N ġ. Therefore every quotient algebra and every sub- 
algebra of a solvable Lie algebra is solvable. Besides, it is 
easy to see that g is a solvable algebra if it contains a solvable 
ideal ġ for which the quotient algebra g/b mod is solvable. 
Indeed, if (g/) = 0, then g = h and hence if §( =0, 
then g (R+I-1) — gh) — 00 


For any two ideals a and b their sum a + b is also 
an ideal, the quotient algebra (a + b)/b being (by the 
so-called first theorem on isomorphisms) isomorphic to 
ala N b and therefore solvable if the ideal a is solvable. 
Consequently, if the ideal 6 is also solvable, so is the ideal 
a + b. Thus the sum a + b of two solvable ideals a and b 
is a solvable ideal. In any finite-dimensional Lie algebra g 
therefore there is a largest solvable ideal + containing all 
solvable ideals of that algebra: it is the sum of all solvable 
ideals of g. 

Definition 2. The ideal r is called the radical of a Lie 
algebra g. If r = 0, the Lie algebra is called semisimple 
algebra. 

Note that any homomorphism ¢— ý maps the radical 
of g into the radical of }. 

The natural epimorphism g —>g/r sets up a bijective 
correspondence between ideals a of g which contains an 
ideal r and ideals b of the algebra g/r. An ideal b cor- 
responding to an ideal a is isomorphic to the quotient al- 
gebra a/r and hence solvable if and only if the ideal a is 
solvable. By the maximality of the radical r the ideal 
a >t is solvable if and only if a = r. This proves that 
there are no nonzero solvable ideals in the quotient algebra 
g/t, i.e. g/t is semisimple algebra, 
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Definition 3. A Lie algebra g is said to be Abelian if 
g?) — 0, i.e. if [z, y] = 0 for any elements z, y € g. 

If a Lie algebra g is not semisimple, i.e. if its radical ris 
nonzero, and if kis the smallest exponent for which r( = 0, 
then the ideal a = x(*-) (which is obviously an ideal in g 
as well) is nonzero and Abelian (la, a] = ([r(?-), 14-0] — 
r() =0). Conversely, if in a Lie algebra g there is an 
Abelian ideal a 0 (which is consequently solvable) then 
t Æ 0 and hence g is not semisimple. Thus a Lie algebra g 
is semisimple if and only if there are no nonzero Abelian ideals 
in it. 

The centre of a Lie algebra g is its annulet in the sense 
of the general theory of algebras, i.e. the largest subspace 
4 c g for which lz, gl = 0. It can be verified in an 
obvious way that the centre is an ideal. 

An algebra g is Abelian if and only if 4 = g. 

Since a centre is an Abelian ideal, the centre of a semi- 
simple algebra is zero. 

Along with the ideals g) one can also consider ideals 
g) defined by induction using the formula 


g* = Íg, 8*1],  (g' =). 

Note that g? = g@). 

Definition 4. A Lie algebra g is said to be nilpotent if 
there is k >í such that g? = 0. 

Since g? = g@) we see in particular that any Abelian Lie 
algebra is nilpotent. l 

By induction on i we immediately find that g® c g' 
for any i. Therefore any nilpotent Lie algebra is solvable. 

If g* = 0 and g*-1 = 0, then the nonzero ideal a = 
g?! has the property that [a, g] = O and therefore is in 
the centre 34 of the algebra g. Hence the centre 3 of a nil- 
potent Lie algebra is nonzero. 

Note that the centre of a solvable Lie algebra may well 
be zero. 

Proposition 2. A Lie algebra g is nilpotent if and only if 
there is a flag of subalgebras 


66) 56) Sees 56) S453. DG, =, 


in it, such that for any i=1,..., n there is an inclusion 
[g. 8i] 9; (so that, in particular, every subalgebra 
g; is an ideal of 9). 


350 Semester V 


Proof. (Cf. the proof of Proposition 1.) If g* S 8i, 
then git? = [g, gêl [g, gis] Cg: Since gt = go, 
this proves by induction that gt Œ g;_, for any i=1,..., 
n. In particular, g"*?<cg, =0 and hence g”*! = 0. 

Conversely, if there is k >>1 such that gë = 0, then 
(provided g*-! £0) all inclusions in the chain of ideals 


g=gingra...ng*=0 


are strict and so the chain can be embedded into the flag of 
subspaces 


8 = 80 D891 D... Dgn = 0. 


If now a is the largest index for which g; C g°, then 
g**! C g;+4, and therefore 


ig, gl Clg, 8°] = 8° gin O 

It can be proved, just as for the case of solvable algebras, 
that any subalgebra and any quotient algebra of a nilpotent 
algebra are nilpotent algebras. The corresponding statement 
for extensions is in general false, however. One may only say 
that a Lie algebra g is nilpotent if so is its quotient algebra 
g/h mod some ideal which is contained in its centre 3. 
Indeed, if (g/h)* = 0, then c Hc and so gët = 


For every ideal a of a Lie algebra g its ideals a? are 
obviously ideals in g as well. More generally, if we con- 
sider two ideals a and h, then all subspaces 


Co = Do, Cr = [Cor Dil, ~~ +, Ce = ley, Dal, 


where Do, Dis, e>», D... are ideals, each coinciding with 
either a or b, will also be ideals in g. It is easy to see that 
for any k >0 there is an inclusion 


Cr C al, 


where l is the number of indices i < k such that d; = a. 
Indeed, for k = 0 that inclusion is obviously true (we agree 
to assume that a? = g) and if it is true for some k, then 
Cht = [Crs Dx] C Lat, dal and therefore c,4, C a! if Da =b 
and C+ Z altt if dag, =a. O 

By symmetry there is, of course, also an inclusion C} C 
b” where m is the number of indices i < k such that Dj =b. 
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Clearly, either l or m is at least p = [k/2]. Therefore 
either cp C a” or ¢, Z DP, i.e. 


Cp, C aP U bP. 


On the other hand, it is clear that the ideal (a + 6)? 
is the sum of ideals of the form cą which correspond to all 
possible sequences Do, D,,.-.-, Dg Of ideals a and b. For 
that ideal therefore there is an inclusion 


(a+b)? ca? U D’. 


It follows immediately in particular that as with solvable 
ideals, the sum a + b of nilpotent ideals a and b is a 
nilpotent ideal. In any Lie algebra g therefore there is a larg- 
est nilpotent ideal n containing all nilpotent ideals of the 
algebra. That ideal is called the nilradical of the Lie al- 
gebra g. 

Note that in contrast to the case of the radical the quotient 
algebra g/n of a Lie algebra g mod its nilradical n may 
well have a nonzero nilradical. 

For subalgebras of the commutator algebra [4] of an 
arbitrary (in general, finite-dimensional) associative algebra 
A and,in particular, for linear Lie algebras (subalgebras of 
the commutator algebra [End 7] of linear operators acting 
in some vector space F`) one can indicate a very useful suf- 
ficient condition for their nilpotency. 

Recall that a linear operator acting in a vector space 7 
(or, more generally, an element of an associative algebra Æ 
is said to be nilpotent if certain degree of it is zero (see II, 15). 
Similarly, a set of linear operators (or elements of an associa- 
tive algebra 4) is said to be nilpotent if there is k>>1 such 
that the product of any k elements of that set is zero. 

We shall apply the latter term to subsets which are sub- 
spaces (and, in particular, subalgebras) of [4] and so, to 
avoid terminological confusion, subspaces nilpoint in this 
sense will be called associatively nilpotent subspaces (sub- 
algebras). Besides, in accordance with the general ter- 
minology accepted in the theory of associative algebras, 
subalgebras g c [.4] consisting of nilpotent elements will 
be called Lie nilsubalgebras. Any associatively nilpotent 
Lie subalgebra is clearly a nilsubalgebra. It is remarkable 
that the converse is also true: 
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Proposition 3. Any finite-dimensional Lie nilsubalgebra g 
is associatively nilpotent. 

We shall prove even a more general statement. 

Proposition 3* (Jacobson theorem). Let Æ be an associative 
algebra (not improbable that it is infinite-dimensional) and 
let Q be its finite-dimensional subspace generated by some 
subset g closed under commutation. If every element a€g 
is nilpotent, then Q is associatively nilpotent. 

Proof. It is easy to see that there are associatively nil- 
potent subsets (the null set, for example) in g. Since the 
rank of the set g is finite by hypothesis, there are also 
maximal associatively nilpotent subsets § in it. Since a 
subspace generated by an associatively nilpotent subset is 
easily seen to be also associatively nilpotent, it suffices to 
prove that h = g. Let us assume that § +g and arrive 
at a contradiction. 

Let # be the span of a maximal associatively nilpotent 
subset ý and let p be a number such that the product of any 
p elements in # is zero. Then commuting successively any 
element a € g with any 2p — 1 elements in P results in zero. 
Indeed, commuting a with elements b,, ..., bap of # we 
ultimately obtain an algebraic sum of products of the form 
bac, where b is the product of some of the elements 0,,.. ., 
bey, and c is the product of the rest of these elements. It is 
clear that either b or c contains at least p factors b,,... 
bsp_; and therefore that product is zero. Consequently all 
elements of the form bac are zero and hence so is their sum. 

It is now clear that for any element a € g there is a number 
s > 0 such that the result of successively commuting it with 
any s elements in h is in P, with s < 2p — 1. 

It follows that if h = g, then there is an element a ¢ } 
such that [a,, b] € P for any bE. For this to be proved 
it suffices to choose an element a € g N þh and apply to it 
the statement proved, noticing that if s is chosen to be the 
smallest, then there are elements b}, ..., b,- in § such 
that the result a, (which is in g) of a successive commutation 
of a with b,,..., b,_,; is not in ġ but has the property that 
[a, b] € P for any b € b and hence also for any b € #. 

A monomial is the product of elements in # alternated 
by the element a, (any number in any order). Let r be the 
number of factors of a monomial a that are in P. It turns 
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out that if r > p, then a = Q. Indeed, suppose that there is 
a factor of the form ba, in a, with bE P. Since tay, bE È, 
replacing ba, by a,b — [ao, b] we represent a as a sum of 
two monomials with the same r. The number of factors of 
the form a, in the first monomial will be by one less and in 
the second monomial such a factor will be shifted one posi- 
tion left. On repeating this transformation a required 
number of times we represent a as a sum of monomials which 
either have no factors of the form a, at all or have all these 
factors collected at the left. Every such monomial is ob- 
tained by multiplying an element of the algebra 4 by an 
element that is a product of r >p elements in # and is there- 
fore zero. Hence so is the original monomial a. 

Since a) € g, there is by hypothesis an exponent k such 
that ało = 0. Therefore a monomial a can be nonzero only 
when exponents of a, are smaller than ky. These degrees 
are alternated by factors in # and so their number is not 
larger than the number r of those factors. Since according to 
the foregoing for a Q it is necessary that r< p, the 
general number of factors of any nonzero monomial a is at 
most 


r—1+r(k—1)<p—t-+p (ky) — 1) = pk, —1. 
This proves that if the number of all factors of a monomial a is 
at least pk, then a = Q. s 

In particular this means that so is the product of any pko 


elements of the set h = {, ao}, i.e. that that set is associa- 
tively nilpotent. This contradicts the maximality of the set 
b, which completes the proof of Proposition 3*. O 
Corollary 1. Every finite-dimensional Lie nilsubalgebra 
g c [l4] is nilpotent. 
Proof. Every element of an ideal g? is a linear combi- 
nation of k-fold commutators of the form 


Tix, Vue anai UE pay er eas Ua Wis Wan ti, EEG 


and hence (as an element of an algebra 4) an algebraic sum 


of all possible products of the form z} . . . 23. Consequently, 


if the Lie algebra g is associatively nilpotent, then g* = 0 
for a sufficiently large k, i.e. that algebra is nilpotent. For 
the proof to be completed therefore it remains to use Pro- 
position 3. O 


23—0450 
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In general, this sufficient condition for subalgebras of 
commutator Lie algebras (and linear Lie algebras, in partic- 
ular) to be nilpotent is not necessary. It is easy to see, for 
example, that the collection of all matrices of the form 
AE + A, where A = (a;;) is a strict upper triangular 
matrix (i.e. such that a;, = O for i<j), is a nilpotent 
subalgebra of a Lie algebra [R (m)] and at the same time the 
matrix AE + A is nilpotent only for A = 0. 

We now return to arbitrary (but as ever finite-dimensional) 
Lie algebras. 

Defined for such an algebra g is its homomorphism ad into 
the commutator algebra of the algebra of all linear operators 
g —> g (see Lecture 3). By definition, for any element a € g 
the linear operator ad a: g — g sends any element x€g¢ 
to an element [a, x]. Therefore, in particular, any k-fold com- 
mutator [x,, [z,, ..., [xp_1, a]... J] is nothing than the 
result of applying a linear operator ad zo adzo... 
ad zk; to the element x,. This means that a Lie algebra g 
is nilpotent if and only if the linear Lie algebra ad g is as- 
sociatively nilpotent. By virtue of Proposition 3 this proves 
Corollary 2. 

Corollary 2. A Lie algebra g is nilpotent if and only if for 
any element a € g the linear operator ad a is nilpotent. QO 

This corollary is known as the Engel theorem. However, 
it is very often Corollary 1 or even Proposition 3 itself that 
are referred to as the Engel theorem. 

Becoming of particular importance in connection with 
the Engel theorem are the various criteria of nilpotency of 
a linear operator. Now we prove the first two criteria of 
this kind. 

Recall that a trace of a linear operator Æ acting in a vector 
space Y is the sum of diagonal elements of its matrix in a 
basis of 7”. The trace is defined correctly (i.e. it is independ- 
ent of the basis) and symbolized Tr A. 

The properties of a trace. 

1°. The number Tr A is linearly dependent on the oper- 
ator A (i.e. it is a linear functional on the space End F° of all 
linear operators 7 +7). 

2°. For any two operators A and B 


Tr AB = Tr BA. 
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3°. The trace is the sum of all characteristic roots of the 
operator A (repeated as many times as is their multiplicity): 


TrA =u t... Hirn 


Property 1° is obvious. Property 2° can be proved by a 
direct computation, while the easiest way to prove Property 
3° is by considering the normal Jordan form of the operator A. 
(Notice that in Property 3° we go over to the algebraic clo- 
sure of the field K, i.e. to the field C when K = R, but the 
trace of the operator remains unchanged when the ground 
field is extended since so does its matrix.) 

Since for a nilpotent operator all characteristic roots are 
zero (see II, 15), it follows from 3° in particular that the 
trace of any nilpotent operator is zero. 

This necessary condition for nilpotency is not sufficent, 
of course. However, since any degree of a nilpotent operator 
is also a nilpotent operator, it follows that if an operator A 
is nilpotent, then Tr A? = Q for any k. 

It turns out that this condition is now not only necessary 
but also sufficient, i.e. if Tr A? =O for any k, then the 
operator A is nilpotent. Indeed, since characteristic roots of 
the operator A” are the degrees At, .. ., AX of the character- 
istic roots of the operator A, there is, for the trace Tr AŻ? of 
the operator A*, a formula 


Tr AP = AR p... + AR, 


saying that the number Tr A* is the sum of the kth degrees 
of the characteristic polynomial of the operator A. But 
it is known from the theory of polynomials that the coeffi- 
cients of any polynomial can be polynomially expressed in 
terms of the sums of degrees of its roots (these are the so-called 
Waring formulas) and are zero if all those sums are zero. 
As applied to the characteristic polynomial f, (A) of the 
operator A, this proves that if Tr A? = 0 for all k, then 
fa (A) = à”. Therefore by the Hamilton-Cayley theorem 
(see II, 16) 47 = 0. 0O 

Another, more special sufficient condition for nilpotency 
relates to operators of the form 


(1) A = [Bp C+... + [Bp C] 


23* 
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which are commutator sums. It turns out that if an operator 
A of the form (1) is commutative with each of the operators 
B,,..., B, (i.e. [A, Bil =0,..., [4, B,] = 0), then that 
operator is nilpotent. Indeed, for any k the operator A* is 
also a commutator sum: 


A" = A" ([By, Cy] +... +1Bs, Cal) 
= A*-1 (B.C,—C,B, + ...+B,C.—C,B,) 
= (B,A*!C,— A*C,B,) + ... + (B,A*1C, — A*'€,B,) 
=[B,, A®!C,]+...+[B,, A*-C], 


and therefore Tr A? = 0 (see Properties 1° and 2° of a 
trace). Hence the operator A is nilpotent. O 

It follows from this criterion that for any linear Lie algebra 
g the intersection x (| g? of its centre and the ideal g? con- 
sists of nilpotent operators. Indeed, any operator A in g? 
is of the form (1), where Bi, Cis ..., Bs, C,€g, and if 
A E3 then [A, Bı] =0,..., 14, B =0. 0O 

In a similar fashion one can prove that for every Abelian 
ideal a of a linear Lie algebra g the ideal la, g] consists of 
nilpotent operators. 


More exact results can be obtained under the assumption 
that the linear Lie algebra g is irreducible, i.e. that Y has no 
nontrivial subspaces invariant under all operators in g. 

For any subset a of alinear Lie algebra g acting in a space 
Y the symbol a¥ will denote the span of all vectors of the 
form Az, where A Ea and LEF. 

It is easy to see that if a is an ideal, then the subspace ay 
is invariant under all operators in g. Indeed, if A Ea, 
BE€g and zE, then 


B (Az) = IB, Al z + A (Bz) € a7, 


since [B, A] €a. O 

It follows that if a linear Lie algebra g is irreducible, then 
there is a nonnilpotent operator in every nonzero ideal a of it. 
Indeed, if all operators in a are nilpotent, i.e. if a is a 
nilalgebra, then by Proposition 3 the ideal a is associatively 
nilpotent. Let m be the smallest number with the property 
that the product of any m elements in a is zero. Then in the 
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series of subspaces 


Ficar Fs = nafi e o o% P ma = US aa Pu =O na 


the subspace m is zero and m-;ı Æ 0. According to the 
preceding statement (which was applied m — 1 times) #,,_, 
is invariant under every operator in g. Hence by irreduci- 
bility mı =F and therefore P = a7 = a? mi = Pm = 
0, which is possible only when a = 0. O 

Applying this general statement to the ideal 3 N g? 
we immediately see that for any linear irreducible Lie algebra 


g we have 
3g = 0. 


Besides, we see that any Abelian ideal a of a linear ir- 
reducible Lie algebra g is in its centre 3. Indeed, since there 
are no nonnilpotent operators in the ideal [a, g] this ideal 
is zero, but the equation [a, g] = 0 implies exactly that 
ac O 

Definition 5. A Lie algebra g is said to be reductive if 
every Abelian ideal of it is in its centre 3 and 3 N g? = 0. 

We have thus proved that any linear irreducible algebra 
is reductive. 


Let g be a reductive Lie algebra. Since 3 N g? = 0, we 
can extend g? to a subspace m such that g = 3 @ m, 
and since [g, m| Clg, gl cm, the subspace m is an 
ideal. Moreover, it is easy to see that every ideal a in m 
is an ideal in g as well (since g = 3 +m, we have 
[g, al c Ig, al + Im, al = Im, a] Ca). Therefore if 
the ideala Œ m is Abelian, then a Œ 4 and hence a = Q. 
Thus the ideal m has no nonzero Abelian ideals and is there- 
fore semisimple. 

Conversely, if a Lie algebra g is of the form 34 @ m, 
where m is a semisimple ideal, then g? = m? c m and so 
x (192 = 0. Besides, under the natural epimorphism 
g — g/3 every Abelian ideal a of g can be mapped into 
an Abelian ideal of the semisimple algebra g/; ~ m, 
i.e. into zero. Therefore a Œ 3 and hence the Lie algebra g 
is reductive. 

This proves that a Lie algebra g is reductive if and only 
if it is a direct sum of its centre and some semisimple ideal m: 


$=; Om. 
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(Note that in fact m = g?. Indeed it follows from g = 
4 @®m that g? = m? and, as we show in the next lecture, 
for any semisimple Lie algebra m we have m? = m.) 

Now it is easy to see that the radical x of a reductive Lie 
algebra g coincides with its centre 3. Indeed, under the 
natural epimorphism g —> g/3 the radical rt is mapped into 
zero (for the algebra g/g is isomorphic to the ideal m and 
hence semisimple). Therefore rc 3 and hence t = 3 

So a reductive Lie algebra is solvable if and only if it is 
Abelian. 

Thus, in particular, every linear irreducible solvable Lie 
algebra is Abelian. 


To apply this statement to not only irreducible algebras 
we first prove one general lemma from linear algebra which 
relates to a linear operator A, in a linear vector space 
having an invariant subspace #. As we know, such an oper- 
ator induces an operator A,;: #2 on & and an operator A,: 
VIP FIF on FIP. 

Lemma 1. If operators A, and A, are nilpotent, then the 
operator A is also nilpotent. 

Proof. Let Aè: = 0 and Ak: = 0. Then A*: sends Y to 


P while A”! sends # to zero. Therefore A™t*? — AAt? 
sends 7 to 0, i.e. AMT? = 0. 0O 


Now it is easy to see that if g isa linear solvable Lie algebra 
and the operator A €g is nilpotent, then for any operator 
B E g the operator AB is also nilpotent. Indeed, proceed by 
induction on the dimension n of a vector space Y in which 
a Lie algebra g acts, considering that given n = 1 the 
statement is trivial. If 7 has no nontrivial subspaces in- 
variant under every operator in g, i.e. if g is irreducible, 
then according to the foregoing g is Abelian and hence 
AB = BA. Therefore (AB)* = A*B*® for any k>O and 
hence (AB)? = 0 when A* = 0. If there is a nontrivial 
invariant subspace Ê in F`, then restricting all operators in 
g to ? we obtain in # an algebra of operators which is a 
homomorphic image of the algebra g and is therefore solv- 
able. Hence, by induction hypothesis, the operator AB on 
f is nilpotent. Similarly, going over to the factor space 
FIP we see that the operator AB induces there a nilpotent 
operator. By Lemma 1 therefore AB is a nilpotent operator. 
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Note that in general AB ¢ g. 

Similarly it can be proved that for any linear Lie algebra g 
with radical rt the ideal [g, x] consists of nilpotent operators. 
Indeed, if g is irreducible, then, as we know, t = 3 and 
therefore [g, r] = 0. Hence in this case the statement is 
automatically true. In the general case we again proceed 
by induction on dim F`. Let ? be a subspace in Y invariant 
under all operators in g. Then, restricting all operators in g 
to ? we obtain in £ an operator algebra g isomorphic to the 
quotient algebra of g mod an ideal (consisting of operators 
equal to zero on #). By induction hypothesis, the ideal 
[g’, tl, where r’ is the radical of g’, consists of nilpotent 
operators. Since under the epimorphism g —> g’ the ideal 
[g, r] is mapped into [g’, t’], this proves that any oper- 
ator A in [g, r] induces in # a nilpotent operator. Similarly 
it can be proved that A induces a nilpotent operator in the 
factor space 7°] P as well. Hence by Lemma 1 A is a nilpotent 
operator. O 

It follows by the Engel theorem that for any linear Lie 
algebra g the ideal [g, rt] is nilpotent. It is easy to see, 
however, that this statement is true for arbitrary Lie algebras 
as well. 

Proposition 4. In any Lie algebra g the ideal [g, rl is 
nilpotent. 

Proof. Let g' = ad g and let r be a radical of the Lie 
algebra g’. According to the foregoing, the ideal [g’, r] 
is nilpotent. On the other hand, under the homomorphism 
ad: g —> g' the ideal [g, r] goes over to [g’, t'l] and the 
centre of the algebra g serves as the kernel of that homo- 
morphism. Thus factorization of [g, x] mod an ideal of 
the centre yields a nilpotent algebra. Hence the ideal [g, 1] 
is also nilpotent. O 

Corollary. A Lie algebra g is solvable if and only if the 
ideal g? is nilpotent. 

Proof. If the algebra g is solvable, i.e. if g = r, then 
the ideal g? = lg, gl = Ig, r] is nilpotent. Conversely, 
if g? is nilpotent (and hence solvable), then g is solvable, 
since the quotient algebra g/g? is Abelian. O 

The ideal [g, r] is usually called the nilpotent radical of 
a Lie algebra g. It is contained in the nilradical n, but is 
in general different from n, 
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Trace functional. Killing’s functional. The trace 
functional of a representation: The Jordan decomposition 
of a linear operator: The Jordan decomposition of the 
adjoint operator: The Cartan theorem on linear Lie 
algebras: Proving Cartan’s criterion for the solvability 
of a Lie algebra- Linear Lie algebras with a non- 
singular trace functional- Semisimple Lie algebras- 
Cartan’s criterion for semisimplicity»Casimir operators 


We continue the study of linear Lie algebras we began in 
the preceding lecture. 
It is immediate from the properties of a trace that the 
formula 
t (A, B)=TrAB 


defines on any Lie algebra g some bilinear symmetric func- 
tional ¢. Weshall refer to that functional as the trace functional 
of the Lie algebra g. 

A bilinear functional s on g is said to be invariant (there 
is no need to explain the origin of this term here) if 


S (Ix, yl, Z) = s (z, ly, 2]) 


for any elements z, y, 2z €g, i.e. if all linear operators of 
the form ad y, y E€ g, are skew-symmetric with respect to s. 

Since for any operators A, B and C the trace of the oper- 
ator [A, B] C = ABC — BAC equals the trace of the oper- 
ator A [B, C] = ABC — ACB, the trace functional of any 
linear Lie algebra g is invariant. 

Let r be the radical of a linear Lie algebra g and let 
A, BEg and CEr. Since [B, C] € lg, r] the operator 
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[B, Cl is nilpotent. Since r is an ideal, the subspace a of 
g generated by r and A has the property that [a, alc r. 
Hence a is a subalgebra of g and is solvable. Since ¢ € a, 
[B, Cle Ig, 11 CG rca, and since in addition the Lie 
algebra a is solvable and the operator [B, C] is nilpotent, 
the operator A [B, C] is also nilpotent. Therefore its trace 
is zero, i.e. t (A, [B, C]) = 0. By invariance then ¢ ([A, B], 
C) = 0. This proves that in any linear Lie algebra g the 
ideals g? and xr are orthogonal with respect to the trace func- 
tional t. 
In conventional but illustrative notation we have 


t (8°, t) = 0. 


In particular, when g= qt it follows that in linear solvable 
Lie algebra g 


t (8°, g) = 9, 


i.e. with respect to the trace functional the ideal g? is 
orthogonal to the entire algebra g. 


To obtain similar results for an arbitrary (in general, 
nonlinear) Lie algebra g we proceed to a linear Lie algebra 
g’ = ad g. The trace functional defined on that linear 
algebra will be transferred to a Lie algebra g by means of 
a homomorphism ad. That is, we define on g a bilinear 
symmetric functional to by the formula 


to (x, y) = t (ad z, ad y) = Tr (ad x ad y). 


Definition 1. A functional ¢, is called Killing’s functional 


of a Lie algebra g. 

Since ad is a homomorphism of Lie algebras, Killing’s 
functional is invariant. 

For any effectively given Lie algebra Killing’s functional 
is usually calculated without any difficulty. 

Example 1. Find Killing’s functional of the Lie algebra 
gi (n) of all n X n matrices. The basis of this algebra is 
composed of matrix units £;;. 

Since EijEap = Sia ip, we have 


(1) [X, Eal == 2 (tigHig—rpiEgi), % P=1,....7, 


= 
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n 
for any matrix X =Ù) 2yEy in gí (n), so that 
i, j=! 


n 


(ad X) Eug = È) (LiaEig —2piE at) 


in the Lie algebra gi (n). 
Hence 


3 


(ad X oad Y) Eup = © (tig jiE jp 
i, j=1 
+ TpiYij Eai) — ; > i (TiaYpj + rp iia) Ei; 
t, I= 
and therefore 


n 


Tr(ad X oad Y)=n » (Lig Uji HLY) 


n 


—2 È zuyy=2nTr(XY)—2TrX.TrY. 
i, j=1 


This proves that Killing’s functional of gi (n) is expressed 
by the formula 


toin) (X. Y) = 2n Tr (XY) — 2 Tr X-Tr Y, 
i.e. by 
Eatin) (X, Y) = 2nt (X, Y) — 2t (X, E)-t (Y, E). 
Note that this functional is singular, i.e. that gi (n)t -~ 
0. Indeed it is clear that for any scalar matrix aE there is 
an identity t,1/p) (X, ak) = 0, X E gl (n), implying that 
aE € gf (n)+. 


Example 2. In the Lie algebra gí (n) of n X n matrices 
with a zero trace the basis consists of matrices 


e 2M tm 
ii Eu— Ena, if i =j, 
where i, j=i,...,m and (i, j) (n, n). The matrix 


X= Xml in 3((n) is expressed in terms of that 


i, j= 
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basis by the formula 


X = 
i J= TE). 
(i, J)A(n, n) 
It is immediate from relation (1) that 
n 


È) (Zia ES — tgiEgi), if aß. 


n-i 
(ad X) E=) 2 (TiaEia — tai Eai) 
ita 
n-1 


— >) (tinEQ—xyiES), if a=Bf. 


= 


On carrying out the necessary calculation we obtain for 
Killing’s functional of 3{ (n) the formula 


ts1(n) (X, Y) = 2n Tr (XY) = 2nt (X, Y). 


Thus for gí (n) Killing’s functional tat(n) and the trace 
functional t differ only by a factor. 

Now it is easy to see that in contrast to the previous casc 
the functional tg, is nonsingular, i.e. 3{ (n)+ = 0. In- 
deed, if Tr (XY) = 0 for any matrix Y € 81 (n), then in 
particular z;; = Tr (XE;;) = 0 for i Æj and Zi; — £un = 
Tr (X (Fi; — Enn)) = 0 for any i. Therefore the matrix X 
is of the form aE and so in view of the condition Tr X = 0 
it is zero. 

Example 3. In the Lie algebra 39 (n) of skew-symmetric 
n X n matrices the basis consists of matrices 

Eij—En . 
Eu, 3=—z— | I<]. 


n 
By the same formula (1), for any matrix X = >) z;;Eij 
i, j=1 
in 89 (n) there is a formula 


(ad X) Eva, 61 = 3 (Zia Eti, p] — TgiEta, i). 
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For the functional ¢g,/,) this yields the formula 
tao(n) (XY) = (n — 1) Tr (XY) = (n — 1) t (X, Y). 


Therefore for 30 (n) the functionals tzo(,) and t also differ 
only by a factor. 
n 
Since z;; = Tr (XEj;, j) for any matrix X = >) 2;;Fj; 
i, j=1 
in 39 (n), it follows in particular that, as in the previous 
case, the functional tz (,) is nonsingular. 


The construction of the Killing functional allows a very 
far-reaching generalization. 

Definition 2. A representation of a Lie algebra g in a 
vector space F° (called the space of the representation) is a 
homomorphism po: g > [End F`] of the algebra g into the 
Lie algebra [End 7°] of linear operators in F. 

Note that giving a representation pọ of a Lie algebra g 
defines in the space Y of p the structure of a module (see 
Lecture 5) over the Lie algebra g (by the formula zv = 
o (x) v, where x€g, vEY) and, conversely, any module 
over g is the space of p for which p(z)v= 2, xz €g@, 
v ET. Thus the concept of module over a Lie algebra g 
and that of representation of a Lie algebra g are essentially 
identical. That these concepts duplicating each other should 
both remain is due exclusively to tradition. 

An example of a representation is a homomorphism ad. 
This representation is termed adjoint. 

By using the formula 


to (x. y) = t (p (x), p (y)) = Tr (p (x) pọ (y)), 


any representation p defines a symmetric invariant bilinear 
functional on g known as the trace functional of the represen- 
tation. 

Thus the Killing functional is nothing than the trace func- 
tional of an adjoint representation: 


to = Tad 


The trace functional of a linear Lie algebra is in this ter- 
minology the trace functional of an identity representation: 


t = tig: 
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Proposition 1. In every Lie algebra g the ideals g? and { 
are orthogonal with respect to the trace functional of any repre- 
sentation p. In particular, these ideals are orthogonal with 
respect to Killing’s functional. 

Proof. Let z, y €g and z € {. It is necessary to prove 
that t, (Iz, yl, z) = 0. By definition 


to (Ix, yl, z) = t (pẹ [z, yl, pz) = t ([pzx, pyl, pz) 


and therefore ¢, (lz, yl, z) = O since [pz, py] is in the ideal 
(og)? of the linear Lie algebra pg and pz is its radical. O 

Corollary 1. Jn a solvable Lie algebra g the ideal g? is 
orthogonal (with respect to Killing’s functional) to the entire 
algebra: 


2 Z 


It turns out that this necessary solvability condition is 
also a sufficient one: 

Proposition 2 (Cartan’s criterion for solvability). A Lie 
algebra g is solvable if and only if t, (8°, 8) = O. 


The proof of this proposition uses a number of facts from 
linear algebra. We shall begin by presenting them. 

For simplicity we shall assume for the time being the field 
K to be algebraically closed (say, to be the field C of com- 
plex numbers). 


Let A be a linear operator in a finite-dimensional vector 
space 7. We reduce this operator to Jordan normal form 
(see II, 16), i.e. we find in F a basis in which the matrix 
of the operator A is the direct sum of Jordan cells of the 
form 


(a 1 0 0) 
0 1 0 
Ea naan 
0 1 | 


By replacing ones by zeros in each of these cells we obtain 
a diagonalizable operator Ag which has the same character- 
istic roots and hence the same characteristic polynomial as 
the operator A. The operator A, = A — Aq is obviously 
obtained by replacing all roots A by zeros. This operator 
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is nilpotent and commutative with A, (and hence with A). 
Moreover, it is easy to see that there is a polynomial p (T) 
such that Ag = p (A) (any polynomial with the property 
that p (A;) = A; and p% (ài) = 0 given k = 1,...,n; — 1 
for every characteristic root A; of A, where n, is the mul- 
tiplicity of the root 4,;) and hence a polynomial q (T) such 
that A, = q (A) (it suffices to put q (T) = T — p (T)). 
Therefore any operator commutative with A is commutative 
with Ag and A,. 

If now A = A’ + A”, where A’ is a diagonalizable 
operator A” is a nilpotent operator and the operators A’ 
and A” are commutative with each other and hence with A, 
then A’ and A” are commutative with Ag and A, and we 
have A’ — Aa =A, — A”. But it is easy to see that the 
difference of two commutative diagonalizable (respectively, 
nilpotent) operators is a diagonalizable (respectively, nil- 
potent) operator. Since the only both diagonalizable and 
nilpotent operator is the zero operator, it follows that the 
equation A’ — Ag = A, — A” is possible only when A’ = 
Aq and A” = A,. 

This proves the following lemma: 

Lemma 1. Any operator A acting in a finite-dimensional 
vector space Y can be uniquely represented as the sum 


(2) A = Aat An 


of operators A, and A,, such that: 

(i) the operator Aq is diagonalizable; 

(ii) the operator A, is nilpotent; 

(iii) the operators Aq and A, are commutative with each 
other and with the operator A. 

The operators A, and A,, are both polynomials in A. O 

The operator A, is called the nilpotent part of A and the 
operator A, is the diagonalizable part of A. (Bourbaki 
refers to Ag as the semisimple part of A). Decomposition 
(2) is called the Jordan decomposition of the operator A. 


According to the general definitions, it is possible to 
associate every linear operator A: 7 — F with a linear 
operator ad A acting in the vector space End 7 by the 
formula 


(ad A) X = AX — XA, X € End F. 
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Lemma 2. We have 
(ad A)g = ad Ag, (ad A), = ad Ap. 


Proof. Let e}, ..., € be a basis of a space Y in which the 
matrix of the operator A, is diagonal. This means that 


Aa = ME Tane AnEnn: 
where £;; are basis operators defined by the formula 
Í Ci, if k=j 
Buen | 0, if kÆj 


(these operators constitute the basis of the vector space 
End 7 and their matrices in the basis e,, ..., e, are the 
matrix units H£;;). Since 


E.E Ei, if j=a 
ij ab | O, if ja 

we have 
(ad Aa) Ei; = (Ai — Aj) Eiz. 


This means that in the basis {#;;} the matrix of the oper- 
ator ad A, is diagonal (with elements A; — A; along the 
a ae diagonal). Thus the operator ad Ag is diagonaliz- 
able. 

It is clear, on the other hand, that for any k > 0 and any 
X € End F the operator (ad A,)* X is the sum of operators 
+AiXAi, where i+ j = k. Therefore if A? = 0, then 
(ad A,)?”-! = 0, i.e. the operator ad A,, is nilpotent. 

Finally, since ad is a homomorphism of Lie algebras, we 
have [ad Ay, ad A,] = ad[A,, A,) =O and ad Ag + 
ad A, = ad (Ag + An) = ad A, i.e. the operators ad Ag 
and ad A, are commutative and their sum is equal to the 
operator ad A. 

Thus ad Ag and ad A, have with respect to ad A charac- 
teristic properties (i) to (iii) of Lemma 1. Therefore ad A = 
(ad A), and ad A, = (ad A),. O 

Corollary. Operators ad Ag and ad A,, are polynomials in 
the operator ad A. O 

Now we can prove our key proposition about linear Lie 
algebras: 
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Proposition 3 (Cartan’s criterion). If the trace functional of 
a linear Lie algebra g is identically zero, then g is solvable. 

Proof. Let A be an operator in g? and let A,, ..., An 
be all its eigenvalues (characteristic roots) repeated as many 
times as their multiplicity is. Proposition 3 is immediate 
from the following lemma: 

Lemma. For any additive mapping B: K — K of the field 
K into itself (i.e. such that B (a + b) = Ba + fb) 


B (Ay) Ay +... +B An) A, = 0. 


Indeed, the field K is a vector space (finite-dimensional) 
over the field Q of rational numbers. Choosing a basis 
{u;, i € I} of the field K over Q (the index set J is infinite 
but this interferes with nothing) we denote the ith (i € J) 
coordinate of an element u € K in that basis by f; (u). Since 
Qc K, we may consider B;: u +> p; (u) as an (obviously 
additive) mapping K —> K. Hence in the field K, by the 
lemma, 


Bi (Ay) M +... + Bi (An) An = 0. 
Passing in this equation to the ith coordinate we get 
Bi (Ax)? +--+ + Bi An)? = 9, 
i.e. (since all numbers P; (ài), ..., P: (Àn) are rational) 
Bi (M) = 0, . +, Bs (An) = O. 
Since the index i € J is arbitrary, this is possible only when 
A, =0,..., A, = 0, i.e. when Ag = 0. Hence the oper- 
ator A = A, is nilpotent. 

This proves that the ideal g? is a Lie nilalgebra. Hence, 
by the Engel theorem, this ideal is nilpotent and so the Lie 
algebra g itself is solvable. 

Thus to complete the proof of Proposition 3 it only remains 
to prove the lemma. 


Proof of the Jemma. As above, it may be assumed without 
loss of generality that 


Aa = KiB + oe e -+ AnE nn. 
We introduce into consideration an operator 
D = $ (M) En +. + P An) Enn. 
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If p (T) is a polynomial such that p (A;) = P (A;) for all i, 
then D = p (Aa) and therefore D = p (q (A)), where q (T) 
is a polynomial such that g (4) = Aa. Consequently D 
is commutative with A and hence also with A, (and A,). 
But then (DA,)* = D*Ak for any k œ 0 and therefore the 
operator DA, is nilpotent. Hence it has a zero trace: 

Tr DA, =0 
and therefore 
B (A) A, +... + B An) A, = Tr DAg = Tr DA. 


Thus we only need to prove that Tr DA = 0. 
Since A € g”, the algebra g has operators B,, ..., Bys 
Ci, ..., C, such that 


A == [B,, Cı] + eee + IB,» Cil; 

and therefore 
Tr DA = Tr D [B,, Cil +... + Tr DIB, Cl 

= Tr [D, Bl Ci +... + TrID, B, C,. 
But 

(ad D) Ei; = (B Ai) — B (Ay) Bay 
and hence ad D = g (ad Aa), where g (T) is a polynomial 
such that g (A; — Aj) = B (A;) — P (A,;) for any i and j. 
Such a polynomial does exist since at A; — Aj = Ag — Ay 

B (Ai) — P (Aj) = B (Ai — Ay) = B (Aa — Ao) 
= B (Ag) — B (Ap). 

Since ad A, is, as we know, a polynomial in ad A, this 
proves that there is a polynomial f (T) such that ad D = 
f (ad A). Since A, B;€g, we have IA, Bi] €g, ive. 
(ad A) B: €g. Hence (ad A)” B; Eg for any m >Q and 
therefore (ad D) B; =f (ad A) Bi Eg, ie ID, BI Eg. 
So by hypothesis 


Tr [D, B;) C; = ft (ID, Bil, C;) = 0 
for any i = 1, ..., s and therefore Tr DA = 0. O 


Note that Proposition 3 is true for Lie algebras over any 
field K of characteristic 0 (and not only over an algebraically 
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closed one). Indeed in passing from the field K to its al- 
gebraic closure K the hypothesis of Proposition 3 remains 
valid and its conclusion remains true also over K (a Lie 
algebra over < is solvable if itis solvable as the algebra 
over K). O 

Corollary 1. The radical 1 of a Lie algebra g is the annulet 
of the ideal g? with respect to the Killing functional: 


r = (g*). 

Proof. We already know that t, (8, r) = 0, i.e. tC 
(g?)+. On the other hand, the image 8 of the ideal (g?)+ 
in the adjoint algebra ad g has obviously the property that 
on 3” the trace functional ¢ is zero. Thus the ideal 8? is 


solvable and hence so is (g?)+. Consequently (g7)! c r. O 
Corollary 2. A Lie algebra is solvable if 


(3) t, (g, g?) = 0, 
i.e. if 
(4) Tr (ad x)? = 0 


for any element x € g?. 
Proof. By the identity 


Tr (ad z + ad y)? = Tr (ad x)? + 2Tr (ad z ad y) + Tr (ad y)? 


condition (4) is equivalent to the fact that for any two ele- 
ments x, y € g® there is an equation Tr (ad z ad y) = 0 im- 
plying that the trace functional of the linear Lie algebra ad g? 
is identically zero. Equivalent to the same fact is, by defini- 
tion, condition (3). Therefore, if these conditions are satis- 
fied the linear Lie algebra ad g? is solvable. But then so 
is the algebra g since g/; ~ ad g and the algebra ad g/ 
ad g? is Abelian. J 

The requirement that x € g? is essential in this corollary. 

Example 4. Consider a three-dimensional Lie algebra 
with a basis e}. e}, e3, multiplication being defined by the 
formulas 


lei, €l = 0, (ei, eg] = ae, + bes, lez, e3] = ce, + dez, 


where ad — bc £0 and a? + d? + 2bc £0. For this Lie 
algebra the ideal g? is the span of the elements e, and e; 
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and is therefore an Abelian Lie algebra. Hence the Lie 
algebra g is solvable. Moreover, for any element x = 
xe, + Z£ + T33 of g the operator ad z has (in the basis 
€i, s, €z) a matrix 


— az; —C%X3 aty +CT 
| —bz, —dz, bz; + dz, 
0 0 0 
and hence the operator (ad z)? has a matrix 


a?+-be) x; (a-+d) cxr}—(a*-+ cb) ziz — (a + d) cx, CT 
(a+ d) bx (be-+ d?) x3— (a+ d) bx,x3 — (be + d?) £323 
0 0 0 


with a trace (a? + d? + 2bc) x} equal to zero only when 
z = 0 (i.e. when z€ g?). 

Now we are ready to prove Proposition 2. 

Proof of Proposition 2. It suffices to note that if 
t (8°, g) = 0, then all the more so é@, (g, 8°) = 0. O 

We now consider linear Lie algebras whose trace functional 
is nonsingular. 

Proposition 4. A linear Lie algebra with a nonsingular 
trace functional t is reductive. 

Proof. Since ¢ (g*, r) = 0 and ¢ is invariant, we have 
t (g, [g, rl) = t (g?, r) = 0, from which in view of non- 
singularity we get [g, r] = 0, i.e. tc 3. Therefore, in 
particular, any Abelian ideal of g is in 3. Further, as was 
shown in the preceding lecture, any operator A in 3 N g? 
is nilpotent. So is therefore the operator AB for every oper- 
ator B in g (since AB = BA) and therefore the trace 
Tr AB = t (A, B) is zero. In view of the nonsingularity 
of the functional ¢ this is possible only when A = 0. So 
4 N 8? = O and hence the Lie algebra g is reductive. O 

The converse is true only “up to isomorphism”. Namely, 
it can be shown that any reductive Lie algebra is isomorphic 
to a linear algebra with a nonsingular trace functional, but 
we shall not need this statement and shall not prove it. 


Another converse of Proposition 4 is contained in the 


following proposition which on the contrary is very useful 
to us: 
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Proposition 5.47he trace functional of a linear semisimple 
Lie algebra g is nonsingular. 

We first prove two lemmas. 

Lemma 3. Let g be a Lie algebra and let t be a symmetric 
bilinear invariant functional on g. Then for any ideal a of 
g its annulet at with respect to t is also an ideal. 

Proof. If x € a+, y€g and z €a, then 


t (lz, yl, 2) = t (z, ly, 2]) = 0 


and therefore [z, y] € at. O 

Lemma 4. Let g be a linear semisimple algebra, let a be 
its ideal and a! its annulet with respect to the trace functional 
t. Then af) at = 0. 

Proof. By Lemma 3 the annulet a+, and hence the in- 
tersection af} at, is an ideal, with the trace functional 
identically zero on the ideal af at. By Proposition 3 
therefore the ideal af a+ is solvable, and hence zero, 
g being semisimple. 

Proof of Proposition 5. Applying Lemma 2 to the ideal 
a = g we get g+ = 0. This means exactly that the func- 
tional ¢ is nonsingular. O 

A representation p of a Lie algebra g is said to be faithful 
if it is a monomorphism, i.e. if it effects an isomorphism of 
g with a linear algebra p (g). Since the trace functional 
of p (g) is nothing than the trace functional of p, Proposition 5 
is equivalent to the statement that the trace functional of 
any faithful representation of a semisimple Lie algebra is 
nonsingular. 

In particular, this statement is applicable to the adjoint 
representation ad (it is faithful, the centre of a semisimple 
Lie algebra being zero). Since the trace functional of the 
adjoint representation is exactly Killing’s functional, this 
proves that Killing’s functional of a semisimple Lie algebra 
g is nonsingular. 

For any ideal a of g therefore its annulet a+ with respect 
to Killing’s functional t, has an extra dimension, i.e. 


dim a + dim at = dim g. 


On the other hand, since ad effects an isomorphism of a with 
a linear algebra ad g which sends ¢, to the trace functional 


t of ad g, by Lemma 4 af] at =Q. 
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Hence g = a @ at. 

We formulate this statement as a Proposition 6: 

Proposition 6. In a semisimple Lie algebra g any ideal a 
is a direct summand, i.e. there is an ideal a+ such that 


g =a Qat. 


The additional ideal a+ is the annulet of a with respect to 
Killing’s functional. 

Corollary. Any ideal and any quotient algebra of a semi- 
simple Lie algebra g are semisimple Lie algebras. 

Proof. If the annulet of a subspace with respect to a non- 
singular bilinear functional is a direct complement of that 
subspace, then the restriction of the functional to the sub- 
space is obviously nonsingular too. On every ideal a of g 
therefore Killing’s functional is nonsingular. This means that 
under the isomorphism ad: g—ad g the ideal a goes 
over into a linear Lie algebra ad a with a nonsingular 
trace functional. By Proposition 4, therefore, the algebra 
ad a, and hence the ideal a, is a reductive Lie algebra, i.e. 
can be decomposed into a direct sum of its centre 3 and 
a semisimple ideal m. Since the direct summand of the ideal 
is obviously the ideal of the entire algebra, the centre 3, 
the algebra g being semisimple, must be zero. Hence the 
ideal a = m is semisimple. 

The statement about quotient algebras reduces to the 
statement about ideals since a quotient algebra mod an 
ideal a is isomorphic to an additional ideal a at. O 

It also follows from the nonsingularity of Killing’s func- 
tional that for any semisimple Lie algebra g we have g = g?. 
Indeed, by Corollary 1 to Proposition 3 the annulet (g?)+ 
of the ideal g? with respect to Killing’s functional is zero 
for a semisimple Lie algebra. In view of the nonsingularity 
of Killing’s functional therefore g? = g. O 


The condition that the Killing functional should be non- 
singular is not only necessary but also sufficient for a Lie 
algebra to be semisimple. To show this we note in the first 
place that if the trace functional t, of a representation p of a 
Lie algebra g is nonsingular, then p is a faithful representation. 
Indeed, if pa = 0, then tp (a, x) = Tr (pa, ox) = 0 for all 
xg and hence a = 0. Q 
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In particular, if the Lie algebra g has nonsingular Kil- 
ling’s functional, then its adjoint representation is faithful, 
so that the linear algebra ad g is isomorphic to g (and the 
centre of g is trivial). Since under this isomorphism the 
trace functional of ad g corresponds to Killing’s functional 
of g, it is also nonsingular. Hence the linear algebra ad g 
is reductive and, its centre being trivial, semisimple. Also 
semisimple is therefore the algebra g ~ ad g. 

This proves the following proposition: 

Proposition 7 (Cartan’s criterion for semisimplicity). A Lie 
algebra g is semisimple if and only if its Killing’s functional 
is nonsingular. 0] 

By this proposition and the results of Examples 1 to 3 
the Lie algebras 31 (n) and 30 (n) are semisimple and the 
Lie algebra g{ (n) is not. QO 


Now let p be a nontrivial (i.e. such that pa = O at least 
for one element a € g) representation of a semisimple algebra 
g and let t be its kernel. Then by Proposition 6 there is 
an ideal h) = t+ in g, such that g =t @ h. The repre- 
sentation p restricted to h is faithful, and since is semi- 
simple (see the corollary to Proposition 6), the trace func- 
tional é of p on the ideal ý is nonsingular. Therefore for 


any basis e,,..., €n of ) (as a vector space over a field K) 
there is a ¢,-dual basis et, . . ., e” having the property that 
tp (€i, e/) — 84, i, j=1,..., n. 


For any element z € g we put 
[x, e]=cei(a)ey, Iz, e] = Bi (2) ey 
Thus (a (x)) is the matrix of restricting a linear operator 


ad x to ine, ..., e” and (B$ (x)) is the matrix of the same 
operator in el, ..., e 


Lemma 5. For any element x € g there are equations 
ai(z)+Bi(z)=0, i, j=1,..., R. 
Proof. These equations are just another form of the in- 


variance (the skew symmetry of the linear operator adz) 
of the functional tp: 


ai (x)= tp (lz, eil, ef) = —tp (e Iz, #1) = — pi (2). O 
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Lemma 6. The linear operator 


= p (e:) p (e) 
is independent of the choice of basis e,, . . ., en 


Proof. For any other basis e; = ci, e; of the vector space ý 
the dual basis can be expressed by the formula e” = = cf e, 
Therefore 


p (ei>) p (e) = Bp (ex) p (e%) 
= 85 cic} p (e:) p (À) 
= dip (e;) p (e’) 
=p (e;)e(e'). O 


Definition 3. The linear operator C is called the Casimir 
operator of a representation 0. 
For the trivial representation p = 0 we put by definition 


Proposition 8. A Casimir operator is commutative with 
any operator in p (g): 


[C, op (x) =0 for any xé€g. 


When p Æ 0 the trace Tr C of the Casimir operator is equal 
to the dimension n of the ideal bh, so that the operator is nonzero 
(and what is more, it is nonnilpotent). 

Proof. By definition, 


Tr C = Tr (p (e:) p (¢)) = tp (ei e’) = 6; = n. 
Since 
p (x) C =p (x) p (e;) p (eĉ) 
= [p (z), p (e:)l p (è) + p (e:) p (x£) p (e") 
=p([z, e:]) p (e’) +0 (e:) p (z) p (e’) 
= ai (x) p (e;) p (e*) + p (e1) p (2) p (ê) 
and similarly 
Cp (x) = —Bi (2) p (e;) p (e) + p (e:) p (2) p (è), 
we have Cp (x) — p (x) C = 0 by Lemma 2. 1 
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A representation p is said to be irreducible if so is the 
linear Lie algebra p (8). Such a representation is nontrivial 
(when dim F >0). 

Corollary. The Casimir operator of an irreducible represen- 
tation of a semisimple Lie algebra is invertible. 

Proof. Since C is commutative with p (x), the kernel of 
the operator C is invariant under all operators p (x) and 
hence, being irreducible, is zero. Q 
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Cohomologies of Lie algebras-The Whitehead theorem-The 
Fitting decomposition -The generalized Whitehead Theorem- 
The Whitehead lemmas-The Weyl complete reducibility 
theorem -Extensions of Abelian Lie algebras 


We begin this lecture with some general constructions whose 
genesis and meaning can be explained only within homologi- 
cal algebra and in connection with the topological theory of 
cohomology groups of Lie groups. We shall do it briefly in 
the next lecture and for the present be satisfied with a purely 
formal! presentation without any motivations. 


Let g be a Lie algebra, as ever finite-dimensional and 
over a field K of characteristic 0, and let 7 be a module over 
g having as a vector space over K a finite dimension (in 
other words, a space of some finite-dimensional represen- 
tation p of g). 

Definition 1. A function u = u (2,,. . ., £m) of m independ- 
ent variables z}, ..., £m E€ 3 which takes on values in the 
module 7° is said to be an m-dimensional cochain of the Lie 
algebra g over Y if: 

(a) the function is skew-symmetric, i.e. if it changes sign 
when any pair of independent variables is interchanged; 

(b) the function is linear in every independent variable 
(with the values of the other independent variables fixed). 

When m = 1 condition (a) is meaningless, so that an 
arbitrary linear mapping u: g — 7 is a cochain, and when 
m = Q it is assumed in accordance with the general con- 
ventions about functions with a zero number of independent 
variables that u is an element of F`, 
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All m-dimensional cochains constitute in an obvious way 
a vector space C™ (g; F`). 
We set, for any cochain u € C™ (g; F) and any elements 


Zis e» Im+1 € g, 
m+1 


(Ow) (£i, ..., Tmt) = 2i (=4 ru (245 sesi T ere Ema 
2 
m m+i 


+ > . > (—1)'¥u ([2;, x), Lis see. Liz oee Lj, ° E 
it+-1 j=iįi+1 


where the symbol ^ over the independent variable means 
that the latter must be omitted. 

It is clear that the function ôu defined by that formula 
is linear in each independent variable and, as calculation 
shows, skew-symmetric, i.e. it is an m + 1-dimensional 
cochain. The resulting mapping 


ô: C™ (g, T) > C™+ (8, F`) 


is obviously linear. 
When m = 0 


(Su) (x) = zu, 
when m = 1 
(ôu) (x, y) = zu (y) — yu (x) — u (lz, yl), 
when m = 2 
(ôu) (z, y, 2) = xu (y, 2) — yu (zx, 2) + zu (z, y) 
— u (lz, yl, z) + u (lz, 2], y) — u (ly, zl, x). 


The basic property of the mapping 6 is that if twice re- 
peated it is zero: 


ôo ô = 0. 
For example, when m = 0 
(ôu) (x, y) = x (yu) — y (zu) — Iz, yl u = 9, 
and when m — 1 
(õu) (x, y, z) = x (yu (z) — zu (y) — u (Ly, zl) 
— y (zu (z) — zu (z) — u (lx, z1)) 
+ z (zu (y) — yu (z) — u (lz, yl) 
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— Íz, yl u (z) + zu (lx, yl) + u (lix, yl, 2)) 
+ Iz, 2] u (y) — yu (lx, 2]) — u (Iz, 2], yl) 
— ly, z] u (x) + zu (ly, 2]) + u (Ily, zl, xl) 
= 0. 

The calculation in the general case is tedious but quite 


feasible if certain care is exercised. It will be left to the 
reader. 


Definition 2. A cochain u for which 6u = 0 is called a 
cocycle and a cochain u of the form ôv is a coboundary. 

All cocycles form a subspace Z™ (g; Y) of the vector 
space C™ (g; 7’) (the kernel of the mapping ô: C™ (g; 7”)— 
C™+1 (g; Y)) and all coboundaries (for m > 0) form a sub- 
space B” (g; 7) of C™ (g; 7’) (the image of 6: C™ 1 (g; H)— 
C™ (g; Y)). The relation 6 o 6 = O means that 

B” (8; 7) c Z” (8; 7°) 
for any m œQ, so that a factor space 
H" ($; T) = Z" (8; VB” (g; 7) 
is defined. 

When m=O we agree to assume that H’ (8; Y) = 
Z° (g; F), so that H’ (g; Y) is nothing than a subspace of 
the module F’ consisting of the invariant elements of 7, 
i.e. of elements u such that zu = O for any x € g. 

When m = 1 cocycles are characterized by the relation 


(1) u (lz, yl) = zu (y) — yu (2), 
and when m = 2 by the relation 
(2) u (lz, yl, z) + u (ly, 2], z) + u (Iz, zl, y) 
= zu (y, 2) + yu (z, x) + zu (z, y). 


The equation H! (g; #7) =O means that relation (4) 
implies the existence of an element v E€ F such that 


u (x) = xv 


and the equation H? (g; Z`) = O implies that of a linear 
mapping v: g— F such that 


u (xz, y) = xv (y) — yv (x) — v (lx, yl). 
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In what follows we in fact need only the last two state- 
ments. 


Suppose now that g is a semisimple Lie algebra. Then 
a Casimir operator C = p (e;) p (e*) of a representation 0 is 
defined, with e,, .. ., en a basis of an ideal } supplementary 
to the kernel of o and el, ..., €” its dual basis with respect 
to the trace functional tp. 

Proposition 1 (Whitehead theorem). If the operator C 
is invertible, then 


H” (g; F) =0 for any m>O. 


Proof. Let m = 0. If ww = 0 he all x €g, then Cv = 0 
and hence v = 0. Thus H” (g; F) = 0. 
Let m >0 and let u € Z™ (g; F). Then 


m+1 z 
2 (— 1y a WAGs ow Zis oe., Zm+1) 
i= 


m m+i 


+ > >) (—1) itty (lz, zil; 
i=1 j=i+1 


Lis oe 09 Tis ee #9 Xj, wg ty) =O 


for any elements 2,, ..., Zm, m+, E8. On substituting 
for 2m+, the element ep of b, multiplying by eë and sum- 
ming over k we obtain an identity 


(3) È (1) te? (argu (£4, ..., Zis -. -3 Emo ER) 
i=1 


-j (— 1)"*2e" (ept (Zis o., 2n)) 
m—1 m 
-+ 2 > (—1)**e" u ([z;, xjl, Tis 
i=1 j=i+1 
E E EE a) 
m ; à 
a 2 (— 1) tmteru ([£r, erl, Lig se ey Vin coy Lm) = 9, 
that holds for any 7,, ..., tm Cg 
Since zu = o (zx) u, the term (— hae e” (e,1 (£i, © -© -3 Zm)) 


in (3) is nothing than (—1)"*? Cu (2, -. - Zm) and since 
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e (xu) = le, x) u + x (eu), the first sum in that identity is 


(4) à (—1)* le", tı] u (x4, eee ri, e., Tms Cp) 
+ à (—1)*42, (eu (a4, ..., Li, sng Tm, Ch) 


m 
sak is 2 
= a (— 1)'B; (x;) e'u (£, ...9 Lis ee. Dm’ en) 
i= 


- 2 (—1)**4a,v (x4, ...9 Ti, e... n) 


where, just as in Lemma 2 of the preceding lecture, 


Br (x) mo tp (lz, e*], e1), 
and 
V (Yis - + +> Ym) = e*u (Yis + + +> Ym-1» Er) 
for any Yis >» Yma ES 
But the last sum in (3) is 


D (1an (a1) eu (er Eis -ur Bis ous Em) 
= 


m 
e k A 4 
= Dy (Ao (ay) elu (yy oes Bir soy ms Eh), 
i= 


where a! (x) = tọ ([z, eal, e'). Therefore, by Lemma 2 of 
the preceding lecture, the last sum in (3) and the first sum 
in (4) cancel out. 

Since the double sum in (3) can be written as 

m-i m 


4, 2 (= (Les, th hey rea ta eea E osat mn) 
= J= 


this proves that 


(—1)"2Cu (44, ..., Em) + D (1) tap (py 005 Lpy ov ey Lyn) 


m-i m 
+ 2 >) (—1)'*?v (l£, £3), Lig s.e Lis wo oy Vi, 
i=1 j=i+1 


aoan == Os 
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i.e. that 
(SFC (kipa ey: By) F OY) (EG Ses: SH = 0: 
lt follows that on putting 
WW (Dis og em) SSI COV (yy ox ay Se) 


we obtain a cochain w € C™ (g; F) such that u = ôw. 
Thus every m-dimensional cocycle of the algebra g over 
J is a coboundary and so H” (g, 7) = 0.0 


Recall that a linear operator C acting in a vector space 7° 
is said to be a direct sum A @ B of an operator A acting 
in a subspace # cF’ and an operator B acting in a subspace 
ACT if, first, Z =F ® @, second, the subspaces # and 
Q are invariant under C and, third, the operators induced 
in $ and @ by C coincide, respectively, with A and B. In 
conventional but illustrative form 


ice P 0 
G5=\6 B) 
(cf. II, 14). 


We use the following lemma to investigate vector spaces 
H™ (g; Y) in the case, where the Casimir operator C is 
irreversible: 

Lemma 1. Any linear operator C in a finite-dimensional 
vector space F can be uniquely decomposed into a direct sum 


(5) C=AQB 


of an invertible operator A and a nilpotent operator B. 
Proof. Since is finite-dimensional, the descending chain 
of subspaces 


(6) Sine > lve? S..5 5D 1 wC Ss. 


stabilizes, i.e. there is k such that Im C? = Im C*+!. We 
put # = Im C*. Clearly, ? is invariant under C and the 
induced operator A: P +> P (being a subjective operator) 
is invertible. 

For the same reasons there stabilizes the ascending chain 
of subspaces 


(7) Oc KerCcKerC?c...cKerC'c..., 
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i.e. there is l such that Ker C! = Ker C'*!. The subspace 
Q = Ker C! is invariant under C and the induced operator 
B: Q— Q is nilpotent (since B! = 0). On replacing, if 
necessary, exponent k or l by the largest of them we may 
assume that k = L. 

Thus to prove the existence of decomposition (5) it only 
remains to prove that 7 = # @ Q. By hypothesis, for any 
vector v E€ F` there is a vector v, such that C*v = C?*v, and 
the vector v — C'v is in Q. Since C*v, E€ Ê, this proves that 
Y'=? aR. If, however, vE? N G, i.e. v = C*w and 
Cky = 0, then C*w = 0 and hence w €Q. Consequently 
Chw = 0, i.e. v= Q. 

This completes the proof of the existence of (5). 

The uniqueness of (5) is immediate from the fact that for 
any decomposition (5) the corresponding subspaces # and Q 
are uniquely characterized as subspaces in which chains 
(6) and (7) stabilize. O 

Decomposition (3) is called the Fitting decomposition of 
an operator C. 


Now suppose again that 9’ is the space of a representation 
o of a semisimple Lie algebra g and C is its Casimir oper- 
ator. Then the subspaces # and @ are invariant under all 
operators p (x), rEg, i.e. they are submodules. Indeed, 
suppose, for example, v € P. By hypothesis, there is a vector 
w EF such that v = Cw. Let p (x) w = w, + w, where 
w, E€ ? and w, E Â. Since C*w, = 0, we have 


p (x) v = p (x) Cw = C*p (x) w = Cw, E F. 


Similarly if v€đĝ and C*v =0, then C*ọp (xz)v = 
p (x) C"v = 0 and hence p (xz) VER. O 

Being modules over g, the vector spaces # and Ĝ are the 
spaces of some representations o and t of g (the representa- 
tion o is said to be decomposed into a direct sum of representa- 
tions o and 7q). It is clear that the operators A and B in the 
Fitting decomposition of the Casimir operator C of a re- 
presentation p are the Casimir operators of o and t. By 
Proposition 1, therefore, for any m = 0, 


H™ (8; P) = 0. 


On the other hand, since the Casimir operator B of t is 
nilpotent, the representation is trivial (and B = 0). This 
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means that @ is a direct sum of one-dimensional invariant 
subspaces on each of which g acts trivially. In other words, 
the g-module Ĝĝ is a direct sum of modules each of which 
is isomorphic to the field K with a trivial action of g on it. 
The number of these summands is referred to as the multi- 
plicity of K in 7’. 

It is clear that if the g-module 7’ is a direct sum of g- 
modules Fi, ...,%,, then for any m > 0 the vector space 
H™ (g; 7) is a direct sum of vector spaces H™ (g; Fi), .. ., 
H™ (8; #7 ,). Together with the foregoing this proves the 
following proposition which is a generalization of Pro- 
position 1: 

Proposition 2. For any module Y over a semisimple Lie 
algebra g and every m > Q the vector space H™ (g, F) is a 
direct sum of k copies of a vector space H™ (g; K), where k is 
the multiplicity of K in F. D 

Thus, to calculate any vector spaces H™ (8g; F`) it suffices 
to be able to calculate vector spaces H” (g; K 


It is useful to bear in mind in this connection that for 
cochains over K the general formula of a coboundary signifi- 
cantly simplifies to assume the form 


(u) (Lis .. -s Lm4s) 


A 


m+i A 
à m 1) i+ių ( (lti, zj], Lis e ..9 Lis, eo 0 09 L fy ®©. %9 Im+i)e 
j=it 


ig 


Pe 


For smile when m = 0 
(ôu) (x) = 0, 
when m = 1 
(ôu) (z, y) = —u (Iz, yl), 
and when m = 2 
(ôu) (z, y, z) = —u (lz, yl, 2) 
+ u (lz, 2], y) — u (ly, zl, z). 


Therefore H? (g; K) = K and H! (33, K) is a space of linear 
functionals g — K equal zero on g? (i.e. it is the annulet 
Ann g? of the subspace g? in the conjugate space 9’). 
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It was shown in the preceding lecture that a semisimple 
Lie algebra g coincides with its ideal g?. For any semisimple 
Lie algebra therefore H' (g; K) = 0. 

By virtue of Proposition 2 this proves 

Corollary 1 (Whitehead’s first lemma). For any module Y 
over a semisimple Lie algebra g, 


H! (8; 7) = 0. O 


To obtain a similar result at m = 2 we set for any element 
x €g and any functional —&: g > K 


xg = —Eoadz. 


An easy check shows that the correspondence (z, &)+>z& 
defines in the conjugate vector space g’, a g-module struc- 
ture. It makes sense therefore to consider cochains of g over 
the module g’. 


For every m>1 we define a mapping 
p: C™ (g; K) + C (8; 8°), 
by setting 
(pw) (Li, +++) Lm-4) (2) 
= (Hq, ove, Bets > Bry 000) imar BEB 
for any cochain u € C™ (g; K). Since 
[5 (pu) (24, +.. Lm)] (2) 


=D (— 1) br (pu) (£o -e.s Li, see Lm))] (2) 
m-i m 
+2 2 (— [(pu) (Lay, z3], 


Ri tens ie saaa a wg Seal) 


=È (IF n eos ay ees Sa) (te 2) 


m-i m 
+ 2 p2 (— 1t u (iz; xy], 
i=1 J=i+1 


X45 0.0.9 Zi, ee ey Lj; eooeg Lm) x) 
25—0450 
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=) (—1)'u(2,, e... Ti, e.. Tms [£;, x]) 


+D D (—1y* u(lz, zj, 


i=1 j=itl 
Es eee Xj, hay Ama SOW) (Diy: Say hay 2) 
= [(p (ðu)) (a, ..., £m)] (2), 


for any cochain u € C™ (g; K) and any elements z, x,,... 
Zm E9, we have ĝo pọ = qo 6 from which it follows, in 
particular, that for any cocycle u the cochain qu is also 
a cocycle. 

For a semisimple Lie algebra g, given m = 2, it follows 
from Whitehead’s first lemma that for any cocycle u € 
Z? (g; K) there is a cochain § € C° (g; g') = g' such that 
pu = ôt. Then for any elements z, y €93 


u(x, y) = ((pu) (x)) (y) = ((8§) (x)) (y) 
= (x8) (y) = — (§ oad x) (y) 
= — E ([x, y])= (8%) (z, y), 


which implies that u = 6&. Hence H? (g; K) = 0. 

By virtue of Proposition 2 this proves the following 
corollary: 

Corollary 2 (Whitehead’s second lemma). For any module 
Y over a semisimple Lie algebra g, 


H? ($; 7) =0. O 
When m = 3 there are semisimple Lie algebras for which 


H? (g; K) = 0. 

The Whitehead lemmas, although reckoned in the class 
of lemmas, are nevertheless very important, being a key 
to two principal theorems of the theory of Lie algebras. 

A representation p of a Lie algebra g is said to be com- 
pletely reducible if it is a direct sum of irreducible represen- 
tations. 

Proposition 3 (Weyl theorem). Any representation p of a 
semisimple Lie algebra g over a field K is completely reducible. 

Before proving this proposition we consider some simple 
facts from linear algebra. 
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Let 7’ be a vector space and let # be some subspace of it. 
Consider a subspace @ complementary to 9%, i.e. such that 


(8) V =P PA. 


If ucr and u = v + w, where v € F and w E Q, then by 
putting Pu = v we obviously obtain an idempotent linear 
operator (i.e. such that P? = P) P: Y —F with the prop- 
erty that Im P = f. Such operators are called projectors 
on &. Hence we see that any decomposition of the form (8) 
defines some projector on Ê. 

Conversely, let P: Y —>F be a projector on $ and let A = 
Ker P. For any vector u EF the vector Pu is in # (since 
Pu = P (Pu)) and the vector u — Pu is in Q (since 
P (u — Pu) = Pu — P*u = 0). Since u = Pu + (u — Pu) 
this proves that 7 = F + A. But if wE FN Q, then, 
firstly, u = Pu (since u € # = Im P we have u = Pv, where 
vE’ and therefore Pu = P (Pv) = Pv = u) and, secondly, 
Pu = 0 (since u € @), which is possible only when u = Q. 
Hence F =? @ @. 

This proves the following lemma: 

Lemma 2. Subspaces Q complementary to a subspace $ are 
in a natural bijective correspondence to projectors on $, every 
projector P corresponding, to its kernel Ker P. JD 

If now F is a module over a Lie algebra g, then the sub- 
spaces P = Im P and Q = Ker P are submodules if and 
only if the operator P is a homomorphism of modules, i.e. 
commutative with all operators p (x), x€g, where p is a 
representation defined by 7’. Indeed if P is a homomorphism 
and u€? (and hence u = Pu), then zu = pọ (xz)u = 
p (z) Pu = Po (x) u € & for any x €g. Similarly, ifu €Q, 
then P (xu) = p (x) P (u) = O and hence zu € Ĝ. Conversely, 
if and Q@ are submodules, then for any elements u€ 7 
and r€g we have zu = zx (Pu + (u — Pu)) = xPu + 
x (u — Pu), where zPu€ Ff and z(u — Pu) € Q, which 
shows that x (Pu) = P (zu). O 

Proof of Proposition 3. An obvious inductive reasoning 
(using the fact that p is finite-dimensional) shows that to 
prove Proposition 3 it suffices to establish that for any sub- 
module # of a g-module 7° there is a decomposition (6) in 
which @ is also a submodule, i.e. to prove that there is a 
projector P:¥ —-V onto & which is a homomorphism of modules. 


25% 
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To this, end we ,tonsider,the set W° of all linear operators A: 
VY —+J for which Im A c P c Ker A (and hence A? = 0). 
A calculation shows that W° is a subspace of the vector space 
End 7 and what is more a module over g with respect 
to the action 


tA = [p (x), A], x E$, AED. 


If now Po is a projector on #, then, as is easily seen, 
[o (xz), Pol EW for any x € g and hence the formula 


u (x) = [p (x), Pol, T E g, 


defines some linear mapping u: g —— W, i.e. a cochain in 
C! (8, W). Since by the Jacobi identity 


zu (y) — yu (x) — u (Iz, yl) = Ip (x), [p (y), Poll 
—Ip (y), [p (x), Poll Eg [p [z, yl, Pol = 0, 


that cochain is a cocycle. By Whitehead’s first lemma there- 
fore there is an operator A € W such that u (xz) = xA for 
any xz €g, i.e. such that [p (x), Pol = lp (x), Al. For the 
operator P = P, — A the last relation implies that it is 
commutative with all operators of the form p (£z), x€g, 
i.e. it is a homomorphism of the module into itself. We 
have PucY for any v€VY and Pv = Pw =v if v€ #, so 
that P is a projector into #. O 


A similar use of Whitehead’s second lemma requires some 
preparations. 

We shall say that a Lie algebra } is an extension of a Lie 
algebra a by means of a Lie algebra g if a is an ideal 
in h and the quotient algebra h/a is isomorphic to g. 
The last condition implies that there is an epimorphism of 
Lie algebras a: h —> g whose kernel is the ideal a. We 
assume that epimorphism to be once and for ever chosen 
and fixed. 

The extension ý is said to be trivial if } has a subalgebra 
which is isomorphically mapped under œ onto g. 

Clearly, we can always find a linear mapping 


B: g > b 
such that ao B = id, (a section of the homomorphism æg). 
Then the Lie algebra § as a vector space will be decomposed 
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into a direct sum of an ideal a and a subspace Im f. The 
extension h is trivial if and only if the mapping f can be 
chosen from among the homomorphisms of Lie algebras. 

The deviation of B from a homomorphism of algebras is 
measured by the function u = u (x, y) defined by the for- 
mula 


u (x, y) = (Bx, By] — Plz, yl, zx, y Eg. 


Since au (x, y) = [aBz, aby] — af [z, y] = 0, the function 
u may be thought of as taking values in the ideal a. Clearly, 
this function is linear in both independent variables and 
skew-symmetric, i.e. it is a two-dimensional cochain of g 
assuming values in the ideal a. 

However, the last conclusion is rather hasty, since the 
ideal a is not in general a g-module, which is required of 
the range of cochains. To overcome this difficulty we assume 
that a? = 0, i.e. that the algebra a is Abelian. Then the 
formula 


ca = [Ba, al, LEY; a €g, 
will correctly (regardless of the choice of section f) define 
a g-module structure in a and therefore we can call the 
function u a cochain. 

Now it is easily seen that a cochain u € C? (g; a) is a 
cocycle. Indeed, using twice the Jacobi identity we get 
(Su) (x, yY, 2) = zu (y, z) — yu (x, 2) + zu (x, y) 

— u([z, yl, z) + u (lz, z], y) — u (Ly, zl, z) 

= (Bx, [By, Bz] — Bly, zl) — [By, [B2, Bz) 

— Biz, z]] + [Bz, [Bz, By] — 6 Iz, yll 

— [P Iz, yl, Bz] + $ Iz, yl, 2] + If Iz, 2], Pyl 

— P iiz, z], yl] — IB [y, 2], Bx) + 8 Ily, 2], <z] 

= [Pz, [By, zl] — [By, [Bx, Bz]] + [Bz, [Bz, Byll 

+B (lz, yl, 2] — Iz, z], y] + Ily, 2], z]) = 0 

for any elements x, y, 2€¢. O 


Let P’ be another section of an epimorphism «æ. Then the 
difference v = B — P’ may be thought of as a linear mapping 
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g — 4a, i.e. as a cochain in C* (g; a). Since 
(8v) (x, y) = av (y) — w (z) — v (lz, yl) 
= [Bz, By — P'yl — [B’y, Pe — B’x] — P ix, yl 
+P iz, yl = (Bz, Byl — P Iz, yl) 
— ([B’z, B’y] = P [z, yl), 
replacing B by R’ involves repacing u by u — ôv. Hence 
if u = ĝv, then the mapping B = B — v will be a homo- 
morphism of Lie algebras, i.e. the extension } will be 
trivial. 

But according to Whitehead’s second lemma the con- 
dition wu = ôv certainly holds if the Lie algebra is semi- 
simple. This proves the following proposition. 

Proposition 4. Any extension ý of an Abelian Lie algebra 
a by means of a semisimple Lie algebra g is trivial. 


Corollary. A Lie algebra g is reductive if and only if its 
centre 3 coincides with its radical vt: 


=r, 


Proof. We have already proved in Lecture 12 that r = 3 
for a reductive algebra. Conversely, let r = 3 . Then g is 
an extension of the Abelian algebra 3 by means of a semi- 
simple algebra g/t. Hence by Proposition 4 we have g = 
3 ® m, where mis a semisimple subalgebra. Since [3, m] = 
Oc m, the semisimple subalgebra m is an ideal. Hence g 
is a reductive Lie algebra. O 
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The Levi theorem - Simple Lie algebras and simple Lie 
groups -Cain and unimodular groups + Schur’s lemma - The 
centre of a simple matrix Lie group+An example of a 
nonmatrix Lie group -De Rham cohomologies - Cohomologies 
of the Lie algebras of vector fields » Comparison between 
the cohomologies of a Lie group and its Lie algebra 


Every Lie algebra g is an extension of its radical rt by 
means of the algebra g/r. We say that a Lie algebra g 
admits a Levi decomposition if that extension is trivial, 1.e. 
if there is a (clearly semisimple) subalgebra m in g, such 
that 


g=—=r@Q@m. 


If g is semisimple and solvable, it certainly admits a Levi 
decomposition. By Proposition 4 of the preceding lecture 
an algebra g whose radical r is Abelian admits a Levi 
decomposition. 

Proposition 1 (Levi theorem). Any Lie algebra g over a field 
K admits a Levi decomposition. 

Proof. We proceed by induction on the dimension n = 
dim r of the radical of g. If n = 0 or n = 1 or if the ideal 
a = r? is zero, then according to the foregoing g admits 
a Levi decomposition. Let n >1 and let a 0. Then 
dim r/a < n, and since r/a is the radical of the quotient 
algebra g/a, the algebra g/a admits a Levi decomposition 
by induction hypothesis. For g this implies that there is 
a subalgebra b in it, such that g =r +b and rf] b= 
a. The ideal a is a solvable ideal of the algebra b the 
quotient algebra b/a mod which is semisimple (for it is 
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isomorphic to the semisimple algebra g/r). This means that 
a is the radical of b, and since dima < n, by induction 
hypothesis there is a semisimple subalgebra m in b, such 
that =a@m. But then rAm=rN IN m= 
a Nm=0 and rtr+m=r+rpjbt+tm=r+at 
m = r +b = g, so that g=r Qm. O 

We could now proceed directly to the proof of the Ado 
theorem, but we choose instead to deviate somewhat from 
our course and consider the validity of the analogue of this 
theorem for Lie groups. We shall also discuss the inter- 
relations between the formal-algebraic theory of cohomolo- 
gies of Lecture 19 and cohomology theories known in topol- 
ogy. 

In general-algebraic terms a Lie algebra g is said to be 
simple if it has no nonzero ideals other than g. 

It is clear that a nontrivial simple Abelian Lie algebra 
is necessarily one-dimensional and that a non-Abelian simple 
Lie algebra is semisimple. 

It can be shown that the Lie algebra 3{ (n) is simple. 
The corresponding calculations are quite tedious, so we 
restrict ourselves to the only case we need, that of n = 2. 

The Lie algebra 38{ (2) is three-dimensional and the 
matrices 

H = En — Ez, Ei = Ein Ey = En 


constitute its basis. A straightforward calculation shows 
that 


[H, El TE 261, [H, El = —2E_,, [E,, E] = H, 


from which it follows in particular that the ideal a of 81 (2) 
containing at least one of the elements H. E,, E_, contains 
all of them and so coincides with the entire algebra 31 (2). 
On the other hand, if A = aH + aE, + a_,E_, €a, then 
[H, A] = 2a,F, — 2a_,E_,€a and hence 


aH + 2a,k,=A+l Ae, 


and therefore [H, aH + 2a,E,] = 4a,E, € a. Consequently, 
if a 81 (n), then a, =O and hence aH €a, which is 
possible for a = 81 (n) only when' a =), Therefore A 
a_,E_,€a, from which it again follows that either a 


ll ll 
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al gh or a; =0. Thus if a~23{(n), then A = 0, i.e 
a=v.0 

A eee Lie group G is said to be simple if its Lie 
algebra is non-Abelian and simple or, equivalently, if any 
invariant subgroup of it other than G is zero-dimensional 
(and hence if it is closed, it is discrete). Thus if the group G 
is simple, then either any epimorphism G —> G’ is a group 
covering (a local isomorphism) or the group G’ is trivial 
(consists of only the identity). The group G’ is also simple, 
for by definition a Lie group is simple or otherwise not 
simple simultaneously with all the groups locally isomor- 
phic to it. 

An example of a simple Lie group is the group SL (2) as 


well as its universal covering group SL ( (2). 

Similarly, a connected Lie group is said to be semisimple 
if its Lie algebra is semisimple. 

Note that any simple Lie group is semisimple. 


Recall that a commutant [G, G] of a group G is the sub- 
group of G generated by all the elements of the form aba-'b-!. 
A group G is said to be a Cain group* if [G, G] = G. It fol- 
lows immediately from Proposition 2 of Lecture 4 that 
a connected Lie group G is a Cain group if and only if for its 
Lie algebra g we have g = 9°. 

It follows in particular that any semisimple Lie group is 
a Cain group. 

For example, the group SL (2) i and any Lie group locally 


isomorphic to it, say, the group SL (2) (2), are Cain Lie groups. 

As is immediate from the theorem on the determinant of 
a matrix product, any Cain (and in particular any semisimple) 
matriz Lie group is unimodular, i.e. consists of unimodular 
matrices. Besides, it is obvious that any factor group of a Cain 
group is also a Cain group. 


Let g be a linear Lie algebra over the field C, consisting 
of linear operators acting in a finite-dimensional complex 
vector space F a linear operator A (not in general in g) 
is commutative with all. the »perators in g, then its kernel 
Ker A and image Im 4 are invariant under those operators 


* The group derives its name from the fact that the Abelian group 
structure is annihilated in it. Thus the story repeats itself even in 
pure mathematics. 
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and therefore if g is irreducible, then either A =O or A 
is nonsingular. For any eigenvalue A of A the operator 
A — iE is singular and also commutative with all the 
operators in g. Therefore A — AF = 0. This proves that the 
only operators commutative with all the elements of an irreduc- 
ible linear Lie algebra g over the field C are scalar operators 
of the form XE. 

This statement is known as Schur’s lemma. Note that 
nowhere in its proof have we used the algebraic structure 
of a Lie algebra g. Therefore Schur’s lemma holds for any 
irreducible (i.e. having no nontrivial invariant subspaces) 
families g of linear operators over the field of complex num- 
ber C. 

Consider now a linear Lie algebra g over R which con- 
sists of linear operators acting in a real vector space 7. To 
exploit Schur’s lemma we go over from the algebra g to its 


complexification gÊ consisting of matrices (linear operators) 
of the form A + iB, A, B €g, and acting in the complex- 


ification YC of F°. Clearly, if a Lie algebra g (over R) is 
semisimple, then the Lie algebra g? (over C) is also semi- 
simple. But if gÊ is semisimple, then by the Weyl theorem 
(Proposition 3 of Lecture 19) the space 7€ decomposes into 
a direct sum of invariant subspaces Y;, i = 41, ..., s, in 
each of which the algebra g? acts in an irreducible way. 
In matrix terms this means that (with a suitable choice of 


basis of 7°) every matrix in g (and hence in g) is of the 
form 


(1) A,@...@Az,z, 
the mapping 0;: A —> Á; being an irreducible representation 
of g? in F; for any i = 1, 

Keeping this in mind, suppose iai g is a Lie algebra of 
some linear (=matrix) semisimple (and hence connected) 
Lie group G acting in a vector space J’. The group G naturally 
acts also in the vector space Y Ĉ, all subspaces 7; being 
invariant under that action (they are invariant under oper- 
ators A € g8 = Re g? and hence also under all operators 


etA, t E R, generating, in view of connectedness, the group G). 
Therefore any element of G also admits a decomposition of 
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the form (1) (in general, with complex matrices A,, . . ., A,). 
All matrices of the form A; constitute some (in general, 
reducible and possibly trivial) group G; which acts in the 
space 7; and is an epimorphic image of the group G. 

Note that all groups G; are unimodular. Indeed, being 
semisimple, G is a Cain group. Hence all groups G; are 
Cain and therefore unimodular. O 

Now let A be an element of the centre of the group G. 
Being commutative with every element of G, the operator A 
is commutative also with every element of a Lie algebra g 


and hence with every element of the Lie algebra g©. For 
any i = 1, ..., s therefore the operator A;:7;—>V7; in 
decomposition (1) of A is commutative with every element 
of an irreducible algebra p; (gĈ) and hence by Schur’s lemma 
is a scalar operator of the form A;E, where A; € C. On the 
other hand, being an element of the group G;, the operator A; 


is unimodular. Hence A,i = 1; where n; = dim 7, and so 


there are only a finite number (Nna . . . n,) of possibilities 
for the element A. This proves the following proposition 
which has been the main aim of all our reasoning: 

Proposition 1. The centre of any semisimple (and, in par- 
ticular, any simple) matrix Lie group is finite. QO 


It is easy to prove with the aid of this proposition that 
the analogue of the Ado theorem for Lie groups is false, i.e. 
there are connected Lie groups that are isomorphic to no matrix 
group. To do this it suffices to find a connected simple Lie 
group with an infinite centre. We show that such a group is 


the universal covering group SL (2) of the group SL (2) of 
unimodular matrices of the second order (which we already 
know to be simple). To do this we need an explicit const- 


ruction of the group SL (2). 


Somewhat forestalling the events, denote by SL (2) a 
smooth manifold which is the product R X D of the real 
line R and the unit disk D in the complex plane, i.e. the 
disk consisting of complex numbers z such that |z |< 1. 


It is easy to see that the function zt» H effects a 
Z 





continuous mapping of disk D onto the circle |w | = 1, 
without point w = —1. For any number z € D therefore 
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there is only one number t, —n < t < n for which 
1-+-z 
4t2° 


That number ¢ is symbolized In 





eit — 


1+<z 
4+z 
We give in the set SL (2) a multiplication by defining it 
as follows: 
u- e2i¥y 
(1) (z, u) (y, v)=(etyt+t, So); 
z, YER, u, ved, 





with 
je me ald) ; 

2i 4+ e2ivyy 
Since |e? + uv]?—|u + ev]? = (1 — Jul?) (4—Jv]?) > 0, 
we have 
u -+ e2i¥y 
e2i¥ + uv 
and hence formula (1) correctly defines in SL (2) a mul- 
tiplication. 


That multiplication has an identity (0, 0), and for any 
element (x, u) there is an inverse element 


<1 








(x, u)-! = (—a, —e?**u). 


In addition, as is shown by an easy, although lengthy, cal- 
culation, multiplication (1) is associative. Since the mul- 
tiplication is obviously smooth, this proves that under 
multiplication (1) the manifold SL (2) is a Lie group. 
The centre of the group consists of elements (x, u) such 

that 

u -+ erivy a v4 eixu 

eiytuy  etixt yy 





for any y and v. In particular, when v = 0 there must be 
u = Yu for any y, which is possible only when u = Q. 
Hence v = e**y for) any v, which is possible only when 
x = nn, where n is an integer. Conversely, it is clear that 
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all elements of the form (xn, 0) are in the centre of the 
group SL ( (2). Hence the centre of the group SL ( (2) is infinite. 


It now remains to be established that the group SL (2) (2) is 
indeed the universal covering group of SL (2). To this end 


we consider the mapping SL (2) + SL (2) associating an 
element (x, u) € SL ( (2) with a matrix 

4 cosz+ |u| cos(z+q) |u| sin (x-4 ọ)— sinz 
V 1—|u/? ( [u| sin (x+ ọ)+sinz cosz— |u| cos (z+ 9) ) 


where ọ = arg u. 

An elementary, but unfortunately rather lengthy, cal- 
culation shows that that mapping is defined correctly, that 
it is a homomorphism and that its kernel consists of elements 


of the form (27, 0) and is hence discrete. Since dim SL (2) (2) = 
dim SL (2) = 3, it follows fr from Lemma 1 of Lecture 13 


that the homomorphism SL (2) (2) — SL (2) is a group covering. 


Since the group SL (2) is obviously simply connected 
(the manifolds R and D are simply connected, and hence so 


is their product R Xx D = SL (2)), this completes the 
proof. O 
Ex planation. In conclusion we explain the genesis of the 


presented construction of the group SL (2) (although the 
proof is already formally complete). 

By the theorem on polar factorization (see II, 21, Pro- 
position 4) any unimodular matrix A € SL (2) is uniquely 
decomposed into the product UP of a rotation matrix U 
and a positive definite unimodular matrix P. The matrix 
U is given by an angle of rotation z and the matrix P having 


the form 
( a b 
b c ) í 


where a >O and ac — b? = 1, is given by numbers a >0 
and b, i.e. by a complex number z = a + ib in the right 
half-plane a œ> 0. Going over from the right half-plane to 
the unit circle via linear fractional transformation we thus 
find that every matrix A € SL (2) is uniquely characterized 
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by a pair (xz, u) (so that the group SL (2) is diffeomorphic 
to the product S! x D), and it is the multiplication of pairs 
given by formula (1) that turns out to correspond to matrix 


multiplication. For the group SL (2) to be obtained it now 
remains to consider x not as an angle but as a point in R. 

Remark 1. The infinity of the centre of the simply con- 
nected covering group SL (2) can be proved without relying 
on its explicit description on the basis of general consider- 
ations. Indeed, since for any connected Lie group G its 


fundamental group mG is in the centre of the simply con- 
nected covering group G, for the infinity of the centre of 


SL (2) to be proved it suffices to prove that the group 
mı SL (2) is infinite. To do this we can use the refinement of 
Proposition 8 of Lecture 12 relating to the case, where by 
hypotheses, the group G contains a subset P (obviously 
homeomorphic to the quotient manifold G/H) such that any 
element g € G can be uniquely represented as g = hp, where 
h € H, p € P, and saying that in this case the group n,H is 
isomorphic to 1,G. By the theorem on polar factorization for 
the subgroup SO (n) of the group SL (n), n > 2, such a set 
P is the set of all unimodular positive definite n X n matri- 
ces. It can be easily shown (we have done this above for 
n = 2) that that set is homeomorphic to an open sphere 


in the Euclidean space (of dimension NV = aie) 1} 


and is therefore simply connected. Hence the group x, SL (n) 
is isomorphic to x, SO (n), and therefore for n = 2 it is an 
infinite cyclic group. We have preferred to give a straight- 
forward, computational proof, since the explicit form of 


the group SL ( (2) is of independent interest as well. 
We now discuss the question of geometrical motivations 
of the formal algebraic constructions of Lecture 19. 
Recall that a differential form œw of degree m on a smooth 
manifold M is a (smooth) held of skew-symmetric (m, 0)- 
tensors. In local coordinates zt, ..., 2” every such form œ 
is expressed on M as 


O= fi... im Ax" A oes A drm, 
where fi ‘im are smooth functions in the corresponding 
coordinate neighbourhood U which are skew-symmetrically 
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dependent on the indices i, ..., im and dz!, ..., dz” are 
forms in U of degree 1 whose values (dz'),, ..., (dx”)q at 
every point a € U (that are covectors of the tangent space 


Ta (M)) make up a basis conjugate to the basis ( 2 Sai)? jes. 


(sr). of Ta (M). 

The collection 02” (M) of all differential forms of degree 
m > 0 on the manifold M is an (infinite) vector space over 
the field R. 

Forms of degree O are identified in a natural way with 
smooth functions on M and hence the vector space 2° (M) 
is identified with the algebra ¥ (M) of smooth functions 
on M. 

The formula 


(p A W)a = Pa A Pa, 


where a is a point of M and ọ and » are differential forms 
on M, correctly defines on M a differential form ọ A » 
which is called the external product of the forms ọ and 1p. 
The degree of ọ A Y is the sum of the degrees of ọ and 1p. 

The external product is associative and skew-symmetric 
(if p and q are the degrees of ọ and p, then p A ọ = 
(—1)?2 p Ap) and, for forms of degree 0, it coincides with 
the product of functions. 

For every smooth mapping f: M —> N the formula 


(f* @)a (A), coe Am) = f(a) ((df)a A oe -» df), A m)» 


where a€ M, Ai, ..., AmETa n. and œ €Q ™ (N), 
defines a differential form f*œ € Q™ (M 
For any function f € F (M) the formula 


(df)a (4) = Af, 


where a€ M and A € Ta (M), defines on M a differential 
form df of degree 1. The form is called the differential of 
f and is given in local coordinates by 


ap= 2h az 
[= z a. 


The operation d is uniquely extended to a linear (over R) 
mapping 





d: Q™ (M) > Q™+1 (M) 
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defined for any m +O and having the following three 
properties: 

(i) the mapping d is a differentiation with respect to the 
external product, i.e. for any forms @ and y it satisfies the 
relation 


d (p A Y) = dẹ A > + (—1) "9 A dy, 


where m is the degree of ọ; 
(ii) there is an identity 


dod =Q, 


ie. d (dw) =0 for any form o. 
(iii) for any smooth mapping F: M — N and any form 
wo € Q”N 
dF*w = F*dw. 


It follows from these properties that in local coordinates 
the operator d is given by 


(2) do = dfi TEN on \\ dxi: A was A da*m, 


which proves its uniqueness. To prove existence we should 
take formula (2) as the definition and verify that the same 
differential form results at the intersection of any two coor- 
dinate neighbourhoods. 

The form dw is called the ezternal differential of w. 

A form o € Q” (M) is said to be closed if dw = Q0 and 
exact ifgthere is a form ọ € Q™-t (M) such that dp = o. 
By property (ii) of the operatorld the vector space B™ (M) 
of exact forms is contained in the vector space Z™ (M) of 
closed forms and so a factor space 


H” (M) = Z” (M)/B™ (M) 


is defined. This is called the space (or group) of de Rham 
cohomologies of a smooth manifold M. 


To relate this analytic-geometrical construction to the 
formal algebraic constructions of Lecture 19 recall that with 
respect to the Lie bracket, the vector space a (M) of vector 
fields on the manifold M is an (infinite-dimensional) Lie 
algebra and the vector space F (M) of smooth functions on 
M is a module over the Lie algebra a (M) (by definition 
[X, Ylf =X (Vf) — Y (Xf) for any function f € F (M)). 
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Therefore we can introduce a vector space of cochains 
C™ (a (M), # (M)) (whose definition makes sense in the in- 
finite case as well). 

By the formula 


u (Xi, TES. (a) = Oa ((X1)as e e ty (Xm)a)s a €M, 


where X,, ..., Xm are arbitrary vector fields on M, any 
differential form œ € 2” (M) defines a cochain u € Ca (M), 
F (M)). Clearly, the correspondence w +> u is injective and 
so we can identify differential forms œ with the correspond- 
ing cochains (and denote them by the same letters). 

By virtue of this identification the operator d will be 
defined by 


(3) (m-+-1) (dw) (Xn ..., Xm) 
m+ 1 A 
=2 (—1)t Xo (Xn 220) Xi, ooe Xma) 


m m+i 
+È 2D (—1)o([X;, Xl, 
i=1 j=i+ 1 


Kai iki Xi; TET X;, X met) 


where X,, ..., Xm4, are fields in a (M), i.e. will coincide 
(accurate to an inessential factor m + 1) with the operator 
5 for cochains (the easiest way to prove this is to verify 
through direct calculation that the operator d defined by 
formula (3) has properties (i) and (ii) and coincides on func- 
tions with their differential). 

This explains the origin of the operator 6. (Note that by 
no means any chain u is obtained from a differential form: 
it is necessary and sufficient for this that for any vector 
fields X,, ..., Xm, Yi, -s Ym and any point a € M 
equations (Xi)a = (Y3)a. -- +» (Xm a = (Ym), should yield 
(Xj, ..-, Xm) (a) =u (Y, Yn) | (a). Therefore al- 
though the embedding Qn (Myc c™ (a (M), #(M)) does 
induce some homomorphism 


(4) H™ (M) > H™ (a (M), F (M)), 


in general that homomorphism is not an isomorphism.) 
26—0450 
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A topological interpretation of spaces H™ (8; Y) is also 
possible for finite-dimensional Lie algebras g (over the field 
R). For simplicity we, restrict our discussion to the case 
y =R. 

The form @ on a Lie group G is said to be left-invariant if 
Lg = o for every element a EG. 

All left-invariant forms of degree m make up a subspace 
Qinv (G) of the vector space Q™ (G), which is closed under 
the operator d (if œ = Lio, then dw = dLžœ = Lido). 
We set 

Hinv (G) = Ziny (G)/Binv (G), 


where Zihy (G) is the space of all closed left-invariant forms 
of degree m and Bf, (G) is its subspace consisting of 
forms dw, w € Qiy (G). 

Suppose as always that e is the identity of a Lie group G. 
Since the vector space T.G = g is a Lie algebra, the skew- 
symmetric multilinear functionals on T.G = g are nothing 
that cochains of that Lie algebra over a trivial g-module R. 
Therefore w +> we yields a linear mapping 


(5) Qinv (G) > C” (g; R). 


Proposition 2. Mapping (5) is an isomorphism. 
Proof. A form œ € Q™ (G) is left-invariant (is in Qinv (G)) 
if and only if 


(6)  @a (Aq, - - +) Am) = u ((dLa — 1)ad), 
a., (aLa — 1)aåm) 


for any point a €G and any vectors Ais ..., Ám ETG, 
where u = @e. Thus if we = 0, then o = 0. 

Conversely, a straightforward verification shows that 
for any cochain u € C™ (8g; R) formula (6) defines a left- 
invariant form œ € fv (G) for which o, = u. O 

Thus by Proposition 2 we can identify left-invariant 
differential forms in Qy (G) with cochains in C™ (g, R). 

By definition, 

Oe (Ay, -- +, Am) = O (Xir <- -s Xm) (e) 
for any form w € Q” (G) and any vectors A,,..., Am€E 


TG, where X,, ..., Xm are vector fields with the prop- 
erty that (X,). =A, ..., (Xm)e = Ám. In particular, 
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it may be assumed without loss of generality that the fields 
Xis +--+, Xm are left-invariant (are in the Lie algebra 
g = 1 (G)). 

On the other hand, if the form œ is left-invariant, then 
the function w (X,, ..., Xm) is easily seen to be constant 
on G for any left-invariant vector fields X,, ..., Xm, and 
hence 

Yo (Xi, ..., Xm) = 0 


for any vector field Y €a (G). 
It follows from formula (3) that for any form œ € Qfhy (G) 


the value (dw), (41, ..., Am+;) of the cochain (dw), on 
vectors A,, ..., Am+, E TG is defined by the formula 
(m + 1) (do), (A, Ce Ams) 
m m+1 
=% » (= 1)" o (IX;, X;l, 
1= j=it+ 
i stn Moa aa K p nt Aaa 
where X,, ..., Xm are left-invariant fields on G for which 
(Xi)e = Ay, -© (Xm+1)e = Ame: In other words, 
(m+ 4) (do), (A), a, Am) 
m m++i 
= 2) È (=D o. (44, 
z= j=i 
Ags tang Aig, eq Aje aaa Ama) 


where [A;, A;] denotes the Lie bracket in a Lie algebra 
TG = g (i.e. [A;, A] = [X;, X;j],). 

This means that when left-invariant forms in Qihy (G) 
are identified with cochains in C™ (g; R) the operator d 
goes over (accurate to an inessential factor m + 1) into 
an operator ô. Hence for any m> 0 
(7) Hiny (G) = H™ (8; R). 

Unlike H™ (G) the group Hav (G), of course, cannot be 
considered as a topological invariant of the smooth mani- 
fold Gai. Nevertheless it can be shown that if a Lie group 
is connected and compact, then H™ (G) and Hfhy (G) are 
isomorphic (which by virtue of (7) yields, in particular, an 
efficient method of calculating groups H™ (G)). The proof 
is beyond the scope of this book, however. 


26* 
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Killing’s functional of an ideal-Some properties of differen- 
tiations -The radical and nilradical of an ideal-Extension of 
differentiations to a universal enveloping algebra-Ideals of 
finite codimension of an enveloping algebra-The radical of an 
associative algebra Justification of the inductive step of the 
construction The proof of the Ado theorem -Conclusion 


We now return to the proof of the Ado theorem. To do this 
we have essentially everything ready, except some purely 
technical lemmas, mainly on differentiations and envelop- 
ing algebras. 

Let a be an ideal of a Lie algebra g and let i: a ~g be 
an embedding. For any element x €a the linear operator 
ad i (x): g —> g while leaving a invariant induces operators 
g/a > g/a and a — a, the first of the operators being ob- 
viously zero and the second one coinciding with ad x: a— a. 
For any two elements x, y €a therefore the operator ad 
i (x)o ad i (y) also induces in g/a a zero operator and ina 
an operator ad xoad y. Hence Tr (ad i (x)-ad i (y)) = 
Tr (ad oad y), ie. t, (i (x), §Y)) = ta (£, y) 

This means that Killing’s functional t, of the ideal a is 
a restriction to a of Killing’s functional t, of the algebra g. 


Now let D: g > g be a differentiation of a Lie algebra g. 
We define in the direct sum g* = g @ K an operation [ , ] 
by the formula 


[(z, A), (y, u) = (iz, yl + ADy — Drz, 9), 
z, YES, A EK. 
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Clearly, this operation is bilinear and anticommutative. In 
addition, it satisfies the Jacobi identity: 


(x, 4), (Ys m)l, E, v) 

+ y, u), (z, vl, (@ A) + le, v), (A), y) 

= (liz, y], 2] + MDy,"2] — p [Drz, z] 

— wD ([z, y] + ADy — Dz), 0) 

+ (ily, z], 2] + u [Dz, x) — v (Dy, z] 

— AD (ly, z] + uDz — vDy), 0) 

+ (liz, z], y] + v[Dz, y] — 2 [Dz, y] 

— uD ([z, z] + vDz —ADz), 0) = 0. 
Thus the vector space g* is defined as a Lie algebra. By 
identifying every element x € g with elements (x, 0) € g* we 
embed g into g* as an ideal. The internal differentiation ad & 


corresponding to the element § = (0, 1) acts on that ideal 
by the formula 


(ad&) x = [(0, 1), (x, 0)] = (Dz, 0) = Dz, 


i.e. coincides on g with a given differentiation D. 
On the other hand, as applied to elements z, y € 8g and 
$ the property that Killing’s functional Z+ of the Lie alge- 


bra g* is invariant can be written as 


ts ((ad E) T, y) oe bos (z, (ad E) y) = 0, 


from which it follows, in view of the above discussion of 
Killing’s functional of an ideal, that Killing’s functional of 
a Lie algebra g satisfies the relation 


t, (Dx, y) + t, (2, Dy) = 0. 


This property of Killing’s functional is called a complete 
invariance. 

An ideal a of a Lie algebra g is said to be characteristic 
if Dx € a for any element z €a and for any differentiation 
D: g —> 9. 
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It follows from the property of complete invariance for 
Killing’s functional ¢, that the annulet a! with respect to 
t, of the characteristic ideal a is a characteristic ideal. Indeed, 
if z E€ at, then ¢, (Dz, y) = —t, (x, Dy) =0 for any differen- 
tiation D and for any element y € a and hence Dz €at. Q 

Since the ideal g? is obviously characteristic, it follows 
immediately from Corollary 1 to Proposition 3 of Lecture 14 
that the radical t of a Lie algebra g is a characteristic ideal. 

Since every internal differentiation of a Lie algebra g 
induces on each ideal a a differentiation (no longer, in gener- 
al, internal) of that ideal, any characteristic ideal xr of the 
ideal a is an ideal of the entire agebra g. 


In particular, an ideal of the algebra g is the radical r (a) 
of the ideal a. Being a solvable ideal, this radical is in the 
radical r = r (g) of g and hence in the intersection af] r. 
On the other hand, being a solvable ideal in a, this inter- 
section is in r (a). This proves that the radical r (a) of 
an ideal a of a Lie algebra g coincides with the intersection of 
that ideal with the radical x of the entire algebra: 


r (a) = af] r. 


Consider again the Lie algebra g¢*> g constructed above 
from a given differentiation D: g — 8. Since the radical r 
of g is in the radical r* of g*, Heh have Dr = (ad&)t c 
[g*, t*] and hence Drc [g*, r*] 

But by Proposition 4 of Lieue 46 the ideal [g*, r*] 
of the Lie algebra g* and so the ideal [g*, t*] N g of the Lie 
algebra g are nilpotent. Thus the ideal [g*, r*] N g is in 
the nilradical n of g and hence Drc n. 

For convenience we formulate this S as a separate 
lemma: 

Lemma 1. The image Dx of the radical of a Lie algebra g 
under every differentiation D: g — g is in the nilradical n 
of that algebra: 


Dicn. OF 


Corollary. For any ideal a of a Lie algebra g its nilradical 
n (a) is the intersection of a and the nilradical n = n (g) of g: 


n (a) = af) n. 
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Proof. Let x € g. Then by Lemma 1 applied to a Lie al- 
gebra a and to its differentiation D induced by an internal 
differentiation ad z we have an inclusion [z, rt (a)]C n (a) 
and hence an inclusion [z,\n (a)]< n (a). This means that 
the nilpotent subalgebra n (a) is an ideal of the Lie algebra g 
and is therefore in its nilradical n. Thus n (2) a f n. Since 
the inverse inclusion is obvious (the intersection a f n is 
a nilpotent ideal in a) this proves the corollary. O 

Now we discuss differentiations in connection with the 
universal enveloping algebra UW of a Lie algebra g (see 
Lecture 5). 


It is clear that every differentiation D of the associative 
algebra UW is also a differentiation of the corresponding com- 
mutator Lie algebra [UL]. Hence if Dg g, then D induces on 
g some differentiation D: g — g of the Lie algebra g. Can 
any differentiation D: g —g be obtained in this way, that 
is, can it be extended to some differentiation D: AL — WU of 
the associative algebra U? The answer is found to be yes: 

Lemma 2. Any differentiation D of a Lie algebra g can be 
uniquely extended to some differentiation (denoted by the same 
letter D) of a universal enveloping algebra W. 

Proof. Since every element of % is a polynomial in ele- 
ments of g, the differentiation D: U —> AU, if it exists, is 
uniquely defined. Since, however, the elements in 7/ can 
in general he defined in many different ways in terms of the 
elements of g, a direct construction of D: WU —> AL requires 
a rather arduous verification of its correctness. We there- 
fore take a roundabout way of using a technical device pro- 
posed by Jacobson. 

Let 4 be an algebra of 2 X 2 matrices of the form 


( Uu v 
0 u } i 
where u, v € UW. Consider a mapping 


, (5 Dx 
QD it Á 0 4 
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of a Lie algebra g into 4, where D is a given differentiation 
of g. Since 


e aa aJ rI =) 


ore x. Dy + Dz. y— y. Dz -- ee) 


0 xy — yx 
-(™ y] [x, Dy] + [Dz, nj"; y] Dz, o 
~\ 0 [x, y] N O iz, y] J? 


the mapping ọ is a homomorphism of the Lie algebra g into 
the commutator Lie algebra [4]. By virtue of universality, 
therefore, there is a homomorphism p = Wo of algebra U 
into algebra Æ such that ọ = wot, where 1:9 —> WU is an 
embedding. It is immediate from the fact that WW is generat- 
ed by elements in g that for any element u € W the matrix 
gu is of the form 


u v 
ou =(5 a) where vEal. 


We define an (obviously linear) mapping D: AL — al by 


putting Du = v. 
Since p (uv) = pu-wv for any elements u, v EAL, i.e. 


uv ea (o ae Dv e u: Dv + Du-v 
P w J} \O u e uv ), 
the mapping D: UW — Al is a differentiation of al. Since it 
obviously extends the given differentiation D of the Lie 
algebra g, this completes the proof of Lemma 2. O 

In the universal algebra Al we are concerned with (two- 
sided) ideals .4 for which the quotient algebra U/Æ is finite- 
dimensional. Such ideals are said to have a finite codimension, 
and we write codim Æ < oo. 

Recall that an element a of an associative algebra is said 
to be algebraic if there is a nonzero polynomial p (T) such 
that p (a) = 0. 

Also recall (see Lecture 5) that for any basis z}, ..., £n 
of a Lie algebra g (which is assumed here to be finite- dimen- 
sional) monomials of the form 2;,7;,... Zi where i < 


Lecture 21 409 


<i, ...<i,, i.e. of the form ztł'zt:.. _ a'r, where 
ki >0,k,> 0, , kn >> 0, make up a basis of the univer- 
sal algeb ra aL It follows easily that codim 4 < oo if and 


only if cosets x, = 2, + A, .. +, tn = In = In + A are 
algebraic in U/A. Indeed, the condition that x, should be 
algebraic implies that for some m;> 1 the element zi is 


a linear combination of elements 1, £;i, ..., Cae There- 


fore if all elements Tı, ..+) Zn are algebraic, then any 


monomial of the form hs ... £,” (and hence any element 
of U/4A) is a linear combination of monomials for which 
0< kı < m with any i=1, ..., n. Since there is a finite 
number of monomials satisfying the last condition, this 
proves that WW/4 is finite-dimensional and that hence cod- 
im Æ < oo. The converse is obvious since any element of 
a finite-dimension:! algebra is algebraic. O 

Notice that the condition that z; should be algebraic 
implies existence “of a nonzero polynomial p; (T) such that 
Pi (z;) EA. E 

Recall that a product AK of two ideals 4 and # of an 
associative algebra is the span of all possible elements of the 
form ab, where a € 4 and b € Z. That product is obviously 
an ideal. 

Lemma 3. A product AB of any two ideals 4A and B of 
finite codimension is also an ideal of finite codimension. 

Proof. If p; (T) and q; (7) are polynomials such that 
Pi (t) EA and q; (z;) € A," then polynomials r; (T) = 
pi (T) q; (T) have the “property that r; (2,)€ 4. O 

We also need the simplest facts about nilpotent ideals 
in associative algebras. 

In accordance with the general terminology of algebra 
theory, an ideal A of an associative algebra 7° is said to be 
nilpotent if there is k> 0 such that the product of any k 
elements of .4 is zero, i.e. in other words if ,4* is a zero ideal. 
Obviously the sum of any two nilpotent ideals is a nil- 
potent ideal, from which it follows that in any finite-di- 
mensional associative algebra Y there is a maximal nilpotent 
ideal # which contains any other nilpotent ideal. That 
maximal ideal is called the radical of the associative al- 
gebra J. 
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An ideal 4 of Y is said to be a nilideal if it consists of nil- 
potent elements. Clearly, any nilpotent ideal is a nilideal. 
It turns out that, conversely, any nilideal 4 of a finite- 
dimensional associative algebra Y` is nilpotent (and is there- 
fore in its radical 2). Indeed, since the ideal .4 (or more 
precisely its commutator algebra [.4]) is a subalgebra of 
the commutator Lie algebra [7 ], Proposition 3 of Lecture 47 
is applicable to it. O 

The sum a + b of two nilpotent elements is in general 
not a nilpotent element. It is a different matter if one of the 
elements is in the radical. 

Lemma 4. If a €.%, then for any nilpotent element b the 
sum a + b is nilpotent. 

Proof. Use Proposition 3* of Lecture 17 (notice that up 
to this point it has been enough to refer to Proposition 3), 
taking as Q@ the vector subspace of the algebra Y`, generated 
by the radical # and an element b, and as g the union of 
A and b (since [R, bl— #, the set g is closed under 
commutation). By this proposition the subspace @ is asso- 
ciatively nilpotent. Therefore, in particular, its element 
a+ b is nilpotent. 0 

In the following lemma it is no longer enough to refer to 
Proposition 3* of Lecture 17 and one has to partially return 
to its proof. 

Lemma 5. Suppose that a finite-dimensional associative 
algebra VY is generated by a subalgebra ) of its commutator 
Lie algebra [Y]. Then every ideal n of the algebra 4, which 
consists of nilpotent elements of VY, is in the radical R of F. 

Proof. It suffices to prove that the ideal ££ of F generated 
by nis nilpotent. Since h generates 7, any element in f 
is a linear combination of products of elements in the ideal 
n and in the algebra h. The rank of every such product is 
the number of factors in n. If the product contains a factor 
of the form az, where a € n and x € g, then using the for- 
mula az = [a, xz] + zra we can represent it as a sum of 
two products of the same rank in which either the number of 
factors in g is less by one or one of the factors is shifted to 
the left. Any product of rank r therefore can he represented 
as a sum of products ofthe form ab, where a is a product 
(possibly empty) of elements in g and b is a product of r 
elements in n. By Proposition 3 of Lecture 16 a Lie nilsubal- 
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gebra n is associatively nilpotent, i.e. there is a number n 
such that any product of r> n elements in n is zero. There- 
fore any element of .£ which is a linear combination of pro- 
ducts of rank œn is zero. Since every element of the ideal 
NM"<— has by definition that property, this proves that 
NW” = 0, i.e. that the ideal S is nilpotent. O 


Now we are ready to proceed directly to the proof of the 
Ado theorem. That proof is based on an inductive con- 
struction which is made possible by the following lemma: 

Lemma 6. Let 

8 be a finite-dimensional solvable Lie algebra; 

n be its radical; 

QW be the universal enveloping algebra of 3; 

A be an ideal of finite codimension of U such that for any 
element x En the coset x + A isa nilpotent element of the 
quotient algebra U/A. 

Then there is an ideal B in Al, such that: 

(a) BTA; 

(b) codim # < o; 

(c) for any element x En the coset x + B is a nilpotent 
element of UIB; 

(d) every differentiation D of U sending 8 to itself sends ¥ 
to itself. 

Proof. Since any homomorphism of associative algebras 
is also a homomorphism of the corresponding commutator 
algebras, the image 


h = (8+ AJA 


of the Lie algebra 3 in the algebraY = U /4 isa subalgebra 
of the commutator Lie algebra [7] generating Y. Therefore 
since by hypothesis the image (n + .4)/4 of the ideal n in 
TF consists of nilpotent elements, by Lemma 4 that image is 
in the radical # of F. Hence so is the ideal of Y generated 
by the image. Consequently this ideal is nilpotent. Since 
this last ideal is of the form €/4, where € is an ideal in 7 
generated by n and J, this proves that there is a number r 
such that the ideal @ = 6" is in J, i.e. has property (a). 
By Lemma 3 # has also property (b). Since for any x €n 
there is by hypothesis a number s =Œ 0 such that z € AC @, 
we have z” € G” = @ and so the element x + # of U/B 
is nilpotent. Thus # has also property (c). 
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Finally by Lemma í every differentiation D of 3 has the 
property that Da3 c n. Therefore if the differentiation D of 
aL sends 8 to 8, then in fact it sends g to n and hence the 
entire algebra U to its ideal generated by n. Consequently, 
all the more so DUS and therefore D (U")\— 6 = g. 
Then D (Z) = D(@")— D (U) #, which proves property 
(a). O 

A representation p of a Lie algebra g is said to be a nil- 
representation if for any element x € n of the nilradical n of 
g the operator p (x) is nilpotent. 

Proposition 2 (the inductive step of the construction). 
Let a Lie algebra n be decomposed into a direct sum 


g=3 Oh 


of a solvable ideal 3 and a subalgebra h. Then for any finite- 
dimensional nilrepresentation o of the algebra 3 there is a 
representation p of g such that 


N Ker pc Ker o. 


If the Lie algebra g is nilpotent or if on the contrary iis 
nilradical coincides with the nilradical of the algebra 3, then 
pọ can be chosen from among nilrepresentations. 

Proof. Consider an element z = y +2, y€8, ZEĎ of 
g. Its component y defines by the formula L,: a+> ya, 
a E€ UÙ, a shift left L,: U — U of the universal ‘enveloping 
algebra UW of the Lie algebra 3 while z defines a differentia- 
tion D, of 3 which is by definition an extension of the differ- 
entiation ad z of 3. We define a mapping ọpọ of the algebra g 
into the algebra End W of linear operators UW — WW by the 
formula 


p (x) = Ly + Dz 
Let zı = y, + 2, be another element of g. Since 
'z, 4) = Ty, wl + fy, z] + Lz, yl + Íz, z] 
= (ly, wl — Dy + Dm) + Iz, al, 
we have 
p (lz, 111) = Liy., — Lo, + Lo, + Dizz) 
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On the other hand, 


lp (x), p (m)l = (LZ, + Da Ly, + Dal 
= ([L,, Ly] + (D,, Lyl + [Ly Dal + ID}, D,,), 
with 
[Ly, Ly) = Lyly, — Ly Ly = Lyn — Lyy = Liyu 


Since, however, the differentiation Dy,,,,; coincides on 8 
with the differentiation ad [z, z,] = lad z, ad zı] and D, 
and D, coincide with ad z and ad 2,, we have 


ID, D, l = Diz,z 


on 3 and therefore everywhere on 72. 
Moreover, since for any element a € U 


[D,, Lyla = D,L,,a — L,,D,a 


= D, (ya) — YD za = Dy,-a, 
we have 

[D,, Ly] = Lp yy 
Similarly 

[D,,, Lyl = Lowy: 
This proves that 


p (Iz, zıl) = [p (x), p (x,)I, 


i.e. that p is a homomorphism (an “infinite-dimensional 
representation”) of the Lie algebra g into the commutator 
Lie algebra of linear operators U —> al. Notice that that 
homomorphism is defined only by the decomposition 
g = 3 @ hand does not depend on a given representation o. 

Now let us consider the representation o. Using the uni- 
versality of the algebra U we can extend this representation 
to some homomorphism (which we denote by the same sym- 
bol o) of Al into the algebra of operators acting in the space 
of the representation o. Since the latter algebra is finite-di- 
mensional, the kernel 4 of that homomorphism is of finite 
codimension. The condition that the representation o is 
a nilrepresentation is just the same as saying that for any 
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element z of the nilradical n of 3 the coset x + Æ is a nilpo- 
tent element of the algebra 21/4 (isomorphic to a linear al- 
gebra o (aL). Therefore we can apply Lemma 6 to the algebra 
g and the ideal 4. There is an ideal @ in the algebra 4al, 
therefore, with properties (a) to (d) of that lemma. 

Since # is an ideal, we have Ly (@)C # for any element 
y €8 and since # has property (d), we have D, (@)— @ 
for any element zœ h. Therefore p (xz) (@)< # for any ele- 
ment xz € g and hence the formula 


p (x) u + #)=p(z)ut+ F, u € Ml, 


correctly defines some linear operator 
p (x): UIB > UIB. 


Since the mapping p: x —> ọp (x) is a homomorphism of 
Lie algebras, the mapping p: x +> p (x) is also a homomor- 
phism and hence a representation (for by property (b) the 
quotient algebra 2//4 is finite-dimensional). 


If the element z is in 8, then p (x) L-z, where zr=xr+@. 


Therefore if p (x) = 0, then Lx (U) c @ and hence z € B 
(recall that 2/ is a unital algebra). Thus x € 4 (property (a)) 
and therefore o (x) = 0. So 8 N Ker pc Kero. 

We now apply Lemma 5 to the associative algebra U/B , 
the Lie algebra (3 + #)® and its ideal (n + #)/#. This 
is possible since the conditions of Lemma 5 hold by virtue 
of properties (b) and (c). Thus by Lemma 5 every element 


x = xz +, zx €n, is in the radical of the associative algebra 
U/B and is therefore nilpotent. So the linear operator 


Lz: a > za is also nilpotent. Since p (x) = L-, this proves 


that if the nilradical of the algebra g coincides with the 
nilradical n of 3, the representation p is a nilrepresentation. 

It remains to consider the case where the entire algebra 
g is nilpotent (and so in particular 3 = n). We must show 
that in this case the operator p (x) is nilpotent for any ele- 
ment xE. 

Let as above z = y + z, where y € 8, 2 € }. Since in the 
case in question 2 = tt, according to the foregoing, the oper- 
ator p (y) is nilpotent. Moreover, a more precise statement 
can be formulated by applying the same lemma 5 to a li- 
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near associative algebra Y generated by operators p (x), 
x €g. This algebra is finite-dimensional, generated by a 
Lie algebra p (g) and the ideal p (n) of p (g) consists, as just 
said, of nilpotent elements. By Lemma 5, therefore, the 
operators p (y), y € n, are all in the radical R of SF. 

On the other hand, since the algebra g is nilpotent, any 
operator of the form ad z, z € §,4is nilpotent. This means 
that every differentiation D,: U — U restricted to g is 
nilpotent. Since for any differentiation D, any number N 
and any two elements a and b 


N SNN, 
D” (ab) = X, ( | ) Did” 
i 
i=0 
it follows from! D"a) = 0 and D™b = O that D”*™-! (ab) = 0. 


For any product a € UW of elements in 8, therefore, there is 
n (a) such that D7 (a) = 0. Going over to the quotient 
algebra U/# we get p (z)" (a) = 0, where a = a+ %. 
Since ALIG is finite-dimensional and has- a basis a, .. > 
a, consisting of elements of the form a, it follows that 
there is n such that p (z)@(a;) = 0 for all elements a;, 
i=1,..., n, of that basis. But then p (z)" = 0 on W/#, 
i.e. the operator p (z) is nilpotent. 


Since p (x) = p (y) + p (z), to complete the proof of 
Proposition 2 it remains to apply Lemma 4. O 


At last we can prove the Ado theorem, even in a somewhat 
stronger formulation: 

Proposition 3 (Ado theorem). For any Lie algebra g there 
is its faithful nilrepresentation. 

Proof. We carry out a gradual, step-by-step construction 
of this representation. 

Step 1. Let 3 be the centre of g and let zi, ..., tm be 
its arbitrary basis. On choosing in some vector space F (of 
dimension >m + 1) a nilpotent operator A such that 
Amtt — Q but A” £0, we put 


p (1) = AA +... HAE n tm A™ 


for any element x = A,z, +... + Agr, +... + Amem 
of the centre 3. Since all operators of the form A,A + À 
+ AmA™ are commutative and nilpotent and they are 


416 Semester V 


nonzero when (Ay, ..+, Am) Æ (0, ..., 0), the mapping 
p is a faithful nilrepresentation of the algebra 3. 

Step 2. Let n be the nilradical of g. Then the quotient 
algebra n’ = n/z is also nilpotent and therefore has (by 
Proposition 2 of Lecture 17) a chain of ideals 


r / r , 
E e Ee E 1, 


such that dim n; = ¿, for any i = 0, 14, ..., m = dim n’ 
(the numbering in Proposition 2 of Lecture 17 was backward, 
which is of no significance of course). The inverse images of 
those ideals in n yield an ascending chain of ideals 


which starts with the centre 3 and is such that dim n;+, = 
dim n; +1. We show by induction that for any i = 0, 
1, ..., mthere is a nilrepresentation p; of n; faithful on the 
ideal Wo = ĝe 

The beginning of induction is ensured by step 1 of_the 
proof (Po = p,). Suppose for some i a faithful nilrepresenta- 


tion p; on 3 has already been constructed. On choosing in 
Ti+, a subspace ) complementary to n; and noticing that 
being one-dimensional that subspace is therefore a Lie al- 
gebra we find that the conditions of Proposition 2 (with 
3 = n; and o = 9;) are satisfied. Since the ideal nj,4, 
is nilpotent, by this proposition there is a nilrepresentation 
Ort, Of ni4; for which n; N Ker pi+1 © Ker p; and which 
is thus as before faithful on 3. 

So when i = m we obtain a nilrepresentation py = Pm 


of the ideal n, which is faithful on the centre 3. 

Step 3. Let r be the radical of a Lie algebra g. On consider- 
ing the solvable algebra r/n and using Proposition 1 of 
Lecture 16 we obtain in the radical rt by the same construc- 
tion as in step 2 a chain of subalgebras 


n = S yC... CTS 


beginning with n, such that for any i = 0, 1, ..., m 
the subalgebra r; is an ideal of the subalgebra 1,;4,. Here 
we can again apply the same inductive process starting 
with the representation p" of the nilradical n constructed in 


step 2. The possibility of repeated applications of Proposi- 
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tion 2 is now ensured by the fact that the same ideal n is 
the nilradical of each of the algebras r; by the corollary to 
Lemma 1. 

As a result we obtain some nilrepresentation p, of the 


radical r, which is faithful on the centre 3. 
Step 4. In this step we apply the same Proposition 2 to 
the Levi decomposition 


g=r+m 
of the algebra g and to the nilrepresentation p,. Since 


n (r) = n, we obtain a nilrepresentation p, of the entire 


Lie algebra g, which is faithful on the centre of g. 
Step 5. Consider now an adjoint representation ad and 
the direct sum of it and the representation p, 


p =ad @ po 


Since Ker ad= 4 and N Kerp, =0, we have 


Ker p = 0, i.e. p is a faithful representation. Since the 
representation ad is a nilrepresentation and a direct sum of 
two nilrepresentations is of course a nilrepresentation, this 
completes the proof of Proposition 3. O 


Only now can we consider as proved the Cartan theorem 
of Lecture 10 on the equivalence of the categories of simply 
connected Lie groups and of real Lie algebras. It is clear 
why in Lecture 10 the situation with the proof of this theo- 
rem was characterized as “not satisfactory” (the second of 
the known proofs of the Cartan theorem is by no means sim- 
pler than the one presented since although it does not use 
the Ado theorem, it also relies on the Levi theorem). The 
search for a direct proof of the Cartan theorem is therefore 
a very challenging problem. 
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SUPPLEMENT TO THE ENGLISH TRANSLATION 
(Proof of the Cartan Theorem by V. V. Gorbatsevich) 


After the appearance of the Russian edition of this book 
V. V. Gorbatsevich communicated to me a very brief proof 
of the Cartan theorem in Lecture 10 which does without 
invoking the Ado theorem. 

In that proof a Lie algebra g is said to be realizable if there 
is a Lie group G whose Lie algebra is g. 

As explained in Lecture 10, the Cartan theorem reduces 
to the statement that any Lie algebra g is realizable. It is 
just in this form that we prove it. 

Let 3 be the centre of a Lie algebra g. We first prove that 
if 3 -= 0, then g is realizable. To this end we consider a 
homomorphism ad of ginto the Lie algebra of all linear oper- 
ators g — g. That homomorphism sends an element a € g to 
an operator ad a acting by the formula 


(ad a) x = la, z], xg 


(see p. 61). Therefore ad a = Q if and only if a € 3 and hence, 
in view of the condition 3 = 0, if and only if a = 0. This 
means that for 4 = 0 the mapping ad is a monomorphism 
and hence the Lie algebra g is isomorphic to the linear Lie 
algebra ad g. 

To complete the proof it remains to recall (see the end of 
Lecture 10) that any linear Lie algebra is realizable. Q 


Now recall (see p. 388) that a Lie algebra 4 is said to be 
an extension of a Lie algebra a by means of a Lie algebra g 
if a is an ideal in }) and a Lie algebra epimorphism a: } —> } 
is given whose kernel is the ideal a. (Thus strictly speaking, 
not a Lic algebra }) but a diagram 


(1) 0>a>hog—0 


of Lie algebra homomorphisms is the extension and the 
diagram is exact, i.e. such that the kernel of each homomor- 
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phism in that diagram is the image of the previous homomor- 
phism.) 

Extension (1) is said to be central if the ideal a is in the 
centre of b. 

We are concerned with central extensions for which the 
algebra is one-dimensional and which are hence of the form 


(2) 0 — R — h> g — 0. 


Such extensions are referred to as one-dimensional. 

Proposition 1. If the Lie algebra g in the central one- 
dimensional extension (2) is realizable, then the Lie algebra ý 
is also realizable. 

The Cartan theorem is a direct consequence of this prop- 
osition. Indeed, let g be a Lie algebra. Since a one-dimen- 
sional Lie algebra is realizable, it suffices to prove that g is 
realizable if so are all Lie algebras of a smaller dimension. 
Since, as we have seen, a Lie algebra with 3 = 0 is realiz- 
able, it may be assumed without loss of generality that 3 = 0. 
Then for any one-dimensional subspace a of the Abelian 
Lie algebra 3 (which is clearly automatically an ideal of 
the Lie algebra g) the algebra g/a is under the induction 
hypothesis realizable and hence by Proposition 1 applicable 
to the central extension 


0 — a — g — g/a > 0 


so is the Lie algebra g. O 

Thus it is only necessary to prove Proposition 1. 

By analogy with the case of Lie algebras we call an ez- 
tension of a Lie group A by means of a Lie group G an exact 
diagram of the form 


(3) 1— A — H —G>li, 


where H is a Lie group containing the group A as a closed 
invariant subgroup. 

Extension (3) is said to be central if the group A is a 
subgroup of the centre of the group H. In this case it is 
convenient to call the group operation in A (not in G) an 
addition and write accordingly, instead of (3), 


0 — A — H — G — i. 
27* 
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As in the case of Lie algebras, we are concerned only with 
central extensions of the form 


(4) 0 — R — H — Gi. 


For any extension (4) the Lie algebra ) = { (H) is obvious- 
ly the central one-dimensional extension (2) of the Lie al- 
gebra g = 1 (G). We say that extension (2) is realized by 
extension (4). 

Proposition 2. The central extension (2) is realizable if so 
is the Lie algebra g. 

It is clear that Proposition 1 is a direct consequence of 
Proposition 2. It is only necessary therefore to prove 
Proposition 2. 


Let G be a Lie group. A two-dimensional cocycle of G over 
R is a smooth function 


(5) f: GXG—> R 
such that 

f (x, e) = 0, f (e, x) = 0 (e is the identity of G) 
and 

f (Y, z) — Í (zy, z) + f (x, yz) — f (z, y) = 0 


for any elements z, y, z EG. 
Having cocycle (5) we define on the manifold H = R x G 
the operation of multiplication by the formula 


(a, x) (b, y) = (a + b + f (x, y), zy), a, DE R, 
zy EG. 


A check shows that under this operation the manifold H 
is a Lie group (with identity (0, e) and inverse element (a, 
x)! = (—a — f (x, x“), x~)). All elements of the form (a, e) 
constitute a subgroup A which is isomorphic to the group R 
and is in the centre of the group G and the mapping (a, x) —> x 
is an epimorphism H — G with kernel A. 

Thus every cocycle (5) gives some central extension of the 
form (4). 

Remark 1. It can be shown that any central extension of 
the form (4) (considered up to an isomorphism identical on 
A and inducing an identity automorphism of G) can be 
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obtained in this way, two cocycles defining isomorphic 
extensions if and only if they are cohomologous in a natural 
way. We shall not need all this, however. 

Remark 2. In a similar way one can describe arbitrary 
extensions (3) (even non-central in general). We shall not 
need this generalization either. 


Using an exponential mapping exp: g — G we call lift 


cocycle (5) to the Lie algebra g of G, i.e. construct by the 
formula 


f (X, Y) =f (exp X, exp Y), X,YE€g 
a smooth function 
f: g X g— R. 
For this function we have 
7 (X,0)=0, 70, Y) =0 
from which it follows that 
(6) f(X, Y)=c(X, Y) +... 


where c is some bilinear functional and the dots denote 
degrees > 3 in X and Y. 
In addition, 
f Y, Z2) — Í (9 (X, Y), Z) +Í (X, 3 (YZ) 
—f(X, Y)=0 


for any elements X, Y, Z € g from which it follows imme- 
diately that 


c ([X, Y), Z) = c (X IY, Z)). 


Now a calculation shows that the functional u: g © g — R 
defined by the formula 


u (X, Y) =c (X, Y) — c (Y, X), X,Y E9 
satisfies the relation 
u ([X, Y], Z) + u ([Y, Z], X) + u ([Z, X], Y) = 0, 


422 Supplement to the English Translation 


i.e. is a two-dimensional cocycle of g over the g-module R (in 
the sense of Lecture 19, see the formula for 6u with m = 2 
on p. 384). We shall write u = { (f). 

If 


(7) O-—- R->-H—>G-1 
is an extension corresponding to a cocycle f, then the ele- 


ments of the Lie algebra h = { (H) are naturally identified 
with pairs (a, X), where a € R and X € g = ({(G), with 


exp (a, X) = (a, exp X). 
In particular we see that the one-parameter subgroup 


t +> Bra, x) (t) of H corresponding to an element (a, X) 
of h is given by the formula 


Bra, xy (t) = (ta, Bx (t)), 


where By: +> exp tX is a one-parameter subgroup of G 
corresponding to the element X Eg. 
Therefore 


Boa, x) (t) Bo. x) È) 

= (ta + tb + f (tX, tY), Bx @ By ©) 

= (t (a + b) + te (X, Y) + O (t°), Bx () By @) 
for any elements (a, X), (b, Y) € h) and hence 


Boa, x) (4) B wv) E) Bao E Barry ()™ 
= (tu (X, Y) + O (t), Bx (t) By @ Bx (HBr 6)». 
It follows (see Proposition 1 of Lecture 4) that multiplica- 
tion in ý is given by the formula 
(8) [(a, X), (b, YJ] = (u (X, Y), [X, Y)), 
(a, X), (b, Y) ED 


(so that, in particular, the product [(a, X), (b, Y)] is inde- 
pendent of a and b). 


Now recall (see Lecture 19, p. 389) that for any central 
extension of Lie algebras 


(9) 0 — R — j) — g — 0 
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the formula 
(40) u (X, Y) = IPX, BYI—BIX, Y], X,Y €g, 


where 8: g — J) is a fixed section of an epimorphism a: 
h — g defines some cocycle u € Z? (g; R) (which is said to 
classify extension (9)). If the Lie algebra extension (9) cor- 
responds to the Lie group extension (7), then f can be defined 
by the formula 


BX = (0, X) 


and hence cocycle (10) obviously coincides with the cocycle 
u in formula (8). Thus for any cocycle f of the Lie group G 
the cocycle u = { (f) classifies extension (9) corresponding to 
extension (4) constructed from the cocycle f. 

When the section ĝ is changed the cocycle u is replaced, 
as we know (see p. 000), by a cohomologous cocycle. This 
means that if the central one-dimensional extensions 


U—> R>bh—~g>0 
(11) 


O—> R— B’ seer ees 


with given sections B: g — and B’: g — f are isomorphic 
(i.e. if there is an isomorphism h — }’ identical on R and 
inducing an identity automorphism g —> g then the corre- 
sponding cocycles u and uw’ are cohomologous. Conversely, 
let uw’ — u = ôv, where v: g > R is a cochain. Then the 
formula B, X = BX — vX, X €g, defines a section ĝ;: 
g —> } of an epimorphism @ which is easily seen to have the 
property that the corresponding cocycle u, € Z? (g; R) 
coincides with the cocycle u’. Therefore it may be assumed 
from the outset without loss of generality that u = u’. 
But in this case the linear mapping h — h’ identical on R 
and sending every element of the form f (x), x €g, to an 
element B’ (x) (clearly, such a mapping exists, it is unique 
and an isomorphism of vector spaces which induces an 
identity automorphism g —> g) is easily seen to be an iso- 
morphism of Lie algebras and hence extensions (11) are 
isomorphic. 
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Thus extensions (11) are isomorphic if and only if cocycles 
u and u’ that classify them are cohomologous. 


In particular it follows that extension (9) of Lie algebras 
is realizable if 

(a) the Lie algebra g is realizable, 

(b) there is a cocycle f on the group G with g, such that the 
cocycle u classifying extension (9) is cohomologous to the co- 
cycle { (f). 

Indeed the Lie algebra extension corresponding to exten- 
sion (4) constructed with the aid of a cocycle f is known to 
be classified by the cocycle { (f). It is therefore isomorphic 
to extension (9) with cohomologous cocycle u. Hence ex- 
tension (9) is realizable. O 

Since any realizable Lie algebra g can be realized by a 
connected and simply connected Lie group, it follows from 
this statement that in order to prove Proposition 2 (and the 
Cartan theorem along with it) it suffices to prove Proposi- 
tion 3 that follows: 

Proposition 3. If G is connected and simply connected, then 
for any two-dimensional cocycle u € Z? (g; R) of g = { (G) 
there is a two-dimensional cocycle f of G such that the cocycle 
{ (f) is cohomologous to u. 

Proof of Proposition 3. As we know (see pp. 402-403), 
there is a left-invariant form œ € QH on a Lie group H, 
such that u = we. Since u is a cocycle, that form is closed. 
It is known (see Remarks 4 and 5 below) that on every con- 
nected and simply connected Lie group G any closed form of 
degree < 2 is exact (i.e. H' (G) = 0 and H? (G) = 0). As 
applied to œw this means that there is a linear form & on G, 
such that œ = da. Although in general a@ is not left-invar- 
iant, it is easy to see that for any element x € G the form 
Lia — a is exact (indeed d (Lyja — a) = Lida — da = 
Lito — o = 0). Therefore for any element z EG on G 
there is a function Px such that @, (e) = 0 and 


dp, = Lya — a. 


Since G is connected, for a fixed form a@ these conditions 
uniquely define the function @,. Since 


Liya — a = L} (lta — a) + (Lia — a) 
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and Lidp, = dLipx, it follows that for any two elements 
x, y € G we have 
Pxy = Lyx + Py — Px (y), 
i.e. 
Pay (2) = Px (YZ) + Py (2) — Gx (y), ZEG. 
On putting now 


f (@, y) = Ox (Y) 
we get, first, 


f (£, e) = Px (e) =9, f(e, x)= Pe (£) =0 
(clearly, Ẹe = 0) and, secondly, 


f(y, 2) — f (zy, 2) +f (z, yz) — f (z, y) = 0. 


Hence the function f: G X G— R (obviously smooth) 
is a two-dimensional cocycle on G. 

For the proof of Proposition 3 to be complete it thus re- 
mains merely to prove that the cocycle 1 (f) is cohomologous 
to u. 

Recall that the Lie derivative of an (a, b)-tensor field T 
along a vector field X (on a manifold M) is an (a, b)-tensor 
field ZT taking at a point p € M a value 
| _ (ažT)p—T 
(12) (ZxT)p= lim T, 


where @,: o4 —> AM is a flux on of (in general local) generat- 
ed by the field X (i.e. a family of diffeomorphisms a,: 
M —> & such that for any point p € o4 the tangent vector 
to the curve t — a, (p) at p is the vector Xp). In the case 
(the only one necessary), where of is a Lie group G and the 
-feld X is left-invariant, formula (12) becomes 


ys, “exp ex!) p—T p 
(xP) p= lim SBP? 


For example, if T is a function ọ: G — R, then £ xq is also 
a function and 


(Zx) (p) = lim ER EEE ep ee) 
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that is 


_ dọ (exp tX-p) 
(13) (xp) (p) = APE | 
for any point p € G. On the other hand, since the tangent 
vector to the curve t +> exp tX -p at a point p is the vector 
Xp, we have 


dọ (exp tX -p) z 


and since by the definition of the differential of a function 
Xpp = app (Xp) = (dọ (X) (p), 

we finally have 

(14) £ xp = dọ (X). 

For a form œ of degree r> 0 and a field X the form 
(Xis «<. X71) =œ O(X, X,,..., X,-1) of degree r — 1 is 
denoted by the symbol X _] o. In this notation formula 
(14) becomes 

Lxp = X J. 


[Note that although we have proved the validity of that 
formula only for the left-invariant field X on the group G, 
it holds in fact, with the proof practically the same, for 
an arbitrary field X on an arbitrary smooth manifold o%.] 

Formula (13) can be readily extended to differential forms 
of arbitrary degree. That is, it turns out (see Remark 6 below) 
that for any differential form œ there is an identity 


(14) Lxo = X Jdo+d(X Jo), 


going over into identity (13) when deg œ = 0. 

Equipped with this information we can now proceed di- 
rectly to the proof that the cocycles í (f) and u are cohomo- 
logous. 

By definition 


f (tX, SY) = Qexpex (exp sY) 
for any t, s € R. So by formulas (13) and (14) 


af (tX, 
SEE SY) | = (Ipex tx) (Y) (6), 
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i.e. 
af (tX, * 
0K | = (Lim za — a) (Y) (e) 
and hence 
arf (tX, 
ea e al o = (2x9) (Y) (e) 





=(X _Idæ+d(X _1a)) (Y) (e) 
=da (X, Y) (e)+4 (a (X)) (Y) (e). 
By construction, da = œw and w, = u. Therefore 
da (X, Y) (e) = (da). (Xe, Ye) = u (X, Y) 
(in the last transformation we have identified X, with X 
and Y, with Y). Since 
d (a (X)) (Y) = Ya (X), 
this proves that 


af (tX, sY) 


ðs ôt =u (X, Y) + Ya (X) (e) 


t=0 


s= 





for any left-invariant fields X, Y € g. 
On the other hand, if 
Î (X, Y) = 6 (X, Y) +... 
where the dots denote terms of degree œ> 3 in X and Y, then 


ðf (tX, sY) 


ards ep OH: Y). 


s=0 





Hence 
c (X, Y) =u (X, Y) + Ya (X) (e), 
from which it follows (since u (Y, X) = — u (X, Y)) that 
1 (f) (X, Y) = 2u (X, Y) + (Ya (X) — Xa (Y)) (e). 
Since by formula (3) of Lecture 20 


o (X, Y) = da (X, Y) = Xa (Y) — Ya (X) — a [X, Y] 
280 
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and œ (X, Y) (e) = u (X, Y), this proves that 


{ (f) (X, Y) = u (X, Y) + a [X, Y] (e), 
i.e. that 


l (f) = u — ôv, 
where v is a cochain g — R defined by the formula 
vX = a (X) (e) 


for any element X €g. 

Thus the cocycles { (f) and u are in fact cohomologous. O 

Remark 3. All the steps in the reduction of the Cartan 
theorem to Proposition 3 have been known for over thirty 
years now. Proposition 3 was first proved by Pinchon and 
Simon in 1975 using a general theory. We owe to Gorbatsev- 
ich not only the idea of applying Proposition 3 to the proof 
of the Cartan theorem but also the above elementary proof 
of the proposition. 

Remark 4. The equation H! (e4) = 0 holds for an arbi- 
trarily connected and simply connected manifold o#. Indeed, 
it follows from the simple connectedness of of, by the 
Stokes formula, that for any closed linear differential form 


a and any closed path y:[0, 1] — Æ on of the integral a 


is zero. Therefore by choosing a point pọ € A4 and putting 
for every point p € MA 


f (p) = 9a, 
Y 


where y is a path joining points p, and p, we correctly define 
on A a function f with the property that df = a. 
Remark 5. For a manifold Æ the direct sum 


dim M 
H* (4)= © AH™ (ch) 
m=0 
of cohomology groups is an associative and anticommuta- 


tive graded algebra with respect to a multiplication defined 
(as one can easily see, correctly) by the formula 


iol A loal = [w, A Wal, 
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where [w] denotes a class of cohomologies of the closed form 
w. Since H"(M) = 0 for m > dim M, homogeneous elements 
of the algebra H* (cM) of positive degree are all nilpotent. If 
M is a Lie group G, then the multiplication G X G — G 
induces a mapping 


ô: H* (G) > H* (G x G) = H*(G) x H* © 


with respect to which the algebra H*(G) is a Hopf algebra. 
If H! (G) = 0, then any element of the group H? (G) is primi- 
tive in an obvious way. For a connected and simply connected 
Lie group G therefore the equation H? (G) = 0 follows from 
this general-algebraic lemma: 

Lemma. In an associative and anticommutative Hopf 
algebra Æ every nilpotent primitive element a of even degree 
is zero. 

Proof. Since da = 1 @a+ta@i1, we have 


n(n 
ôa = >) (7 Jre am. 


m=0 


Since bidegrees of all elements a” @ a”-™ are distinct, it 
follows that the equation a” = 0 is possible only when for 
any m=0,..., n we have a” @ a”7™ = 0 and hence 
(for x ® y = O is possible in 4 ® A only when either 
x = 0 or y = 0) for m > 0 we also have a” = 0. Atm = 1 
we thus get a = 0. D 

Remark 6. The operation £ x on forms is obviously com- 
mutative with the operation of external differentiation d, 
i.e. 

d£ yo = L ydo 


for any form œ and is a differentiation with respect to the 
external multiplication of forms, i.e. 


£x (@; A Os) = L£x@, A 0 + 0 A £xO, 


for any forms œ, and o». 

On the other hand, a calculation, which uses the fact that 
the operators d and X _] are both antidifferentiations, shows 
that the operator 


a> X _Jdo+d(X _]o) 
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is also a differentiation. Since two differentiations coincide 
if they coincide on the generators, it follows that it suffices 
to prove formula (14) for forms w which are functions and 
for forms of the type dz‘, where z!, ..., x” are local coordi- 
nates. 

For the functions formula (14) reduces to the already 
known formula (43) and for the forms of the type dz’ it is as 
follows 


£ x dri =d(X ldi) =dXi, 


where Xt is a component of the vector field X in a chart with 
local coordinates! zt, ..., 2”. 

If ai (X) are the coordinates of a point a, (p), where 
{a;} is a flux generated by the field X (i.e. the coordinates of 
the point exp tX-p, in the case of Lie groups of interest 
here), then by definition 

















dat (X) 
Ee dxI —dx* 
£ x di = lim —— 
t+0 t 
ee | dc; (X) ; ; 
= 11M — — Ô: 
t>0 ! ( Oxi Á ad 
a Í dai (X) l 
-4 = ae 
LI t=0 
1 
t ` š 
= oe dx? = dX’, 
Ox) 
dat (X 
since etd = Xt, 
ôt t=0 


This completes the proof of formula (14) (on any chart 
and hence everywhere). O 
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the following semesters. 

The book is intended for university 
undergraduates majoring in 
mathematics, 


T D 


H ——— 


